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mies ; a simple, progressive, and thorough elementary treatise. 
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Alosbsa is JTMtly ttgttMi one of flie teoit iiiteresCiiif tad 
useful branrehes of education, tsA an aequaintCBce with it it now 
sought by all wkd progress bsf ond tiie mors cmnmott elensnts. 
To those who woold know llath«iiiaties» a kuowMgs aot m«rely 
of its elementary prindplasy but sIk) of its higii6r parts, is essen- 
tial ; while no one Can lay cJaim to that disoipUnt of mind which 
education confers, who is not familiar with the legte of Algebra. 

It is both a demonstca^ve and a practical scieiiee -^ a qrstem 
of truths and reasoning, from which is derived a collection of 
Rules that may be used in the sohitioa of an endless variety of 
problems, not only interestiBg to the studenti but mai^ of which 
are of the highest possible utility in the arts of life. 

The object of the present treatise Is to presiDt an outliae of 
this science in a brief, clesr, and practical form. The aim 
throughout has be«i to deuMxastrate every prindple, and to fur- 
nish the student the means of understanding clearly the rationale Sff 
every process he is required to perform. No eflbrt has been made 
to simplify subjects by omitting that which is difficult, but rather 
to present them in such a light as to render their acquisition 
within the reach of all who wilt take the pains to study. 

To fix the principles in the mind of the student, and to show 
their bearing and utility, great attention has been paid to the 
preparation of practical exercises. These are intended ratheit to 
illustrate the principles of the science, than as difficult problems 
to torture the ingenuity of the learner, or amuse the abeady skill- 
ful Algebraist. 

An effort has been made throughout the work, to observe a 
natural and strictly logical connection between the diflbrent parts, 
so that the learner may not be required to rely on a principle, or 



W PREFACE. 

employ a process, with the rationale of which he is not already 
acquainted. The reference by Articles will always enable him 
to trace any subject back to its first principles. . 

The limits of a preface will not permit a statement of the pecu- 
liarities of the work, nor is it necessary, as those who are in- 
terested to know, will examine it for themselves. It is, however, 
proper to remark, that Equations of the Second Degree have re- 
ceived more than usual attention. The same may be said of 
Eadicals, of the Binomial Theorem, and of Logarithms, all of 
which are so useful in other branches of mathematics. 

On some subjects it was necessary to be brief, to bring the 
work within suitable limits. For example, what is here given of 
the Theory of Equations, is to be regarded merely as an outline 
of the more practical and interesting parts of the subject, which 
alone is sufficient for a distinct treatise, as may be seen by refer- 
ring to the works of Young or Hymers in English, or of DeFourcy 
Or Reynaud in French. 

Some topics and exercises deemed both nsefid and interesting, 
will be found here, not hitherto presented to the notice of stu- 
dents. But these, as weii as the general manner of treating the 
subject, are now submitted, with deference, to the intelligent 
educational public, to whom the author is already greatly in- 
debted for the favor with which his previous works have been 
received. 

WoovwASA SoaoQif, M^, 1862. 

NOTICE. 

0^ A Ket to this work, containing solutions to the more dif- 
ficult problems, with remarks and suggestions, intended princi- 
pally for private students, will soon be published. 

The Key also embraces the Diofhaktike and Ikdeteeminate 
Ahaltsis, with the Notatior of Numbers, &rC., subjects not 
usually contained in the ordinary course of instruction in Higher 
Algebra 
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CHAPTER I. 

DEFINITIONS AND NOTATION. 

Article 1. Quantity is anything capable of being increased 
or diminished ; such as numbers, lines, space, time, motion, &c. 

Remark. — If the pupil does not already know, let the inetraetor here 
explain to him what is meant by unit of guaniUy, the numerieal value 
of quantity, &c See Ray's Algebra, Part First, Arts. 3 to 10. 

Art. 2. Mathematics is the science of quantity, and of the 
symbols by which quantity is represented. 

Abt. 3. Algebra is that branch of Mathematics which relates 
to the solution of problems and the demonstration of theorems, 
when any of the quantities employed are designated by letters. 

Abt. 4« A problem is a question proposed for solution ; a thech 
rem is a proposition to be proved by a chain of reasoning. 

Art. 5* The operations of Algebra are conducted by means of 
figures, letters, and signs. The letters and aigns are often called 
syrnbcis. 

Art. 6« Known quantities are generally represented by the 
first letters of the alphabet, as a, b, c, 4&c. ; and unknown quanti- 
ties by the last letters, as t, v, x, y, z. 

Art. V. The principal signs used in Algebra are the following: 
=, +, --, X, -h, (), > V- 
Each sign is the representative of certain words ; and is used for 
the purpose of expressing the various operations in the most clear 
and brief manner. 



12 RAT'S ALGEBRA, PART SECOND. 

Art. 8. The sign =, is termed the sign of equality. It is read 
eqiud to, or equals, and denotes that the quantities between which 
it is placed are equal to each other. Thus, a:=5, denotes that the 
quantity represented by x is equal to 5. 

Abt. 9« The sign +» is termed the sign of additum. It is read 
plus, and denotes that the quantity to which it is prefixed is to be 
added. 

Thus^ a-^b denotes that ( is to be added to a. If a=3, and 
^=5, then a-|-fc=3+5, which are =8. 

Art. 10. The sign — , is termed the sign o( subtraction. It is 
read minus, and denotes that the quantity to which it is prefixed 
is to be subtracted. Thus, a — b denotes that & is to be subtracted 
fi-om a. If tf=7 and J=4, then 7—4=3. 

Art. 11* The signs -|- and — are called ike signs ; the former 
is called the positive, and the latter the negative sign ; they are 
said to be contrary, or opposite. 

Art. 13« Every quantity is supposed to have either the positive 
or negative sign. Quantities having the positive sign are called 
positive; those having the negative sign are called negative. 
When a quantity has no sign prefixed to it, the sign -|- is under- 
stood, and it is to be considered positive. 

Art. 18« Quantities having the same sign are said to have like 
signs ; those having difierent signs are said to have unlike signs. 
Thus, +tf and +i, or — a and ^-b have like signs ; while -f-c and 
— d have unlike signs. 

Art. 14. The sign X« is termed the sign of multiplication. It 
is read into, or multiplied by, and denotes that the quantities 
between which it is placed are to be multiplied together. 

A dot, or period, is sometimes used to denote multiplication. 
Thus, aXb, and a.b, each denote that a and 6 are to be multiplied 
together. The dot is not often employed to denote the multipli- 
cation of figures, since it is used, by some authors, to separate 
whole numbers and decimals. 

The product of two or more letters is generally denoted by 
writing them in close succession. Thus, ab denotes the same as 
aX^^) or a.b ; and abe means the same as aX^Xc, or a.b.c ; each 
signifying the continued product of the numbers designated by 
a, b, and c. 

Art. 15. When two or more quantities are to be multiplied 
together, each of them is called a factor. Thus, in the product 
ab there are two factors, a and b; in the product 3X^X7 there 
are three factors, 3, 5, and 7. 



DEFINITIONS AND NOTATrOIf* 1* 

Aet. 16* Tlie sign -7-t ia termed I lie sign of divkicn. It is 
read dividt:d by, and denotea tiiat the quiintUy preceding it b to be 
divided by th&t following it The most common method of repre- 
Bcnting the divi.sion of two quantitiea \% to pkcc the dividend aa 
the numerator J and the divisor a^ the denominator of a fractioti. 

TJiua, d-r^, or -, signifies that a ia to be divided by &. 
6 

Divbion ia also represented thntf, a\h, where a denotes ths 
dividends and h the divisor. 

Art. 17. The ei^n ^3 vs termed the sign of inequaliti/. It 
denotes that one of the two quantities between which it is placed 
ja greater than the other, the opening of the sign being turned 
toward the greater quantity. 

Thua, a>i, denotes that <i is gtB^t^T then fr. It Is read, a 
greater tJsan h. If a=7 and 6=2, then 7>2, 

Also, c<^iJ, denotes that <: is less than d. It is read, c le^s thim 
d. If c=*d and iz=5, then 3<5, 

Akt. is, A cof^cknt is a number or letter prefixed to a quan- 
tity^ » to show how often it is taken. 

Thus, if fl is to be taken 4 times, instead of wTiting a-\;a-\'a 
-^a^ we write 4*t; in like manner, at-\-az-\-tii:^=^Ai. 

The coefBcient is called num^ral^ or literal, according aa it is a 
number or a letter. Thus, in the quantities 5j; and mx^ 5 is a 
numeral and m a literal coMcient. 

In 2aZi 3 may be considered as the coefficient of az, or 3a may 
be considered as the coefficient of z. 

When no numeral cot^fficient is expressed, 1 is always under- 
stood. Thus, a ia the aame as 1^, and ax is the same aa lax. 

Art. 19« A povsr of a quantity, is the product ariBing from 
multiplying the quantity by itself one or more times. When the 
quantity is taken twice aa a factor, the product is called the xecond 
power ; when taken three times, tlie third power, and so on. Thus, 
3X 2— 4 J Is the second power of 2. 
2x2x2=:8j is the third power of 2. 
2X2X2X2=16,18 the fourth power of 2. 
Also, aX^=aai !a the second power of o, 

aXaXa=affa, is the third power of a; and so on. 
The second power is often termed the square, and the third 
power, the cvhe. To avoid repeating the same quantity as a fac- 
tor, a small figure, termed an expcment, is placed on the riglit, and 
a little above it, to denote the number of times the quantity is 
taken as a factor, Thus, aa is written a'; aaa is written a*; 
aabbh is written a'^¥. 
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When no exponent is expressed, 1 is always understood. Thus, 
a 18 the same as a*, each signifying the Jint power of a. 

Art. 90. A root of a quantity is a factor, which multiplied hy 
itself a certain number of times, will produce the given quantity. 

The root is called the square or second root, the cube or third 
root, the fourth root, Slc., according to the number of times it 
must be taken as a factor to produce the given quantity. Thus, 
2 is the second or square root of 4, since 2x2;=4. In like 
manner, a is the fourth root of a^, since aXaXAXo=<i^* 

Art. 31« The sign tj, or J, is called the radical sign. 
When prefixed to a quantity, it denotes that its root is to be 
extracted. Thus, 

tja, or ija, denotes the square root of a, 

iJ8, or ^8, denotes the cube root of 8, which is 2. 

ija, or ija, denotes the fourth root of a. 

The number placed over the radical sign is called the index of 
the root. Thus, 2 is the index of the square root, 3 of the cube 
root, 4 of the fourth root, and so on. When the radical sign has 
no index over it, 2 is understood ; thus J 9 and %/9 signify the 
same thing. 

Art. 22. An algebraic gtiantity, or an algebraic expression, is 
any quantity written in algebraic language, that is, by means of 
symbols. Thus, 

5a, is the algebraic expression of 5 times the number a ; 

36-l-4c, is the algebraic expression for 3 times the number h 
increased by 4 times the number c; 

3^2 — 7flj^ is the algebraic expression for 3 times the square of 
a, diminished by 7 times the product of the number a 
by the number ft. 

Art. 33* a monomial is a quantity not united to any other by 
the sign of addition or subtraction ; as Aa, a^bc, — 4xy, &c. 

A monomial is often called a simple quantity, or term. 

Art. 34. A pcfynomial, or eomjKnmd quantity, is an algebraic 
expression composed of two or more terms ; as ar\-b, c — x-)-y, &c. 

Art. 35* a binomiai is a quantity having two terms ; as 
a+h a:'+y, &c. 

A binomial, of which the second term is negative, as a — b, is 
sometimes called a residual 

Art. 36. A trinomial is a qttantity consisting of three terms ; 

as, a+ft— ^•• 

Binomials and trinomials are polynomials.. 



,„„,ber obtained by ^^^^^I'-'^^^ZU Thus, in the .Ig^broc 
ien performing fcope™j^»<J2:3^^^^ „^«;cal v^ue « 

dw.«mt« of that tern,. T'\« *f^„t,i„/. Thu*. 
number of literal f^'°" *'' f ^^^S, ^ literal factor. 
%. is of the^Irsf degree ; it ;;0°t»"'. jj^^^i foctof. 

f""**"- .^ . a>. *.r« ^ .«V term M «7««2 to lA* «« "/ «*« 

II is obviouB, that IM Mgrt* "7 .f 

"^„., 5»'/«' i« of the .ev nth d gr ^ ^ ^^.^ ,^h 

AET. 30. A P«1y"°""^' :'<Z Th«». 
of ita te^a i. of the -- J^^^* ., j, ,o„oge«eoua. 
a4.1,_3c 18 of the hrat ui^ < homogeneo"*- 

2Li^» is of the second degree , it » no 
,,^:,^» ianot hotnogenooua. ^^^^ ^^^^^j. 

A«T. 31. An algebraic f^^^J .^l^^r.., «hen the expo- 

increasing? ot 3m^^^3- JJf ;,^„di„g to the aacending power. 
,,t-'.'':^'A^^ri^--S<> -Ung to the deacend^g 

powwB of r. , . , ^ u wed to show that all the terma 

A« 39. AP«-^-«;^„Vd,red together. « a single t«rn.. 

of a polynomial are lo 

Thus, . . „__, J- to be subtracted from lO j 

10-C«-fr) -"^"^"^ \'''^' ''TTl Va to be multiplied by 5 j while 

5a+i_H: means that i^-c « " of multiplication is gen- 

„aUy omitted. Thus, C«-;^>>^;«+,'{,.ed i„.tead of a pareuthes.s. 

A vinculum, ;. '» fLt„x.V\ Sometimes the vincu- 

,^us. S+SX 5 means the .ame « 8^-H> ^ ^ ^^ ^„,. 
lum is placed verUcfLlly; it is ti.e 
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a x^, is the same as (a — b'\-c)x\ 

. Art. 38« Similar, or like quantities, are such as differ only in 
their signs, or numerical coefficients, or both. Thus, 2ab and 
— 2ab, 3a'ft and 5a% da?b and — ba% are respectively similar. 

Unlike quantities are different combinations of letters. Thus, 
Zab^, and 3a%, are unlike or dissimilar. 

Rkhark. — An exception, however, must be made in those cases 
where letters are taken to represent coefficients. Thus, ojfi and bjfi are 
like quantities, when a and b are taken as coefficients of x> 

Akt. 34* The reciprocal of a quanniy is umty divided by that 
quantity. Thus, 

The reciprocal of o+J is TTJ* and of 3, is g. 

Art. 35. The same letter, accented, is often used to denote 
quantities which occupy similar positions in different equations 
or investigations^. Thus, a, a\ a"y a'", represent four different 
quantities, of which a' is read, a prime ; a" is read, a second ; a'" 
is read, a third ; and so on. 

Art. 36* The following signs are also used, for the sake of 
brevity : 

00 , a quantity indefinitely great, or in^j^ty 

, * • , signifies therefore, or consequerUly, 

* • * , signifies since, or becatise, 

/%/, is used to represent the difference between two quantities, 
as c'^ud, when it is not known which is the greater. 

EXERCISES 
ON THE DEFINITIONS AND NOTATION. 

Each example is intended to furnish to the pupil two distinct 
exercises. First, to be copied on the slate, or blackboard ; and 
then read, that is, expressed in common language. Second, the 
numerical value to be found, supposing a=z2, 6=3, c=4, x=b, 
y=6. 

1. 6+c — X, Ans, 2. ex— ay 

2. nb+x-^. Ans. 20. ®- "^"^ ^^- *• 
8. abx — cy. Ans, 6. 

4. a^iy— 3a?2. Ans. —3. 

5. c+flXo— a- Ans, 10, 

6. (c+fl)(c— fl.) Ans. 12. 



9. -+f An.. 5. 

10. 2c'— a(a>-|-y)(y— a) 

Ans, 10. 
db(c — o) 

11. — ~-^/«&y Ans. 0. 
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12. Find the difierenoe between a&j, and a+fr+x, when (1=4^ 
h^l, x=3 ; and when a— 3, fr^7, jc=12. Afis. 1 J and 39Q. 

13. Required the values of a'+2aA+i^ and a^— 2a^f i^^ 
when ff=7 and b^^. Ans. 121 and 9, 

14. What is n(n— 1) (n— 2) (n— 3), when n=4, and when 
n=101 473J. 24, and 5040. 

15. Find the difference between GaLc — 2o6, and 6ahc^2abi 
whena,&,c, are B> 5, and 6 re&pectwely. Ans. 492, 

16. When 0^3, what ia the difiercnce between u^ and 2a ; 
a^ and 3^; a* and 4^; o* and 6^ ] ^ji5. 3,18, Qd, and 228. 

17. Find the value of Tj-rvsi when ^=5 and &^, 4;w. % 

18. Find the difference between each pair of the follow ipgf 
expreBHiong, when u=^B ajid i==8 : {a-{-by and (I'-f 5^ ; 5(a+/j) 
and 5^+&; o+^ and ^(a^+6>)| (a+fr)* and a+b> ; V(^'+i') 
and J^=+^&=. Am* 96, 32, 4, 2220, and 4. 

19. What IB 3V4-2flVC2a+&— *) when a=B, fi=5, c^4, 
ani3jr=lJ Aaj, 54. 

20. What h nin^iy (n^2) C?^-3) (n— 4), if n be 1,2,3, 
4j 5, &nd Oj in succession T j4?u. 0, 0, 0, 0, 120, and 720. 

Tho pupil may verify the following ezpfeefiians, by giving to each 
letter uny vhIuo whatever. 

21. a{fn+n)im — ?i)=fifn' — onK 

23. Ca;^+;t'+l)Caj'— l)=at«-"l. 
<^h a — h Atib 

EXAMPLES 
TO BE EXPRESSED TH ALGEEEATC SYMBOLS, 

1. Five times n^ plua the second power of &* 

2. so, plus y divided by ^z, 

3. X plus y, divided by Jli. 

4. 3 into X minus n times ^, divided hy m minus n. 

5. m into x squared, minus m plus a? squared, plua c into the 
cube of X. 

6. a third power 'minus x third power ^ divided by a aecond 
power minus x second power. 

7. a minus x third power into a plua x second powerj divided by 
a second power plua 3: second power. 

2 
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8. m squared plus n squared, into the square of m plus n. 

9. The square root of m minus the aquare root of n. 

10. The square root of m minus n. 

11. The square root of m, minus n. 

12. The square root of h squared, minus m plus n into c. 



1. Ba+ft*. 



AXBWES8. 

. ( 



5. mx^-^m+xy+ca*. 



0'(H^)» 



8. (m»+n»)(«+n)». 

9. sjm^^ijn* 

10. V(»*— n). 

11. ^Jm^'^n. 

12. 7 [ft2— («+»)c|- 



ADDITION. 

Art. 87. Addition in Algebra, is the process of finding the 
simplest expression for the sum of two or more algebraic 
quantities. 

There are three cases of algebraic addition : 

1st. When the quantities are all similar, and have the same 
sign, either positive or negative. 

2d. When/the quantities are all similar, but part positive, and 
part negative. 

3d. When the quantities are dissimilar, or part similar and part 
dissimilar. 

Art. 88. First Case. — Let it be required to find the sum of 
3x^, &x% and 7a?^. 

Jflere x^y is taken, in the first term, 3 times ; in 

tm second, 6 times; and in the third, 7 times; 

Aence, in all, it is taken 15 times. Since adding 

the quantities together cannot change their charac 

teiV and since each term is positive, therefore Aeir 

•ana is positive. 



opekation; 
+ 3a;»y 
+ 5a:2y 

+15»V 
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orsRATioir. 



OPKRATION. 

+9a 



Next, let it be required to find the som oi —^xHf^ *-5«fy, and 

Here aPy ifi taken, in the first term, ---9 times ; in 
the second, — ^ times ; and in the third, «-7 times ; 
hence, in all, it is taken —15 times. 

Therefore, To add together quantiHeM haokig ike 
same sign ; Jlnd the sum of their coeffieimts, and pr^ 
it, wiOi the common sign, to the literal part. 

Abt. 39* Secohb Case. — Let it be required to find the sum of 
-|-0a, — 5a, +4a, and — 2a. 

Before solving this example, the pupil must understand the fol- 
lowing principle. Since the sign plus denotes that the quantity 
before which it is placed is to be added, and the sign minus, that 
the quantity before which it is placed is to be subtracted ; there- 
fore, the sum of two equal quantities, of which one is positive and the 
other negiUive, is zero, or 0. Thus, +a— a=0 ; +5a» — 5dh=0; 
and so on. 

Here +^a-\-ia is 13a; and — 5a — 2a is — 7a. 
Now, — ta will cancel -f-7a in the quantity +13a, 
and leave +6a for the aggregate, or result of the 
four quantities. 

In like manner, if it be required to obtain the 
sum of — 9a, +5a, —4a, and +2a, we find the sum 
of — 9a and -—4a is — 13a, and the sum of -{-^ 
and +2a is -{-la. Now, +7a will cancel — 7a in 
the quantity — 13a; which leaves — 6a for the 
aggregate, or sum of the quantities. 

Therefore, To add similar qaaniities having dif- 
ferent signs ;find the sum of the positive qmntities and 
the sum of the negative quantities, (hen take the dif- 
ference of their coejffi^ients, and prefix it, with thesignof 
the greater quantity, to the literal part. 

Abt. 40, Thibd Case. — Let it be required to find the sum of 
5a2— 8H-C, +fr— a^, and 5&+3a2. 

In writing the quantities, we place those which 
are similar under each other, for the sake of con^ 
venience in performing the operation. We then 
find, as in tiie preceding case, that the sum of 
the quantities in ''the first column is -^-la^ and 
in the second, —25; and there being no term 
similar to c, it is connected to the other quantities by its proper 
sign. 



+4a 
—2a 
+6a 

orrauTioN. 
--9a 
+5a 
—4a 
+2a 
—6a 



OnEATION. 

5a3— 86+c 
— a^+b 
3a^+56 
7a2— 2fr-|-« 



RAY'S ALGEBRA, PART SECOND. 



AST. 41* From the preceding, we derive the following 
General rule for the Annmoir or algebraic quantities. — 
Write the quantities to be added^ placing those thai are similar 
under each other ; then redvce each set of similar terms, by taking 
the difference of the positive avid negative coefficients, and pre^^ 
ing it, with the sign of the greater, to the literal part; after this, 
annex the other terms vnth their proper signs. 

Rkmakss. — 1. Ilia Immaterial in what order the quantities are set 
down, if care Is taken to prefix to each its proper sign. 

2. It will often happen that the sum of two or more quantities is len 
than either. See Obcwrvations on Addition and Subtraction, page 24. 

XXAMPLES. 

1. Add together 4aj:+3fty, bax-^-Qby, Qax-^-^hy, and ^ax-\-hy, 

Ans, dl(p:+lSby. 

2. Add together 10c»— 2aa:2, 15ca?— Sox', 24c2^9aa:',' and 
6cz-^ax^. Ans, 52cr— 22aa;'. 

3. Find the sum of SjPy^^lOy*, -nxy+SyS 8arV--6yS and 
ixy+2y*. Ans. 14aPy^'^9y^. 

4. Add together a^b-]-c-{-d, fl+J+c — d, a+J — c+rf, a — h-{-c 
+d, and ~-a+b+c^-d. Ans. 3a+3H-3c+3rf. . 

5. Add together 3(x2— y^, 8(a?'+y»), and —5 (a?'— y^). 

Atis. 6(x'— y2). 

6. Required the sum of 10a^b-^12a^bc-^l5b^c*+10, — ia^b 
+8aS6o— 106V— .4,— 3a26— 3fl'Jc+206V— 3, and 2a^b+12a^bc 
+56V+2. Ans. ba^b+ba^bc+6. 

7. Add together a^+b^+c^+d\ (dh-2a^+ac—2c^+ad^2d\ 
aS— 3ad4-6»— 3ac+c'— 3arf, and 2ab—a+2ac—b+2ad'-c. 

Ans. a'-|-^'+^'+^' — ^^ — ^^ — d!^— a — &— c. 

8. Add together a"— &»+3jb', 2a'»— 3ft»-^i*, and a"»-H6«-na!«. 

Ans. 4a"'4-2a:P— a!«. 



SUBTRACTION. 



Art. 43. Subtraction, in Algebra, is the process of finding the 
simplest expression for the difiTerence between two algebraic 
quantities. 

The quantity to be subtracted is called the Subtrahend. 

The quantity from which the subtraction is to be made is called 
the Minuend, 
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The quantity left, alter the aubtractioB is performedi is ealled 

the Difference, or Remainder. 

The explanation of the principles on which the operations 
depend, may be divided into two cases. 

Ist. Where all the terms of the quantity Id be sabtracted are 
positive. 

2d. Where the quantity to be subtracted is either partly on 
wholly negative. 

Art. 43* To explain the first case, let it be required to subtract 
4a from 7a. 

It is evident that 7 times any quantity, opEKAnoif. 

less 4 times that quantity, is equal to 3 7a Minuend 
times the quantity ; therefore, 7a less 4a is 4a Subtrahend " 
equal to 8 a. Hence, to find the difference 8a Remainder 
between two similar quantities, tee take the 
difference between (heir coeffcients, and pr^ it to the common Utter 
or letters. 

If it be required to subtract h from a, opiRATioif. 

unless we know the number of units repre- a Minuend 

sented by each, we can only indicate the ope— ^Subtrahend 
ration, which is done by placing the sign a— ^ Remainder 
minus before the quantity to be subtracted. 

Art. 44. To explain the second case, let it be required to 
subtract &— c from a. 

If we subtract h from a, the result, a— ^, opnuTioif. 

is obviously too little, for the quantity ft, a Minuend 

taken from a, ought to be diminished by c 5— « Subtrahend 
before the subtraction is efi!ected. We a— 6-|-c Remainder 
have, in fact, subtracted a quantity too 
great by c, and, therefore, to obtain a true result, the difference 
a — h must be increased by c; this gives, for the true remainder, 
a — &+C. 

This operation may be explained by figures, thus : 

Let a=9, 6=5, and c=3; and let it be required to subtract 
5—3 from 9. 

If we subtract 5 from 9, the remainder is 9—^; but the quan* 
tity to be subtracted is 3 less than 5, therefore we have subtracted 
3 too much ; hence, we must add 3 to 9--5, which gives 9— ^4^> 
or 7, for the true remainder. 

The operation and illustration may be Compared, thus : 

From a Prom 9 =9 

Take h-^ Take b-^ ^2 

Rem. a'-b-\'C Rem. 9—^+3 acf 
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The Mme piincipte mvy be further illustrated by the following 
examples : 

«— (a— c> 
d I (<i-H;) 3ga I e- * fl | c s=2e. 
In all these cases, we see that the same remainder would have 
been obtained, by changing the signs of the quantity to be 
subtracted, and then adding it. 
Abt. 45* Hence we have the following 

RtTLB FOB TBS StrBTKACTlOH 07 ALGSBBAIC QITAITTXTIES. — Write 

ike quaniity to he mbtracted under that from which it is to he taken^ 
j^Laciokg MWiHar terms wider each other. 
Omoeiioe ike eignscf dU the terms cf the s/MraJiend to he changed^ 
from + to — , or yrom — to +, md then reduce the resuU to ips 
simpltsi form, 

Rkmarxs.-^. Beginners may solre a few examples by aetwdly chang- 
ing the signs of the subtrahend. After this, it is better merely to con- 
ceiye the signs to be changed ; that if It becomes neceaiary to refer to 
the operation, we may be In no doubt with regard to the signs of the 
terms originally. 

8. Subtraction In Algebra may be proved in the same manner as in 
Arithmetie, by adding together tlse remainder and the subtrahend; the 
sum should equal the minuend. 

(1) (1) 
From 8tf '^— 3cap— r' ^ The tune, witb the f 8a'fr— 3cap— «' 
Take 3a»H-4cjp-^g3 Irigni of the •ub-J ,-3g^6-^ca^+3 g» 
Rem. 6o*;^^-f-2af3j**^"***'*«^ \ji^. 6^ft-7ca:+2i» 

(2) (3) 
From 5a' — 39n»-f5y^ From a«*— 3cy»— «' 
Take — 2a«+3wtar+%^ Take &c'~-3cy' +y» 
Rem. 7tf*— 6m« — y* Rem. (a— 6)072 — yS— -a;* 

EXAMPLES FOR PRACTICE. 

4. Prom 4<*— 2H-3c take 8a+4ft— c. . Ans, «— 6644c. 

5. Frwn 9d?^— 4^4-0 take 7«»+6v— 14. Ans, 2ap2— 9y+23. 

6. From 28ay>— 7y+l la' take llay'--53^-9a?». 

. Ans, 12ay'— 2y+20a:» 

7. From 12*4-18 take 12*— 18+y. Ans, 36— y. 

8. From «»— ji^ take — 4--y44a?2. Ans. 4— 3a;^. 

9. From 4iur'+&v+c take 3«*<— 2aH-5. 

Ans. (4a-5)a?».K2+5)»+o-^- 



THE BRACKET, OR VINCULUM. 



10 



11 
12 

13 



From — 17«*+9a»^— 7a3«+ld^ ^e ^I9a»+9ax»-^a^x 
+17a». Ans. 2a^+2a^s>^2aK 

Prom a*+3«»+8*+l Uke x«-«afa+8»— 1. Ans. 6a?»+2. 
Prom 9«*x«— 18+20aM»— 46^<a» take 36'^»>+9rf"ar«-6 
+3tf6»a?. Afw. 17<i5>»— 76»Vsr*— 7. 

Prom a— «— («— 2a)4-2a— « take a— 2«— (2tf— «)4-(« 
—2a). Afu. 8<»— d«. 

14. Prom 4a"'+2af— «« take «"*— ftH^^ «»d aa""— 36^— of. 

RxHAKK. — The number of ezerciiee In both Addition and Snbtrae- 
tion ie pnrpoeely ermall, as ample practice of tlie beat kind wiU be found 
in the operationB of Multiplication and Diviaion. 

THE BRACKET, OR VINCULUM. 

As the Bracket, or Vinculum, is frequently employed, it is 
proper that the pupil should become acquiunted with the rules 
which govern its use in relation to Addition and Subtraction. 

Abt. 46* Ist. Where ike sign plus precedes a vinculum, it may 
he omitted tfntkout affecting the expression. This principle is self^ 
evident. 

Thus, tf-|-(6— c) is the same as a-f-J— c. The first shows that 
b is to be diminished by the number of units in c, and the 
remainder added to a ; the second shows that a is to be increased 
by the number of units in h, and the result diminished by the 
number of units in c Or, if a=:6, i=5, and c=3, 

Tlien 6+(5— 3)= 6+2=8; 

And 6+5—3=11-^=8. 

Prom this it follows, that any number of terms of an algebraic 
expression may be included within a vinculum, if it be preceded 
by the sign plus. 

Thus, a:+y — «=a+(y — z). 

2d. Where ffie sign minus precedes a vinculum, it mag he omitted 
if (he signs of aU iie terms within it he changed. This is evidenti 
because the sign minus indicates subtraction, which is effected 
by changing the signs of all the terms of the quantity to be 
subtracted. Thus, 

a — (ft— c)=<»— A+c. , 

a — (a?— y+2f)=sa — a:+y— ^. 

Sometimes several brackets, or vinculums, are employed in the 
same expression ; by this principle they may all be removed. 
Thus, 
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=a — { a^b — [a+b — c — a^b — c] \ . 
=0 — I a-\-b — — b+c^a—b-\-c \ . 

3d. Any quantity may be inclosed in a vinculum, and preceded by 
the sign minus^ provided the signs of dU the terms in ihe vinculum bt 
ckanged. This is evident from the preceding principle. Thus, 
a — b-\-c=a — Q) — c)=c — (ft— tf). 
This principle often enables us to express the same quantity 
under several different forms. Thus, 

a— 6-f<;4^=fl — \ b — c — d \ . 
^a^\b^c-^d)l 

EXAMPLES FOR PRACTICE. 

Simplify, as much as possible, the following expressions. 

1. (1— 2x+3a;2)+(34.2a^-^2). Ans. 4+2x2. 

2. 5a— 4&+3c+(— 5a+2&-^). An*.^fl— 2H-2c. 

3. (a— 4— c)+(6+c— <0+(d— €+/)+(e— /— ^). Ans, or-^. 

.4. 3(a?=»+y2)_j(^^2ary+y')— (2ay-^'-y')i. Ans, x^+y 

6. a — (a? — a) — \x — (a — x)\. Ans, 3a — 3jc. 

6. 1_|1— [1— (l^r)]}. Ans.x. 

7. a — (6 — c) — (a — c)-\< — (a — &). Ans. 3c — a. 

8. a— ja-fi— [a+&-fc— (a+6+c+^]}. -Atw. — &-^. 

OBSERVATIONS ON ADDITION AND SUBTRACTION. 

In order that the pupil may have clear and precise ideas con- 
cerning the various operations in Algebra, it is important to 
understand the meaning of the signs plus (-]-) and minus ( — ), 
and their relation to each other. 

Art. 47. All quantities are to be regarded as positive, unless, 
for some special reason, they are otherwise designated. Negative 
quantities embrace those that are, in some particular respect, the 
opposite of positive quantities. 

Thus : If the sums of money put into a drawer be considered 
positive, those taken out would be negative ; if a merchant's gain^ 
are positive, his losses are negative ; if latitude north of the equa- 
tor is reckoned -[-, then latitude south is — ; if distance to the 
right of a certain line be reckoned -[-, then distance to the left 
would be — ; if eievation above a certain point, or plane, be 
regarded as -|-, then distance bdow would be — ; if time after a 
certain hour is -]-, then time before that hour is — ; if motion 
in any given direction be -f-, then motion in the opposite direction 
would be — ; and so on. 
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AmT. 48* This rektioa of the signt gives riM to some im- 
porUnt particulars. 

1st. The addition, to any quantity, of a negative number, pro- 
duces a less result than adding zero. Thua, if we take any num- 
ber, for example, 10, and add to it the numbers 3, 3, 1, 0, —1 
—2, — 3, we have 

10 10 10 10 10 10 10 

J _2 J JO -^ -^ --3 

18 12 11 10 9 ""e f 

We see from this, that adding a negative number produces the 
same result as subtracting an equal positive number. Thus, 
adding -^ to 10 gives the same result as subtracting -f"^ 
from 10. 

2d. The subtraction of a negative quantity produces a grea^ 
result than subtracting zero. Thus, take any number, for exam- 
ple, 10, and subtract from it the numbers 3, 2, 1, 0, — ^1,—^, 
— 3, we have* 

10 10 10 10 10 10 10 

^ — -1 —1 >-2 ---3 

7 8 9 10 11 12 13 

We see, also, from this, that subtracting a negative number 
produces the same result as adding an equal positive number. 

Art. 49. When two negative quantities are considered alge- 
braically, that is called the leasi which contains the greatest num- 
ber of units. Thus, — 3 is said to be less than — 8. But, of two 
negative quantities, that which contains the greatest number of 
units is said to be numeriealfy the greatest ; thus, — ^ is numer- 
ically greater than — 2^ 

Art. 50. The sum of two positive quantities is s^Braya ffreaier 
than either of them; and the sum of two negative quantities, 
algebraically considered, is less than either of them. But the sum 
of a positive and negative quantity is always less than the 
positive quantity. 

Ex. A merchant gains 3a (+30) dollars, but soon after loses 
2a ( — ^20) dollars ; how much will his property be increased by 
the two operations 1 

3tf4-(— 2a)«=-f-tf; 
Or, -f30+(— 20)=+10. 
That is, his property will be increased a (10) dotkrs* 

Had he gained 3 a, and lost 5a dollars, then the sum would have 
been —2 dollars, and his property would, evidently, have been 
diminishec. 
8 
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Art. ftl* The diferenee of two poeitive quantities, as in 
Arithmetic, is always less than the greater quantity. Thus, ba 

The difference of two negative quantities is always greater, 
algebraically considered, than the minuend. Thus, --^o — ( — 2a) 
=— 3fl. 

The difference between a positive and a negative quantity, 
found by subtracting the latter fi-om the former, is always greater 
than eiUier of them. Thus, 2a — ( — a)=3a. 

Examples : 1. The latitude of A is 10° N. (+); the latitude 
of B is 6<^ S. (— ); what is their difference of latitude 1 Arts. 15°. 

2. At 7 A. M. of a certain day, the thermometer stood at — 9°, 
that is, 9 degrees below zero ; at 2 P. M., at +15°, that is, 15 
degrees above zero ; what was the change of temperature between 
these hours? Ans. 24<^. 



MULTIPLICATION. 

Art. M* Multiplication, in Algebra, is the process of taking 
one algebraic quantity as often a|» there are units in another. 

The quantity to be multiplied is called the Mtdtiplicand, 

The quantity by which we multiply is called the MuUiplier. 

The result of the operation is called the Product. 

The multiplicand and multiplier are generally called fadors. 

Art. 93* To understand the subject of algebraic multiplica- 
tion, it is necessary that the pupil should be made acquainted with 
the following preliminary prineipU : 

The prqdttet of two factors is the same, tchichever be made the 
wmiUipUer, 

To prove this, suppose we have a sash containing a vertical 
and b horizontal rows. It is evident that the whole number of 
panes in the sash will be equal to the number in one row, taken 
as many times as there are rows. 

Since there are a vertical rows and b panes in each row, the 
whole number of panes will be represented by b taken a times ; 
that is, by ab. 

Again, since there are b horizontal rows, and a panes in each 
row, the whole number of panes will be represented by a taken b 
times ; that is, hy ba. Hence, ab is equal to ba ; that is, the pro* 
4uct of two factors is (he same, iMchever be made the muUiplier. 
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If we have three factorg, af, fc, and c^ by the preceding- principle, 
the product of two of IherUi as a and bj will b© either ai or ba; 
ifj then, we regard this product as a Kingle faetor, und multiply it 
by c, the product may be written either abc, cd>, 6ac, or dba^ all o* 
whichj by the preceding principle, are equal to each other. Prom 
this J it is evident that f/te product of ihrte factors is the sums, in 
whatever order they ore Uikm. Thus, 2x3X4=4x^X3^3x2 
X4^^4x3x2; the product in each case being 24* 

In a Bimilar manner ^ it may be shown that the product of any 
Dumber of factors la tlic same^ in whatever order they are taken. 

It follows from Ihia principle^ tliat my^^^=^aCt xy£^%^^=^x^yzt 
^w'l io on. 

It also follows from this principle » that ichen eiihr of the factors 
if a product is mitUipltedf the product itself is multiplied. Thus, if 
we take the product of two factors, as 2x3, and multiply it hy 5, 
the product may be written 5x^^x3, or 5x^x2; that is, 10x3, 
or 15x2» either of which ia equal to 30, 

Re»aae. — In the multiplication or nUTTihot^, ein&o e^b E^re of the 
multipiicaud la multiplied by the multipHer, pnplb sami^UmeB suppose 
that la multiplying tht^ product of two or more foclorsi as aft, hy a third 
factor, that tat^K of the factors ought to be multiplied* That thla would 
bo erroueoti? h evident from the preceding principle. 

Arip. S4* In mnltipUcation there are four things to be coik 
Bidered in relation to each term, viz : 
The sign ; 
The cooiricieut ; 
The exponent; 
The literal part, 

Re:mark- — In Trritfng- q monomial prcwJuct, wo geueraMy write, first 
ihe sign, then the co^ffieient, and then the literal part ; but, in explain- 
ing- the priucipleB, it is most convenient to <;on&icler tJju sign last. 

Art. 55, Of the Coefficient, — To detetmme the rule of the 
coefficients, let it he required to find the product of 2d by 2b. 

To indicate the multiplication, we may write oPutATioif- 
the product thus, 2(*X35-* But, by Art, 53, this 
ia the same as 2x3X^> and 2x3=G> tlierefore 
the product is Qab, Hence, the coefficient of the 
product is obtained by multiplying together the coeffi- 
cients of the factors. This is termed, the rule of the coefficients. 

From this example we see, also, that the literal part of the pro- 
duct is obtained by annexing to the coefficient dU the letters in the tioo 
factors. 



2a 

6a6 product. 
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XZAMFLB8. 

3. 2afnXcn= 2acmn. I 5. 7cyX3y«=5 21c^^. 

Art. 56. Of the Exponent. — To determine the rule of the 
exponents, let it be required to find the product 
of 2a' by 3a». operation. 

Since 2a^ is the same as 2aa, and 2a* the 2a^=2aa 
same as 3aaa, the product will be 2aaX3aaa, 3g'==3<ga 
or 6aaaaa, which, for the sake of brevitj, is 6a^=6aaaaa 
written 6a^. Hence, the exponerU of a Utter in 
the product is equal to (he sum of its exponents in.tke two factors. 
This is termed the nUe of ike exponents. 

EZAMPLEB. 

2. abXa= aV). [ 6. rf"Xfl"= «*+". 

3. x^yXmr= **y'- ^- c*+»Xc*^*— c**. 

4. a'^x^zXaxz^= a*x*z*, I 7. ar+''Xa*"^= i^*^". 
Art. ft7» From the two preceding articles we derive the 

following^ 

Rule fob multiplying one positive monomial bt another. — 
Multiply the coefficients of Vie two terms together, and to the product 
annex aU the letters in both quantities, giving to each letter an 
exponent equal to the sum cf its exponents in the two factors. 

Note. — Although the product is the same, in whatever order the let- 
ters are placed (Art 53), yet, for the sake of convenience, they are 
generally written alphabetically. 

EXAMPLES. 

1. Multiply he by z. Ans. hcz. 

2. Multiply 2 ax by hy. Ans. 2abxy. 

3. Multiply 4am by 36». Ans. \2dbmn. 

4. Multiply ba^x by lax^y. Atis^. 2ba^x*y. 

5. Multiply 3a"»a» by 9a"af . Ans. 27a'H-»a:«+». 
Art. 5§. Let it be required to find the product of a-{-6 by in. 
Here, the sum of the units in a and h is to be 

taken m times. The units in a taSen m times operation 

s=ma, and the units in h taken m times =wi6; a-^-h 
hence, both together taken m times :=ma-{-nib. m 

Hence, when the sign of each term is positive, ma-^mh 
we have the following 

RxaS FOR HVLTIFLTINa A TOLTVOMIAL BT A MOROMXAL. — MfiUi' 

ply each term of the multiplicand by the multiplier. 
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XXAMFLEfl- 

2. Multiply 3h{-if by n. Am* fjx+ny* 

3. Multiply fijc'+crs by 3ac Ans. Sa^cr^+^^^'s. 

4. Multiply 2fl3+36= by Bob, Ans. li}a^b+lF>ah\ 

5. Multiply T7ue+7i^+mr by m^n. ArtJ, fn'njf-|-7n=n'y+m^ni'z. 

Akt, tS9. Let it be required to fiud the product of a-h& by 
m+n. Here J a-\-b is to be talceti aa mmy times oa there are 
units ib •m^rij which is evidently as mwjy times aa there are units 
in THf plus B3 many times as there are tmits in f^. Thus, 
<i+6 

ira£i^f7iA=the multiplicand taken m times. 

ng-|-n^f=the multiplicand taken n times. 
ma+mi+na+nA^^thc multiplicand taken (m-\-n) times. 
Hence, when all the terms in each aje positive ^ we have tbe 
following 

RlTLE FOK MFLTIPLVlJIff OSE POLTNOMUL BT A?iOTHEB. MitUt- 

^y encJt term of the muUipHcand by etmk term of ihti muUiplier, a?id 
add tfte prodttcis to^elhcr, 

EXAMPLB0. 

2. Multiply ^4-^ by a+«, 

3. Multiply 2j;+3^ by 3je+2jt. 

4. Multiply 2a-\-c by a-\-2c. 
5* Multiply ar^+j:j^+y^ by x+y. 

6. Multiply a^4-2fl&+i3 by a+&. 

Art. 60* Of the Sigits. — In the preceding' article it was as^ 
Bumed that the product of two positive quantities Js also positive. 
It may, however, be shown, as follows : 

lat. Let it be required to find the product of -{-h by a. 
The quantity t, taken once, is -|-&; taken twice, is evidently 
-(-26; taken 3 limes, is +36, and so on. Tlierefore, taken a 
timea, it is -j-oi. Hence, the product of two positive quantities 
is pomtire ; or, as it may be more briefly e:xpresEed, f^us multiplied 
by plus gives plus, 
2d. Let it be required to find the product of — h by a. 
The quantity — 6, taken once, is — h ; taken twice is — ^26 ; 
taken 3 times, is — Zh ; and hence, taken a times, is — ab ; that 
iS; a Tvegative quantity, multiplied by a positive quantity, gives a 
negative product. This is generally expressed by Baying, that 
minus, multiplied by plus, gives minus. 



Ans, 6j:^-f 13j^4-6*3, 

Am. j^'+2jp^i^+2^^+3^- 
Ans. a^-^-'^a^b+^ab^J^K 
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8d. Let it be required to multiply h by — a. 

Since, when two quantities are to be multiplied together, either 
may be made the multiplier (Art. 53), this is the same as to mul- 
tiply — a by b, which gives — oJ. That is, a positive quantity 
multiplied by a negative quantity, gives a negative product; or 
more briefly, phis multiplied by minus, gives minus, 

4th. Let it be required to multiply — h by — a. 

The negative multiplier signifies that the multiplicand is to be 
taken positively as many times as there are units in the multi- 
plier, and then subtracted. 

The product of — h by a, is — db, and then changing the sign to 
subtract, it becomes -|--a5. Hence, the product of two negative 
quantities is positive ; or, more briefly, minus multiplied by 
minus, gives plus. 

Note. — The following proof of the last principle, that the product 
of two negative quantities is positive, is generally regarded by mathe- 
maticians as more satisfactory than the preceding, though it is not quite 
BO simple. Either method may be used. 

5th. To find the product of two negative quantities. 

To do this, let it be required to find the product of c — d by 
a — h. Here it is required to take c — d as many times as there 
are units in a— 5. It is obvious that this will be done by taking 
4>^ as many times as there are units in a, and then subtracting, 
from this product, c — d taken as many times as there are units 
in b. 

Since plus, multiplied by plus, gives plus, and minus, multiplied 
by plus, gives minus, the product of c — d by a is ac — ad. In 
the same manner, the product of c — d by b is be — bd ; changing 
the signs of the last product to subtract it, it becomes — bc-^-bd ; 
hence, the product of c — d by a — b, is ac — ai— ic+W. But the 
last term, +W, is the product of — d by — b ; hence, the product 
of two negative quantities is positive; or> more briefly, minus 
multiplied by minus, produces plus. 

The multiplication of c— <i by a — b may be written thus : 

a—b 
ac— <irf=o— J taken a times. 

— bc-\ -bd=c — d taken b times, and then subtracted. 
ac — ad — bc-^-bd 

To illustrate the operation by figures, let it be required to find 
the product of 9—4 by 5 — 3. 
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OFEK^TioN. We first take 5 times 9 — 4; this gtveB n, 

9 — 1 product too great bf 3 times 9 — 4, or 27 

5 — 3 — lii\ uiibtricting thia from the first product, 

45 — 20 we h&ve, for the true result, 45 — 17+12, 

— 27+13 which reduces to +10. This m evidently 

45—17+12 correct, for 9^=5, and 5—3=2, and the 

product of 5 by 2 ia 10 . 
From the preceding illuBtrationH, we derive the following 

Geseral RTrtK FOR TB£ SIGHS. — Plus mjjIttplUd btf pluSf or minus 
multiplied In/ minus , gives plus. Pius multiplied by mmus, or 
minus mtUiiplkd by plus, gives minus. 

Ob, the pradwci qf Wee signs gives plus, and of unlike si^/ns ffim* 
minus. 

Aet. 0I< From the preceding, we derive the following 

GllTESAL RULE FO» THB JffULTrFLlCATlOJI or ALGIBEAIC QUAlB^ 

TiTiEs, — Mtdtipli/ every term o/ th/e muUiplieand by each term of 

the multiplier^, obsf^rvtn^, 
Ist, That the caffficient of any isrm is eqml to the produd o/ the 

cocfflcienis of its factors. 
2d. That the exponml of any Idttr in tfe prodttd is equal to the »um 

of its exponents in the two factors. 
3 d. That th^ product of like si^ns gives pirn in the product, and unlike 

tigm giv^ m inus , Thm^ add the several pa riial products together^ 

HTJBCEHTCAL EXAWPLES TO VERJFT TBB EVLE OF THE SIOMS. 

1. Multiply 7^4 by 5* Ans, 35— 20=1 5=3 X5» 

2. Multiply 8+3 by 6—4* Ans. 48—14—12=22=11x2. 
3* Multiply 5-^ by 4—9. 

Ans. 20-77+72^+15=^X^5. 
4. MoItiplj7— 5 byS^J. Atw, 56^^8+43=24=6x4. 

DBNERAL EXAHPLBS. 

1. Maltiply 4^^— 3ac+2 by 5a:3r, Ans, 20o*jp— ISa^cr+lOoj^ 

2. Multiply 5a^2ff&+lD by —9ab. 

Ans, — 4oa*6+18a^6^— 90ii6. 

3. Multiply 2a?+3« by 2a?— 32r. Ans. 4ar»— 9«». 

4. Multiply 4a2— ^a+9 by 2a+3. Ans. 8a»+27. 

5 . Multiply a — &+c — d by a+J — c — d. 

Ans. a^-^2— cJ+£P— 2ai+!ifc. 
6 Multiply «»+y'+3r» by a?5+y». 

Ans. ar»+a^»+«'«9+a?»y>+y<+yV. 
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7. Multiply tf'+3«'H-®«fe'+&" by «»— 3fl26-|-8fl&^-*». 

8. Multiply i2«»--8«*H-i6*y'— i^y" ^y 3*+2y. 

An$. 36«*+29«»y'— 20y<. 

9. Multiply «»-Hbp4«» by «>— «x +«'. A/w. a^+a V+«*. 

10. Multiply ««4.2aH-26» by a^— 2aH-2R Aw. a<-H6<. 

11 . Multiply a:9+2ay--3y» by ar«— 6«y+4y». 

Aim* *<-^«»y— 9«2y'+23a5^— 12y<. 

12. Multiply l-HH^'+«»-Hr* by l—or. Xtw. 1— a*. 

13. Multiply 27a:"+9«'y+3a3f»4y by 3aj— y. An*. 81ar<-y . 

14. Multiply ««+2ar»y-Ha?'y»+8ay+16y< by a?— 2y. 

Ans. Of*— 32y». 
16. Multiply a*— 2a»H-4a»6»— 8a6»+166* by a+2b. 

Ans. a»+826». 

16. Multiply ii»4.2a?H-afl6'+6» by a»— 2«»i+2fl6'-^. 

Atw. a* — M. 

17. Multiply a»-H>>+c»— oJ— tfc— te by a+J+c. 

Aw. a»4.5»+€«— 3a6c, 

18. Multiply x<— «»+*'— H-1 bya?H-a?— 1. 

Aw. x«— «*-f«»-<r»4-2*— 1. 

19. Multiply lJ^+x*+x* by 1— a?-f«»— a?*. Aw. 1—^. 

20. Multiply 1— 2«+3a*— 4ar»+5«<— «ar*+7««— 8*7 by l+2» 
^a. Aw. 1— 9a:»— 8ar». 

21 . Multiply togetiier »— 3, »+4» »— 5, and «+6. 

Aw. a:*+2x»— 41ar2— 42*-|.360. 

22. Multiply together a^+ab+b^s a»— a'6+6», and a— ft. 

Aw. a* — a^b-\-a^h* — 6*. 

23. Multiply togetiier o-f 6, a— 6, a'+ofr+^'i and a^— «&+**• 

Aw. a'— -6*. 

24. Proye that 

a<aH-lXJ^f2)4^a^-lXa^-2)44(a>— 1>»(*+1)===6«'- 
26. Find the value of the expression 

Aw. x^+aK 

MULTIPLICATION BT DETACHED OOSFFICISNTS. 

Art. 62. In the multiplication of polynomials, it is evident 
tiiat the coefficients of the product depend on the coefficients of 
the factors, and not upon the literal parts of the terms. 

Hence, by detaching the coefficiente of the factors from the 
literal parts, and multiplying them together, we shall obuin the 
eoiffidenU of the product. If to tiiese coefficients tiie proper 
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letters are then annexed, the whale product will be obtained. 
This method is applicable where the powers of the flwne letter 
increaae or decreaee re^Urly- 

1, Multiply a' — '2tib-\-b^ by a-\-h. ofe^atior. 

Afler finding the coeifidenti, li is obvious 1 — 2+1 
tiat o* will be the first term and b^ the last 1 +1 
term ; hence, the entire product is a^ — a'^b — ab^ I — 2+1 
+*>, +1 --2+1 



1—1—1+1 



orwwATioji. 
l_3+0+l 

1+0—1 

1^^+Cl+l 

— i+n^4>^i 

1—3-144^-0-1 



2. Multiply a>—3o'£+*' by «=--*'. 

In this example, Guppoaing- the powers 
of a to decrease regularly toward the 
left, it is obvious that there is a term 
wanting in each factor. In such cases 
the coefficient of each absent term must 
be considered zero, and suppUed before 
commencing the operation^ 

This method, termed muUiplica&on by dniached cdf^ffkiaiUy is 
tjflefut in leading the pupil to consider the properties of coefficients 
by themselves. 

EXAM FLES> 

3* Multiply m'+m^+mn^+»» hy tn — n Am, m<— n<* 

4. Multiply l+2*+3ji+4t'+5^* by 1— a. 

Am. l+s+t'+i^+r^-^i*. 
The pupil may also solve, by thia method, the general examples* 
Art- 61, from 7 to 20 inclufiive^ except example 17. 

REMARKS ON ALGEBRAIC MULTIPLICATION. 

Akt. 63- The degne of the product of any two monomials, is 
eqaai to the sum of the degree® of the multiplicand and multi- 
plier, Tliis is evident, since all the factors of both quantitiet 
appear in the prodttcL Thus, 2a^bt which is of the 3d deg'ree, 
multiplied by Ik^^ which is of the 4th degree, gives Grt36^ which 
li of the 7th degree. Hence, if two polynomials are homoffemeousj 
Uieir product will be homogeneous. Thus, in example 7, Art. 
61 , both multiplicand and multiplier are homogeneous, each term 
Deing of the 3d degree, and the product is homogeneous, each 
term being of the 6 th degree. 

Art. 64. In the multiplication of two polynomials, when the 
partial products do not contain similar terms, the whole number of 
terms in the final product will be equal to the number of terms in 
the multiplicand, multiplied by the number of terms in the multi- 
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plier. Thus, if there be m terms in the multiplicand, and fi terms 
in the multiplier, the number of terms in the product will be 
mX«- Thus, in example 6, Art. 61, there are 3 terms in the 
multiplicand, 2 in the multiplier, and 3x^=6 in the product. 

Akt. 65* If the partial products contain similar terms, the 
number of terms in the reduced product will evidently be less 
than mXn; see examples 7 to 21 inclusivei Art. 61. It is 
important to note that tiiere are two terms which can never be 
reduced with any others ; these are, 

1. That term which is the product of the two terms in the 
factors which contain the highest power of the same letter. 

2. That term which is the product of the two terms in the 
factors which contain the lowest power of the same letter. 

Art. 66* The multiplication of two polynomials is indicated 
by inclosing each in a parenthesis, and writing them in succes- 
sion. Thus, the multiplication of the polynomials m-^-n and p — q, 
is indicated by (wi+»)(p— 9') 

When the operation is actually performed, the expression is 
said to be expanded, or developed. 
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Art. 67« Division, in Algebra, is the process of finding how 
often one algebraic quantity is contained in another. Or, having 
the product of two factors, and one of them given, division teaches 
the method of finding the other. 

As in Arithmetic, the quantity by which we divide is called ilie 
divisor; the quantity to be divided, the dividend; the result of the 
operation, the quotient. 

Art. 68* In division, as in multiplication, there are four things 
to be considered, viz : 

The sign ; 
The coefficient ; 
The exponent ; 
The literal part. 
Art. 69. To ascertain the rule of the signs. 



Since +aX+ft=4-a6"^ 
— flrX-ffc=— ^5 I 
4-flX— "*= — ab f therefore < 



•+ab-i-+b=+a 
— (ib-i — f- J= — a 
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From which we derive the following 

Rule of the i^igits. — Whm both divisor and dividend Have the 
same sign^ the qwatieni %xM Aave iht sit/n +; wh&i they ha^x 
difj^trent sigm^ the qjwtimt tcill have ikt sign — , 

Abt, 1©* To ascertain the rufe of iU coeffciaits, the rate of 
the €xpoTi£iiis, and the rult of the literal part. These may aD he 
derived from the solution of a eingle example^ 

Let it be required to find how often tia^ is contiined in 6^*6. 
6a*& 6 

Since diviBioD ia the reverse of multi plication, the quotient, 
multipliRd by the divisor, must produce the dividend ; hence, to 
obtain this quotient, it is obvious, 

1st. That the cotflidont of the quotient must b# such a num- 
ber, that when multiplied by 2 the product shall be 6 ; therefore, 
to obtain it, we divide 6 by 2. Hence, we have the following 

Rule of the coefficients, — Th obtain the coefficient of Ihs quo^ 
iienl, divide Ifae coefficient of the dividend bt/ the co'eJicic?it of thf^ 
divisor. 

2d, The exponent of a in the quotient must be such a number, 
that when 2, the exponent of a m tbe divisor, ia added to it, the 
sum shall be 5; hencOj to obtain it, we must subtract 2 from 5; 
that is 5 — 2i^, is the exponent of a in the quotient. This 
gives the following ^ 

Rule of tw& zxpowexts, — From the exponent of any letter in the 
dividend subtract its ej^ptment in the divisor ^ the remainder mU he 
its ex]}fment in the quoHejti^ 

3d. The letter h, which Is a factor of the dividend, but not of 
the divisor, must be found in the quotient, in order that the pro* 
duct of the divisor and quotient mjiy equal the dividend* Hence, 
every letter fownd in the dividend j and not in the divisor t must be 
found in the quotient, mth the same expoTvent as in the dividend, 
Thiflj in connection with the rule of the exponentj furnishes the 
Tttk of the liieral part. 

Art* '71. The preceding roles taken together, give the following 

Rule for dividing one monomial by another. — Divide the 
coefficient of the dividend hy that of the divisor; observing y that like 
signs give plus and unlike signs give minus. 

After the coefficient, write the Utters commxm to both divisor and divi- 
dend, giving to each an exponent, equal to the excess of the exponent 
of the same letter in the dividend, over that in the divisor. 
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In the quotient, xcrite the Utters^ mth their respective exponentSf thai 
are Jfound in the dividend, but not in the divisor. 

EXAMPLES. 

1. Divide 4fl« by 2a^ and by —2a'. Ans. 2a' and — 2a». 

2. Divide SOa*b^ by 5a?b. Ans, f^a^. 

3. Divide —2SxYz* by — 7ay»ar. Ans. Axys^, 

4. Divide —35a26»c by 5a*'. Ans. ^labo. 

5. Divide S2ocyz by -^ary. An*. —42?. 

6. Divide 42c'm'» by — ^cmn. Ans. — 14c'«i. 

7. Divide a:*+" and «*~* each by «". A?**, af^ and x*""*». 

8. Divide tr'M-'* by t;"^'. Atis. v^t. 

Note. — In solving the following examples, the pupil mnst recollect, 
that the quantities included within the vinculum are to be considered 
together, as a single quantity. 

9. Divide (a+&)« by (a+6)'. Ans. (a+ft). 

10. Divide (m — ny by (m— «)'. Ans. (m — n)'. 

11. Divide 8(o— *)»x2y by 2(a— *)ay. Ans. 4(a— 6)'x. 

12. Divide 6(x+«)»(a— 6)' by 2(jB+z)(a-^y. Ans. 2(x+zy. 

13. Divide a'J'Car— y)(y— z)' by ab^(i^y. Ans. abip^-^). 

14. Divide (a+Jxa)j4-i by (o+te')'^*. Ans. (o+to')'. 
Art. 73. It is evident that one monomial cannot be divided by 

another in the following cases : 

Ist. When the coefficient of the dividend is not exactly divisi- 
ble by th& coefficient of the divisor. 

2d. When the same literal factor has a greater exponent in the 
divisor than in the dividend. * 

3d. When the divisor contains one or more literal factors not 
found in the dividend. 

In each of these cases the division is to be indicated by writing 
. the divisor under the dividend, in the form of a fraction. This 
fraction may often be reduced to lower terras. See Art. 119. 

Art. 73. It has been shown, in Art. 53, that any product is 
multiplied by multiplying either of its factors ; hence, conversely, 
any dividend will be divided by dividing either of its factors. 

Thus, -g~=2x9=18, by dividing the factor 6. 

6X9 
Or, -^=6x3=18, by dividing the factor 9. 

DIVISION OF POLYNOMIALS BY MONOMIALS. 

Art. Y4« In multiplying a polynomial by a monomial, we, 
multiply each term of the multiplicand by the multiplier. Thus, 



BTVISIOT^. 



S7 



(^&— fti)Xa:=fla6 — 06*; hence, (a=i— o*^-t^— aA— i= J therefore, 
we have the following 

Rule Fon rnviurw<j a iolybomial Br a monomial. — Dimde mch 
term of the dividend by the divisor ^ according Iq the ruie for t^ie 
dtvkicn of monomials. 

EXAHPLBB FOR PXACTIOE. 

a^-\-ah by a. Ans, a-\-b 

2:ttj-{-2x^ by — ry, Ans. — 3— ^jt. 

lOii^r— 15i=— 25z Ijy 5r. Am. 2a^— 3r-^. 

Zah-^\2ahx—^a^h by — Sflfc. Ans. — l^x+Sa, 

Ans. — ^^^'-f^is'jy — [jej*. 
4flfic— 24a£'— 32«ifi£? by ^a*. jln*. ^-c-j-6i-|-8il. 
o™ii4_a'^ I t3^a«- 35 by 06, Anj. a"^" ifi'-f fl™i+a^ ', 
4a^(a+a?)4-e<ar+y) by 2a. 

3fl(ar+y)+c=CJ^+^)= by 1+3^. Ans. Sa+c^af+j^), 
i»'c(m+w) — fc=(m+n) by hc{m-\-n). Arts, h — c. 

(S^c)(iK-e)^6— c)CH^)2 by (ft+c)(&-^). 

Atw* Cx-|-i) — (m — nj. 



1. 


Divide 


2. 


Divide 


3, 


Divide 


4. 


Divide 


6. 


Divide 


6. 


Divide 


7. 


Divide 


8. 


Divide 


0, 


Divide 


10. 


Divide 


11. 


Divide 



12 Divide 



DIVISION OF ONE POLYNOMIAL BY ANOTHER. 

Aet» T5* To explain the method of dividing one polynomld 
by another, we may regard the dividend as a prodocl, of which 
the diviaor and the quotient are the two factors. We Ehall first 
form a product, and then, by a reverse operation, explain the 
proceas of di vision . 

J^lviadoUj, or decom position of a prodttcL 



MuUipUeatlon, or forma- 
tion of a product:. 
a^—^a?b 



lit r. +2a*b—l 1 a^b^-\-5a''b^ 
+2a*b—10a^P 



^^a^b 



a^-^-2aI^^-b^ 
Quotient* 



) nmaiJidBr, 






By comparing the product with the two factors, each being 
arranged a,ccording to the decreasing powers of the letter 4, we 
see that the 1st term a^ of the total product, is the product of the 
lit term a> of the inuitlplio&nd, by a^ the lat term of the divisor j 
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that the last term -j-da^^* of the total product, is the result of the 
product of — 5a^5 the last term of the multiplicand, by — ^' the 
last term of the multiplier ; and that the other terms of the total 
product is the result of the reduction of the similar terms of the 
partial products. See Arts. 64 and 65. 

Consequently, the division of a^, the first term of the dividend 
by a}f the first term of the divisor, will give a?, the first term of 
the quotient. 

The dividend expresses the sum of the partial products of the 
divisor by the different terms of the quotient ; therefore, if we 
subtract irom the .dividend a^--^a^6, which is the product of the 
divisor a' — baVi by a? the first term of the quotient, the rematTider 
-4-2a^6 — lla^&'-|-5a'6^ will be the product of the divisor by the 
other terms of the quotient. 

Knowing the 1st term a^ of the quotient, and the 1st remainder, 
it is now required to find the other terms of the quotient. We 
remark, that the let remainder expresses the product of the divi- . 
sor by the unknown terms of the quotient, and that, consequently, 
the 1st term -(-2a^Jof the 1st remainder, is the product of the 1st 
term a' of the divisor by the 1st of the unknown terms of the 
quotient ; therefore we shall obtain the 1st of these terms, that is, 
the 2d term of the required quotient, by dividing the 1st term 
-}-2a*6 of the Ist remainder, by the 1st term a' of the divisor; this 
gives -|-2ai the 2d term of the required quotient. 

Lastly, to find the 3d term of the quotient, we subtract from 
the 1st remainder, the product of the divisor by -f-2a&, the 2d 
terra of the quotient; the 2d remainder is the product of the 
divisor by the 3d term of the quotient ; hence, the division of the 
1st term — a^h^ of this 2d remainder, by the 1st term a^ of the 
. divisor, must give the 3d term of the quotient, which is thus.found 
to be —6'. 

Subtracting from the 2d remainder, the product of the divisor 
by — 6^, the rematTider zero, shows that the quotient a^-\-2ab — 6' 
is exact ; for we have arrived at this remainder by subtracting 
from the dividend and the several remainders, the partial products 
of the divisor by the terms a^, '\-2<ib, — b^ of the quotient. 

Since there is no remainder when we subtract from the divi- 
dend the product of the divisor by a^'\-2ab—b^, therefore the divi- 
dend is the exact product of the divisor by a^'\-2ab--b^, which is, 
therefore, the required quotient. 

Since each term of the quotient is found, by dividing that term 
of the dividend containing the highest power of a particular let- 
ter, by the term of the divisor containing the highest power of the 
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same letter, the dwiior and dividend should ahoays he arranged 
(Art. 31) tnih reference to a certain Utter, 

The situation of the divisor in regard to the dividend, is a mat- 
ter of arbitrary arrangement ; by placing it on the right it is more 
easily multiplied by the respective terms of the quotient. 

AsT. 76* From the preceding we derive the following 

Rttle fob the nivisioir 07 okb foltnohial bt ahotheb. — 
Arrange the dividend and divieor toith referen/oe to a certain letter, 
and place the divisor on the right of the dividend. 

Divide the first term of the dividend by the first term of (ke divisor ; 
Vie result ivill be the first term of the quotient. MvUiply the divisor 
by this term, and subtract the produet from the dividend. 

Divide the first term of the remainder by the first term of the divisor; 
the resyU wtU be the second term of the guotienL Multiply the divi' 
SOT by this term, and sibbtract the product from the last remainder, 

'Proceed in the same manner , and if you obtain Ofor a remainder, the 
division is said to be exact, 

Rkmaeks. — Ist When there are more than two terms in the quotient, 
it 18 not necessary to bring down any more terms of the remainder, at 
each successive subtraction, than have corresponding terms in tlie quan- 
tity to be subtracted. 

2d. It is evident that the exact division of one polynomial by another 
win be impossible, when the first term of the arranged dividend is not 
exactly divisible by the first term of the arranged divisor ; or when any 
remainder is not divisible by the first term of the divisor. 

1. Divide 15a?2+16a?y—16y2 by 5a;^_3y, 

OPKEATION. 

15j;3^ 9ay 3a;+5y Quotient. 



+25jy— 15y» 



2. Divide m' — n^ by m-^n, 

OPEllATIOM. 

m^ — n^ \m.'\-n 
m^-^-mn m — n Quotient. 



3. Divide a?*-f-y' by a?+y 

OPERATION. 

^H^ a;2— ay-|-ya Quot. 

—^^y+ y^ 
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4. Divide 7«»y+6ay'+2ar»+y» by Zxy+x*+y\ 
onEATioir. 

2ap'+6a;»y-f2jya 2a?+y Quotient. 

In this example, neither divisor nor dividend being arranged 
with reference to either c or y, we arrange them with reference 
to X, and then proceed to perform the division* 

6. Divide aP+a^-^lal^-i^x^ by a?-Hra. 



Division performed, by arranging 
both quantities according to the 
ascending powers of x. 

2a?»— 7*« Quotient. 

2x»— 2j< 



Division performed, by arranging 
both quantities according to the 
descending powers of x. 
6a:»— 7a:*+«»+«>|-ixy-«__ 
5a?*— 5ag* — 5«»+2a:3^x 

—2**4- x» Quotient. 

— 2«*+2a» 



The learner will perceive that the two quotients are the same, but 
differently arranged. 

EXAMPLES POR PRACTICE. 

6. Divide 6ap^4^xy — iy^ by Sdr+4y. Arts, 2»— y. 

7. Divide a:»— 40ar— 63 by »— 7. Aw. a?»+7a?-i-9. 

8. Divide 3*»+16A**— 33A»ik»+14A'Jk» by A2+7At. 

Aw. 3A'— 5A«)fc+2W>. 

9. Divide «»— 243 by «— 3. Ans. a^-|-3fl»+9fl»+27a+81. 

10. Divide ««— 2a»«»-f«* by *2^2aa?+a». 

Atw. a;<+2aar»-f3flV+2a»jp+a<. 

11. Divide 1— ^a?«+5a:« by l—2x+x'. 

Aw. 14-2«-)-3«3+4a:»+6«*. 

12. Divide f 2-hp7+2;w^— 2924-7^— SH by ;>-H7+3r. 

An*. ;^+■29 — r. 

13. Divide 4a;»44av-«» by 3a?+2a;'+2. Aw. 2a?»— 3«2^2«. 

14. Divide ««— a« by a:»+2ar2^2«2x4-fl». 

Aw. «»— 2ar»-4-2a»aj— a». 

15. Divide m'+2mp— »'— 2n^-f;P^ — q^ by m — n+jh-^, 

Ans, mr^n\ p \ q. 

16. Divide tf»-H>«-Hj»— SaJc by a+H-c. 

Aw. a>443-|-c^-^a(— <w— ^. 
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17. Divide af»+»+jfy4-af"y»+y"'+» by af+jT*. Ans. ar'{^y^. 

18. Divide oarS— (a2-fd)a;2+6' by ax—b. Am. a?a— a»— *. 

19. Divide mpa^-^-iiinq-^pyK:^ — (mr-J-w^)a:+«r by wjp— n. 

Ans, jKc'-f-^flp — r. 

20. Divide a^*"— 3flrc»+2c** by a^-nJ". Atw. a*— 2c». 

21. Divide a^+ar^-r— a^— oT^ by oH-ar^, Ans. «•—>«-». 

22. Divide a84-a«62+a<6<4-a5Z>«+&» by a^+a^b+a^b^-^^+b*. 

Ans. a<— a'H-d'ft^— a6»4-*<. 

23. Divide a2+(a— l>»34-(i^— l)a*+(fl--l)a:<-a?» by a— a:. 

24. Divide x(j;— l)a'+(a:3^2a?— 2)aa+(3a?2— a8)a-^< by a'x 

-^2a— ar'. Aiw. (a^— l>i-(-a3. 

25. Divide 3i?-^f-{'l25z^+^0xyz by as-2y+62J. 

il»s. a;2^a?y--6a34-4y24-l0yz+25«2. 

26. Divide 1— 0a:8_8j;» by l+2a?+x2. 

Ans. l—2a^^-3x2— 4a:»+5a:^-^a?»+7x«— 8ar'. 

27. Divide 14-2a? by 1 — 3x to 5 terms in the quotient. 

Ans. l+6x+15a?3-|-45a?»+136x<+&c. 

28. Divide 1 — 3a? — ^2a?' by 1 — 4x to 6 terms in the quotient. 

Ans. l+a;+2a:2-[-8««+32ar*+128a:»+&c. 



DIVISION BY DETACHED COEFFICIENTS. 

Art. 77. From Art. 62, it is evident that division sometimes 
may be conveniently performed, by operating on the coefficients 
detached from the letters, and afterwards supplying the letters. 
Thus, if it be required to divide a:'+2a:y+y^ by x-{-y, we may 
perform the operation as follows : 
l-{-2-{-l|l+l Hence the coefficients of the quotient 

1-f-l 1+1 are 1 and 1. Also,'«'-fvr=:a7, and y'-r-y=y; 
+1+1 therefore the quotient is la:+ly, or x-\^, 

1+1 
2. Divide 12a*— 26a36— 8a»62_|.io^»— 85< by 3a'— 2aZ+&2. 

Hence the coefficients of the 
quotient are 4 — 6 — 8 . Also, 
a^-5-a2=a2^ and b^-^^=ib^; 
therefore the quotient is 4a' 



12— 26— 8+10— 8|3--5+l 

12— 8+4 4—6—8 

-.18—12+10 

-^18+12— 6 

—24+16—8 

^26+16-a 



When any of the intermediate powers of the letters are want- 
ing, the coefficients of the corresponding terms must be supplied 
with zero, as in the following example. 
4 
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3. Divide a*+gfi bj a+x. 

l-l-O-l-O+l |1+1 
1+1 1—1+1 

— 1 a' — ax-\-^ Quotient. 

—1-^1 

+1+1 

+1+1 

SXAMPLSf. 

4. Divide 6**+4*y-;9x»y»-Say»+2j^ by 2x»+2ay-y«. 

Ans. 3ar'— ay— 2y*. 
6. Divide m*— 5in*n+10m»n' — lOmV+Siiin* — n* by m* 
— 2iim+«'. Ans, m»— 3in'»4-3iim^— »». 

e. Divide a«--3«<J>+3«>ft«-*» by «»— 3«>H-3aft'— &'• 

Most of the examples in the preceding article may be solved by 
this method. 



CHAPTER II. 
ALGEBEAIO THEOEEMS. 

DXRZTXD VROH MULTIPLICATION AND DIVISION. 

Rtmabit. — One •£ the chief objects of Algebra is to establish certain 
general truths. The pupil has now obtained the neceflsary knowledge 
to prove the following theorems, which may bo regarded as the simplest 
application of Algebra. 

Abt. 78* Theorem I. — The square of (he stim qf two quaniiUes 
is equal to the square of ike first, jius twice theproduct qf the first by 
(he second, plus the square of the second. 

Let a represent one of the quantities, and h the other ; 
then a-f-^=their sum ; 

and («+^)X(»+*)i or (a+6)'=the square of their sum. 
But (tf4-6)X(tf+^)=fl'+2«H-^^ which proves the theorem. 

APPLICATION. 

1. (2+5)2=4+20+25=49. 

2. (2«i+3«)3=4m2+12«»+9n^ 
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3. (itx+i^y=a^x^+2abxy+bY' 

AiT, 79* Theoe£M H. — The ttpiare of the difference of two 
quavUUies is eqtud to the square of the firsts mintts iimce the product 
of ih£ first by the $scondt plus the square of lh£ xcmd. 

Let a represent one of the quantitiefi, and b the other i 
then a — &=lhejr difference ; 

and («— d)XC^£ — &)jor (a — &)3=the square of their difference* 
Bat {a — t)X(fl — b)^=^ti^ — 2a&-|-^=, which prorei the theorem, 

AEFLIOATION, 

1, (5^3)'=25— 30+9=4. 

4. {as^ — 2cxyz=a^z^ — 6acara!+9c^a;'. 

Ah-T. 80- Treokem hi. — The product of the sum and difference 
of two qudJitUieSj is equal to the difference of their squares. 

Let a represent one of the quantities, and b the other ; 
then «+5^their aumj 
and a — fc=their difference* 
And ia-^h){a — b)=a^ — t'j which proves the theorem* 

APPI*ICATIOir» 

1, (7+4)(7-^)=49— 16=33=11X3. 

3, (3ff^+4&^(3fl'-^6^)=9a^— 165^. 

4. i^ax+^by)(^ax^^by)=9d'x^—25bY. 

A^T. 81, THEORi:m IV.— TAc reciprocal of a quantity^ w equal 
to the same q^antHif uiith the sign of its exponent changed. 

If we divide o' by a', the quotient ia eipreaacd by — , or by 

a^ 
a'^3^-*^-a^ since the rule for the exponents in di via ion (Art. 70) 
requires that the exponent of the same letter in the divisor should 

be subtracted from that of the dividend. But -L is a fraction, and 

a* 

if we divide both terms by a*, which does not alter its value 
(Ray's Arith., part 3d, Art. 147), it becomes --; hence ^^— 



since each is equal to ~. 
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In the same manner, —=0"*^, by subtracting the exponents; 
or --=- — , by diyidinff both tenns by «r ; hence, rf^'^'asr .^, 
which proves the theorem. 

EXAMPLES. 



1. a^- — 



4. ?!!: 

6. f!=fl6-». 



6. L=tf-»6-». 



We see also from this, that any factor may be transferred from 
one term of a fraction to the other, if at the same time the sign of 
its exponent be changed. Thus, 

« _-, Z-' 1 a' .... 1 b-* 



Akt. 83* Theobem V. — Any quantity, whose exponent is 0,is 
equal to unity. 

If we divide a^ by a^, and apply the rule for the exponents 
(Art. 70), we find ^ s- =a ^''^=a^ ; but, since any quantity is con- 
tained in itself once, — 5=1« 

Similarly, ^=:a"'-«==a». But, ?!!=I. 

<!"• 11*" „, 

Hence, a^=l, since each is equal to _; which proves the 
theorem. ^ 

This notation is used, when we wish to preserve the trace" of a 
letter, which has disappeared in the operation of division. Thus, 

if we divide a'^b by ab, the quotient is ^£=a'"*6*~^==a^J°=a. 

db 
Now tiie quotient is expressed correctly, either by a^b^, or by a, 
since both have the same value. The first form is used when we 
wish to show that the letter b was originally a factor, both of the 
dividend and divisor. 

Akt. 83. Theorem VI. — The differeme of the same power of 
two quantities is always divisible by the difference of the quantities. 

1. If we divide a^-~b^ by a— i, the quotient is a+b. 

2. If we divide a'-^ by a— 6, the quotient is a^+ab+b^. 

In the same manner, we would find by trial, that the difference 
of the same power of any two quantities is divisible by the 
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di^erence of the quan titled. The general and direct proof of thii 
theorem is as foUows : 

Let us divide fl* — iF* by a — b. 



^ + ^~^^ — QuotienL 



I 



a*" — fl™-i& 

d'"-'5 — &™ 

In performing this divisioD, we see that the fest term of the 
quotient is ^i*""^, and the first remainder, b{a'^~^ — 6**"^). 

The remainder consists of two factors, b and a"~* — b**~K Now 
it is evident, that if ihe second of these factors is divisible by a — i, 
then will the quantity a"^ — i"" be diFisible by a — b. Thus, if a — h 
is CDntained c times m a^* — &^^ the entire quotient of a^ — &«, 
divided by a — &, would be fl™~^-I-n&c. 

This proves, that IF a"^'^ — 6"**"^ is divisible by a — 5, then will 
a"^™jbe divisible by a — b. That is, if the difference of the sami 
powers of two quaniiiks is dimdlde by ihe difference of the qu^ntilie$ 
ihemsdveSi then 'uyill the difference of the nej^-t higher powers of the 
same qiiantiiieSf he Hindhk h^ the difference of the qmnlities. 

But we have seen, already, that a^ — h^ is divisible by a—^i 
hence, it follows, that a' — b^ is also divisible hy a-— 6. Again^ 
since a' — ¥ is divisible by a — h^ it followa that a* — b^ is divisible 
hy it. And eo on, without limit, which proves the truth of the 
theorem generally. 

Note — In diridlug the differenc* of tlw rame powers of two quan- 
tities by the difference of tbo^ quantitiesi the quelienU follow a simple 
law. Thui, 

(a^—b^)^{a—b)=a''+ab+b^ ; 
{a^—b')^{a—b):=^a^+a^b+id}^+¥ ; 
(a^—b^)-L-(a-h}^a'+a'b+a^b^+ab^+b\ 

The Law Is, that the e^pqneat of the fifet letter dt^crea^e by unity, 
white that of the second lucreagea by unity. 

Aet. 84* Lemma. —In proving^ the next two theorems, it is 
necessary to remind the student, that the evm powers of a nega- 
tive quantity are positive, and the odd powers negative. Thus, 

— a, the 1st power of — <r, is negative. 

— ^X — a^^i^'^t the 2d power, is positive. 

— aX-=-^X — a= — s^, the 3d power j is negative. 

— flX — «X — aX — a^a\the 4tb power, in positive j and bo on. 
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AX9.M* TsiOBUiVII — Thediffermotrf ih$€nenfoimmf^ 
tte fame dtgret cftwo quinUitiet, is aiwayi divtMibk by Ae 9um ^ lAf 

If we take the qumntitiee o— d, and iiT— ^, and put *-^ instead 
of b, a — b will becone # -( ■.c)=a-|'^, and, when m ia euen, 
J^ wUl become tf", and rf'^—d^ will become rf"— (-|-c^)=:a'"— c* : 
but «r— ^ is always divisible by a— ^ ; therefore, 

«"^-<-^ i« ahreyadiTiftible by «+« when m ia ewth which ia the 
theorem. 

SXAKFLSt* , 

Art. 9e. Thxobsm VIII — Th$ sum of the odd powers of the 
same degree of t\ao fuaniUies, is dkoays divisible by the sum of the 
quantities. 

If we take the quantities a— ^, and o^*^--^, and put — c instead 
of b, »— ^ will become dH-(-^«)sra4-<!9 and when m ia odd, bm 
will become — c" (Art. 84), and a"—** will becbme a"* — (■— c"*) 
a=fl*4^ : but flT"-— d"» ia always divisible by a — b ; therefore, 

0^4^ ^ always divisible by <h\-c when m is odd, which is the 
theorem. 

XXAHPLX8* 

8. (a^4^0-TKH^)===«'--«*H«^^'--«'^*+<»'**--^ 



FACTORING. 

Kan. — Fittvious to studying the factoring of algebraic quantities, 
fhe pupil should be well acquainted with factoring numbers. See 
Ray*B Arith., Part 3d, Arts. 121 to 134. 

Art. 87. The following is a summary of the principles and the 
most useful rules employed in factoring numbers. 
1st Pbixciflb.^ a factor of a number ia a factor of any multiple 
of that number. 
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2d PuNOin^ A factor of any two numbeni is also a factor of 

their sum. 
Propositions deduced from these principles : , 

1. Every number ending with 0, 2, 4, 6, or 8, is divisible by 2. 

2. Every number is divisible by 4, when the number denoted 
by its two right hand digits is divisible by 4. 

3. Every number is divisible by 5, whose right hand digit 
is or 5. 

4. Every number whose first digits are 0, 00, &«., is divisible 
by 10, 100, &c. 

The converse of each of the preceding propositions is also true. 
Thus, no number is divisible by 2, unless it ends with 0, 2, 4, 6, 
or 8. 

5. Every composite number is divisible by the product of any 
two or more of its prime factors. 

6. Every prime number, except 2 or 5, ends with 1, 8, 7, or 9. 

Rule for besolving a composite number into its prime fac- 
tors. — Divide the given number hy any prime number that will 
exacUy divide it ; divide the quotient again in the same manner j and 
80 continue to divide until a quotient is obtained which is a prime 
number ; then the last quotient and the several divisors are the prime 
factors of the given number, 

FACTORING OF ALGEBRAIC QUANTITIES. 

Art. 88* A divisor, or factor of a quantity, is a quantity that 
will exactly divide it ; that is, without a remainder. Thus, a is a 
factor or diviscnr of db, and o-f-x is a divisor or factor of a^ — x^. 

Art. 89* A prime quantity is one which is exactly divisible 
only by itself and by unity. Thus, x, y, and x-\-z, are prime 
quantities ; while xy, and ax-{^z, are not prime. 

Art. ho. Two quantities, like two numbers, are said to be 
prime to each other, or relatively prime, when no quantity except 
unity will exactly divide them both. Thus, db and cd are prime 
to each other. 

Art. 91, A composite quantity, is one which is the product of 
two or more factors, neither of which is unity. Thus, a^ — x^ is 
a composite quantity, of which the factors are a^x and a—x. 

Art. 92. To separate a monomial into its prime factors. 

Rule. — Resolve the coefficient into its prime factors; then, ffiese with 
the literal factors of the monomials^ wiU be the prime factors of the 
given quantity. The reason of this rule is self-evident 
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Find the prime iactora of the following monomials. 

1. 18a&». Ans,2x^X^Xa.h.b. 

2 . 28x'^. Ans. 2 x2xT Xxjs,y.z,t.z. 

3. 36a'iV*- ^^' 2 X2 X3 X3.a.a.ft.&.y.y.y.z. 

4. 210aar»y«2. j^^s. 2 X3 X6 X^.a jp.a:.a?.y.«.2r. 
Art. 93. To separate a polynomial into its factors, when one 

of them is a monomial. 

Rule. — Divide the given quantity hy the yreaUst monomial (hat wiU 
exactly divide each of its terms. Then the monomial divisor wiU 
be one factor, and the quotient the other. The reason of this rule 
is self-evident 
Separate the following expressions into factors. 

1. a-|-ax. Ans. a(l-J-a?). 

2. xz-\-yz. Atis. 2(«+y). 

3. x^y+xy\ Ans. ay(a?-j-y). 

4. eab^+9a^bc. Ans. Sab(2b+Zac). 

5. 4a2ftc-f6fl5»c— lOflfc^ Ans. 2ate(2a+3^-5c). 

6. d^ba^ — ab^a^+ahcxyz^, Ans. dbxy{ax^ — by^cz''). 

7. 8«V-^**y'+9«V- A,ns. 3ar'y(l— 2ay+3y2). 

8. 12am«nr— 18am^2-f30amn*. Ans. 6amn(2w'— 3m»4-5»')- 
Art. 94* To separate any binomial or trinomial which is the 

product of two or more polynomials, into its prime factors. 

1st. Any trinomial can be separated into two binomial factors, 
when the extremes are squares and positive, and the middle term 
is twice the product of the square roots of the extreme terms. 
The factors will be the sum or difference of the square roots of 
the extreme terms, according as the sign of the middle term is 
plus or minus. (See Arts. 78, 79.) 

Thus, a24.2aJ+iP=(a+6)(a+6) ; 
a2—2aH-&2=(a— *)(£!— d). 

2d. Any binomial, which is the difference of two squares, can 
be separated into factors, one of which is the sum and the other 
the difference of their roots. (See Art. 80.) 
Thus, a2-i2=(a+6)(a— 6). 

3d. Any binomial which is the difference of the same powers 
of two quantities, can be separated into at least two factors, one 
of which is the difference of the two quantities. (See Art. 83). 

Thus, a"*— i>«=(fl— *)(a«""»+a"»-25 -f aA"-2-}-&«-i, where 

a, bf and m, may be any quantities whatever. 
' In this case, one of the factors igp the difference of the quanti* 
ties, and the other may be found by dividing the given expression 
by this difference. 
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Thus, to find the other factor of «*— V» ^^ divide by »-^, and 
the quotient is aB^+xy-^^ ; hence. 

Similarly, «»--3^=={aH-y)(««+«^+ay-fay»-|y). 

4th. Any binomial which is the d^erence of (he even powers of 
two quantities, higher than the second degree, can be separated 
into at least three factors, one of which is the ntm, and another 
the difference of the quantities. (See Art. 85.) 

Thus, by Art. 84, a^— **, is divisible by a+6, and, by Art 85, 
it is divisible by a — 6 ; hence it is divisible by both a^ and a-— 6, 
and the other ftictor will be found by dividing by their product 
Or, it may be separated into factors, thus, 

5th. Any binomial which is the nun of the odd powers of two 
quantities, can be separated into at least two factors, one of 
which is the sum of the quantities. (Art. 86.) The other factor 
will be found by dividing the given binomial by this sum. Thus, 

a»+6»=^(a+&X«'— «H-*^- 
Separate the following expressions into their simplest factors 



1. €^+2cd+d*, 

2. iiV+Saray+y'. 

3. 25a:y+20a?y»«+4«^ 

4. 9a?*— 6a:V+«<. 

5. 4mV— 4ro»3ar+n<. 

6. aP—z^. 

7. 9a'a?<— 25. 

8. 16— a'6<z«. 



9. 4m^^— 9nV. 

10. ««-a?*. 

11. «»+l. 

12. y«— 1. 

13. l+c». 

14. a»«»— 6»y». 
16. x»+y». 
16. ««— y«. 
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1. (c+d)(c+€t). 

2. iax^+yXax^+y). 

3. (6xy^+2z)i^xy^+2z). 

4. (3a;2-.z2j(3a;2.^2). 

5. (2wwj— n2)(27ii«— »»). 

6. (a?+2f)(jj— z). 

7. (3aa:2+5)(3aa:»-5). 

8. (4+a&V)(4-HiftV). 

9. I2mx+Sm^)i2mx—Qnz^. 

10. (a2+a?2)(a2— a^») 
=(a'4-a:2)(fl+x)(a— «). 

11. (a4-l)(«^-.s+l). 



12. (r-iXy'-HH-i). 

13. (1+C)(1-H>+C2). 

14. (aap-4y)(fl'xa+«tesH-^^') 
16. (ar+y)(ar*-«VHr»y'-ay» 

+y)- 
16. (*'-fy»)(a»-y»)=(a:«+y') 
(a^-y)(ar»+«y+y^)=(«+y) 
(aja-^cy-f-yj) (a?-y) («»+«y 

+y'>=(«+y)(*-y)(«»-^ 
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Art. 94» To leiMurato & qoadralic trinomial into its factort. 

A quadratic trinomial is of the form, ae'-\'ax^, in which the 
sign of the second term may be either plus or minus. 

To explain the method of perfinrming this operation, let us 
examine the relation that exists between two binomial factors and 
their product. 

From this we see that any trinomial may be resolved into two 
fhetors, when the first term is a square, and the coefficient of the 
second term equal to the 9um of any two quantities, whose product 
is equal tp the third term. 

Rxiuax.-*lB EquatioBs of tike Seeond DegTM (Art 334), it wfll bs 
shewn hew to perform this epcration by a dlreot method ; it Is, however, 
a nsefol exercise for the pupil te do it by ioapection, the only difficulty 
being to find two quantities whose sum is equal to the coefficient of the 
second term, and product equal to the third term. 

Trinomials to be decomposed into binomial factors. 

1. «»+3asf 2. Am. (x+l)(x-^2). 

2. a'+5tf+6. Am. (fl+2)(«+3). 

3. x'— 7«+12. Am. (a^-3)(a?— 4). 

4. a3-^*+16. Am. (a?-5)(a?-^). 
6. ar»— »— 2. Am. (x+lXaj— 2). 

6. x»+siy^l2. Am. (a?-3X«+4). 

7. a^-ir-12. Am. (a:+3)(j?--4). 

8. «»— 6»+6. Am, (a>-2)(aN-3). 

9. x>+2j?-35. Am. (x-^)(x+l). 
10. «2+«-56. Am. (ar-7Xa?+8). 

Art. 95. Examples of binomials and ti^nomials that may be 
separated into factors, hj first separating the monomial factor, 
and then applying the principles in Art. 93. 

Ex. 1. axh^-^(un^^saxy(x^^):s^ax^x+y)(^^ 

2. 3iM:24.64My-|-8flir», Am. ^aix+y)(x+y). 

8. 2ea?«— 12c»+18c. Am. 2c(a^-3)(a^-3). 

4. 27«^18«4-8e»'. Am. 8fl(3— arX^— *)• 

6. Zmh¥-^nmK Am. 8iiin(«i4-nXwi — «). 
6- Sz-^i^. Am. 2«(2+«X2— «). 

7. 2ap«y^i^, Am. 2a!3<aj'+y'Xa?+y)(»-y)- 

8. 2«'4.«a>-8. iliM. 2(a>+4Xa^-l). 
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9. 2a!»4.4«^— 70*. Aw, 2x(x+l)(x^^). 

10. 3a>6-5a36— 60fl*. Atu. 3«6(»-6)(tf+4). 
Solve the following questioBS by first indicatiDg the operations 

to be performed, and then canoeling the factors common to the 
dividend and divisor. 

1 1 . Multiply 44? — 12 by 1— «', and divide the product by 2-|-24;. 

(4j>~12)(1^> ) 4(4>^)(l+agXl^) ^, ^,,, , 
24^5 ■ - 2(j[+x) =2(a>-^Xl-*)= 

12. Multiply a:'-f'2a?y-|-y' by «^-y, and divide the product by 
»»— y*. Ans, »+y- 

13. Multiply 6am'— Cfljt* by m+fh and divide the product by 
2m'44inn+2»'. Ans. 3o(m-^). 

14. Multiply together 1— «, 1 — c^ and 14-c^ and divide the 
product by 1 — ^2c-fc*» Ans, l-fc-f-c'+c»« 

15. Multiply together s'-|--d^— 2 and a^ — a; — 0, and divide the 
product by x^-]Ax-{A, Ans. s? — 4a>4-3. 

16. Multiply together ac»— a?*— 30a? and x'+llx+SO, and di- 
vide the product by the product of v? — 36 and «2+10«+25. 

Ans,x. 
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Art. 96* Any quantity that will exactly divide two or more 
quantities, is called a wmmon divisor, or oommtm measure, of those 
quantities. Thus, a& is a common divisor of ab^ and abx. 

Remark. — Two quantities, like two nnmben, often have more than 
one common divisor. Thus, ificx and abdx have three common divison, 
m, X, and ax. 

Art. 9Y« That common divisor of two quantities which is the 
greatest, both with regard to the coefficients and exponents, is 
called their greatest common divisor, or greatest common measure. 
Thus, tfie greatest common divisor of 6tf*te' and 9a'ca» is 3a'«. 

Art. 98. Quantities that have a common divisor are said to be 
commensurable, and those that have no common divisor are said to 
be incommeTmLrable, 

Art. 99. To find the greatest common divisor of two or more 
monomials. 
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1. Let it be reqaired to find the greatest common divisor of the 
two monomials, 14a*ca? and 2la^bx. 

By separating each quantity into its prime factors, we have 
14a>cx=7x2x<uiacari and 21a^ba:=s:7x^Xaabx. 

By examining these quantities we find that 7, oa or a', and x, 
are the only factors common to both ; hence, both the quantities 
can be exactly divided by either of these factors, or by tiieir pro- 
duct, 7a'x, and by no other quantity whatever ; therefore, la^x is 
their greatest common divisor. This gives the following 

Rule fo& Fisniiro the gbsatest cohmoit divisok of two o& 
MOKE HONOifiALS. — Resdve ihe quantUies into their prime fac" 
tors ; then the product qf those factors that are common toaU the 
terms, wQi form their greatest common divisor^ 

Note. -—The greatest common divisor of the literal parts of the quan- 
tities may generally be found most easily by inspection, by taking each 
letter that is common to two or more of the quantities, with its least 
exponent. 

2. Find the greatest common divisor of Qa^xy, 9a*x*, and 

Here we find that 3 is the only nu- 

omuTioir. merical factor, and a and x the only 

Ga^xy =3x2a^apy letters common to all the quantities. The 

9aW =dX3a'a^ least powers of or and x, in either of the 

16a^x*y^=QX^^*^y^ quantities, are a^ and x; hence, the 

greatest common divisor is Sa^x, 

Find the greatest common divisor of the following quantities. 

3. 15fl5c», and 2lb^cd: Ans. Zbc. 

4. 4a% I0a% and Ua^bc. Ans. 2a». 
6. 15aa?'y,18a?y, and 21«V* ^^' 3^' 

6. 4flar*y«, 20x*y% and 12x^y^zK Ans. 4a?»y'. 

7. 2a»6<cr, Sa^b^c^z, and ba^b^cy. Ans. aVj^c. 

8. 12fl2a:V, 18ar»«», 80aV«, and Gikc'z*. Ans. GaxH. 

Abt. lOO* Previous to investigating the rule for finding the 
greatest common divisor of two polynomials, it is necessary to 
demonstrate the following 

Profositior. -— Any comrMm divisor of itoo guaniities, will 
always exactly divide their remainder after division. 

Let AD and BD be either two monomials, or polynomials, of 
which D is a common divisor, and let AD be greater than BD. 
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Divide AD by BD, and if BD is not con- 
tained an exact number of tiroes in AD, BD)AD(Q 
suppose it is contained Q, times with a BDQ, 



remainder, which may be called R. Then, AD — BDQ=:A 

since the remainder is found, by subtract^ 

ing the product of the divisor by the quotient from the dividend, 
we have, R=AD^— BDQ. Dividing both sides by D, we get 

R 

_ =A — ^BQ ; but A and BQ are each entire quantities, therefore 

^ R 

their difference, g, must be an entire quantity. Hence, amf com- 
mon divisor of tioo quantities (and of course the greatest common 
divisor), wiU always exactly divide their remainder after division, 

RxMAas. — In the preceding demonstration it is assttmed that the 
pupil understands the following axioms : 

First If tw equal quantUiee be divided by the eame quantity the quotiente 
will be equal. 

Second. 7^ difference of two entire quantiiiee ie alto an entire quantity. 

Art. lOl. Let it be required to find the greatest common 
divisor of two polynomials, A and B, of which A is the greater. 

If we divide A by B, and there is 
no remainder, B is, evidently, the B)A(Q, 
greatest common divi8()r, since it can BQ, 

have no divisor greater than itself. A — BQ=R, 1st Rem. 

Divide A by B, and call the quo- 
tient Q, then if there is a remainder R)B(Q' 
R, it is evidently less than either of RQ' 

the quantities A and B ; and by the B — RQ'=R', 2d Rem. 

preceding theorem it is also exactly 

divisible by the greatest common A=BQ-}-R SJ°«> **»• 
divisor ; hence, the greatest common B=RQ'+R' ^u^^Jf the 
divisor must divide A, B, and R, and product of the diyisor hj the 
cannot be greater than R. But if R qnottent, pim the remainder, 
will exactly divide B, it will also 

exactly divide A, since A=BQ+R, and therefore will be the 
greatest common divisor sought. 

Suppose, however, that when we divide R into B, to ascertain 
if it will exactly divide it, we find that the quotient is Q', with a 
remainder R'. Now, it has been shown that whatever exactly 
divides two quantities, will divide their remainder after division 
(Art. 100) ; and since tbe greatest common divisor of A and B, has 
been shown to divide B and R, it must also divide their remainder 
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R', and therefore cannot be greater than R'. And, if R' exactly 
divides R, it will also divide B, since B=RQ,'+R'; and whatever 
exactly divides B and R, will also exactly divide A, since A=BQ 
4-R ; therefore, if R' exactly divides R, it will exactly divide both 
A and B, and will be their greatest common divisor. 

In the same manner, by continuing to divide the last divisor by 
the last remainder, it may always he shown, that the greatest 
common divisor of A and B will exactly divide every new 
remainder, and, of course, cannot be greater than either of them. 
It may also always be shown, as above, in the case of R', that any 
remainder, which exactly divides the preceding divisor, will also 
exactly divide A and B. Then, since the greatest common divisor 
of A and B cannot be greater than this remainder, and as this 
remainder is a common divisor of A and B, it will he their 
greatest common divisor sought 

The same principle may he illustrated by numbers, by calling 
A, 55, and B, 15, and proceeding to find their greatest common 
divisor. 

Art. 103« When the .remainders decrease to unity, or when 
we arrive at a remainder which does not contain the letter of ar- 
rangement, it is evident that there is no common divisor of the 
two quantities. 

Abt. 103« If either quantity contains a factor not found in the 
other, that factor may be canceled without affecting the common 
divisor. Thus, in the two quantities, x(p^ — y') and y(* ^+2a:y4-y ^) > * 
of which the greatest common divisor is x-^, we may cancel x in 
the first, or y in the second, or both of them, and the greatest 
common divisor of the resulting quantities will still be or-f-y. 

Art. 104, We may multiply either quantity by a factor not 
found in the other, without changing the greatest common divi- 
sor. Thus, in the two quantities, xQb^ — y^) and y(x^+2a:y-f-y')i 
if we multiply the first by m and the second by n, we have 
«w:(a;'— y^ and ny(x^-\-2xy-\-y^^f of which the greatest common 
divisor is still x-^. 

Abt. 105. But if we* multiply either quantity by a factor found 
in the other, we change the greatest common divisor. Thus, in 
the two quantities, jr(a?2— ^2) and yCor'+Say+y'), if we multiply 
the second by x, the two quantities become *(«'— y') and xy(x^ 
4-2ay+y2), of which the greatest common divisor is x(x-\-y\ 
Instead of x-\-y as before. In like manner, if we multiply tiie 
first quantity by y, the greatest common divisor of the two result- 
ing quantities will be y(x-\^). 
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Abt. ie«. From Ait. 101 it it md«iit that tlM greatest eom- 
mon diyisor of two quantities will exactly divide each of the eu^ 
cessive remainders; therefore, the principles of the three pre* 
ceding articles apply to the sueoessive remainders that ariae iB 
finding the greatest coounon diTisor. 

Abt. 107. It is evident that any commoa fhetcnr of two qoaB« 
tities, must also be a factor of their greatest eosftmon divisor. 
Where such common factor is easily seen, as when it is a mono- 
mial, it simplifies the operation to set it aside, and find the great* 
est common divisor of the remaining quantities. 

We shall now show the application of these principles. 

1. Find the greatest common divisor of «* — s* and x* — ^z\ 

Here the second quantity contains o;^ as a fao» 
tor, but it is not a factor of the first ; we may 
therefore cancel it (Art. 103), and the second 
quantity becomes x^ — z^. Then divide the first 
by it After dividing, we find that z^ is a factor 
of the remainder, but not of a:'«— t^, the next 
dividend. We therefore cancel it (Art. 103), 
and the second divisor becomes x^^z* Then, 
dividing by this, we find there is no remainder ; 
therefore x—z is the greatest common divisor. 
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xz^ 

or (»— «r)r* 



»^— >j»[*+s 



2. Find the greatest common divisor of afi 
-|-a:V and a?* — a:**'. 

The factor a^ is common to both quantities ; 
it is, therefore, a factor of the greatest divisor 
(Art. 107), and may be taken out and reserved. 
Doing this, the quantities become a:*-f'^' and 
jc* — xz^. The second quantity still contains a 
common factor, x, which the first does not; 
canceling this, it becomes «^-hi'. Then pro-> 
ceeding as in the first example, we find that 
x-^-z divides without a remainder; therefore, 
x^ix-^-z) is the required greatest common divisor. 

3. Find the greatest common divisor of lOa'x' — 4a'«— 4a^ 
and5te»— 116a?+66. 

By separating the monomial factors, we find 

10a2a^U-4a»jD— 6fl2:w2a2(5«^— 2«— 8), 
and 6to:^llbi;+6fr»K5«3— ll»f6). 

[am.] 



gt_|.^ [j.^^gS 

ar* — aw* |d: 

or (jp+s)*' 

ar^— «> |a+y 

[> 
J 



M 
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The factors 2a and b have no com* 
mon mea8ure» and therefore are not 
factors of the common dirisor. We 
may therefore suppress them (Art. 
103), and proceed to find the great- 
est common divisor of the remain- 
ing quantities, which is found to be 
»— 1. 



OPKRATION. 

5a?«— 1 1 a?+6 1 5a^--^^-3 
5a.8— 3a?— 3 |1^ 

— 9a>-f-9 
or-.9{»-l) 

Sa^-^jg |5g+3 
3a>-^ 
Sac— 3 



4. Find the grf^atest common divisor of 4a^— -5i^4^% and 
8a»— 3a»y+fly^— y». 



OPXKATIOir. 

4 



12«»— 12a^+4flj^3_4y3 
12o»— 15g»y+3ay^ 

Sa'y+ay'— 4y* 

4 

12tfVf. 4flya_i6y» 
12aV-15fly3+ Sy * 
10ay2— 19y» 
or 19y^(a— y) 



|3a+3y 



In solving this exam- 
ple, there are two in- 
stances in which it is ne- 
cessary to multiply the 
dividend, in order that 
the coefficient of the 
first term may be exactly 
divisible by the first 
term of the divisor (Art. 
104). 

We find 19y» is a 
factor of the first re- 
mainder, but it is not a 
factor of the first divisor, 
and, therefore, cannot 
be a factor of the great- 
est common divisor ; it 
must, therefore, be suppressed, 

Abt. 10S. ^From the preceding demonstrations and examples, 
we derive the following 

Rule for FiimiNo the greatest common divisor of two 
POLYNOMIALS. — 1. Divide Me greater polynomial hy the less, and 
if there is no remainder, tte less quantity wUl he the divisor 
myuffht. 

2. Jf there he a remainder , divide the first divisor hy it, and contintte 
to divide the last- divisor hy Vie last remainder, untU a divisor is 
obtained which Ifioves no remainder ; (his wiU be (he greatest com- 
moil divisor of (he ttoo given potynomiais. 



4a'— 5ay-|-^|a-— y greKtcst oom.cUT]M)r. 
4ga — 4ay |4a — y 
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N0TX8. — 1. When the highest power of the Uading letter is the same 
in both, it is immaterial which of the qnantities is made the dividend. 

2. If both quantities contain a common factor, let it be set aside, as 
forming a factor of the common divisor, and proceed to find the greatest 
common divisor of the remaining factors, as in Example 3. 

3. If either quantity contains a factor not found in the other, it may 
be canceled before commencing the operation, as in Example 3. See 
Art 103. 

4. Whenever it is necessary, the dividend may be multiplied by any 
quantity which will render the first term exactly divisible by the first 
term of the divisor. See Art 104. 

5. If, in any case, the remainder does not contain the leading letter, 
there is no common divisor. 

6. To find the greatest common divisor of three or more quantities, 
first find the greatest common divisor of two of them ; then of that divi- 
sor and one of the other quantities, and so on. The last divisor thus 
found will be the greatest common divisor sought 

7. Since the greatest common divisor of two quantities contains all the 
&ctors common to both, it may be found most easily by separating the 
quantities into factors, where this can be done by the rules for factoring. 
Arts. 92 to 95. 

Find the greatest common divisor of the quantities in each of 
the following 

EXAMPLES. 

1. 5x3— 2*— 3 and Sor'— llx+G. Ans. »— 1. 

2. 9a:2--4 and Qjc'— 15jp— 14. Ans. 3a?+2. 

3. flJ— 0^—1262 and a^+bab^h\ Ans. a+3b. 

4. 4a2— 6^ and 4:a^+2alh''2b\ Ans. 2a—*. 
6. a* — «* and fl*-[-fl'je — fljc' — a?*. Ans. a' — «'. 

6. «>— 5x'4-13a>— 9 and a?»— 2a?3+4a?— 3. Ans, a>— 1. 

7. J?'— 5«24.i6a>— 12 and x^— 2*'— -ISjc-fie. Ans. »— 1. 

8. 21ar'— 26a:'-f-8a: and Bar^— a?— 2. Ans. 3a?— 2. 

9. 2a:^+lla:»— 13*2— 99a>-45 and 2a:»— Tx^— 46x— 21. 

Ans. 2x^+7 x+3. 

10. x*+2x^+9 and 7a:'— lla:'4-15a?4-9. Ans. ar'-5a^f 3. 

11. 48a:2-f 16a^— 15 and 24a;»— 22a:'^-17a^— 5. Ans. 12a?-5. 

12. a:2+5ar+4, ar'+2a;— 8, and a?'+7ar+12. Ans. x+A. 

13. x*+a^x^'\-a* andar^+ox^ — a^x^a*. Ans. x'+or+o'. 

14. 2*3— 10a62+8a26 and 9fl^— 3a6'+3a'&'— 9a»6. Ans. a-^. 

15. x^— px'4"(?~l)^+P^'~? ftiid x^ — q^-^ip — l)x2-|-9x— p. 

Atis. X- — 1 . 
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LEAST COMMON MULTIPLE. 

Abt. 109* A multiple of a quantity is any quantity that con- 
tains it exactly. Thus, 6 is a multiple of 2 or of ^ ; and a5 is a 
multiple of a or of 6 ; also, a(b^^ is a multiple of a or of (6— c). 

Art. IIO*^ a common muUiple of two or more quantities, is a 
quantity that contains either of them exactly. Thus, 12 is a 
common multiple of 2 and 3 ; and 20xt/ is a common multiple of 
2x and 5y. 

Abt. Ill* The least common muUiple of two or more quanti- 
ties, is the least quantity that will contain them exactly. Thus, 
6 is the least common multiple of 2 and 8; and lOxy is the least 
common multiple of 2x and 5y. 

Remamc-^-Two or more quantltiet can bare bat one Itatt common 
multiple, while they may have an unlimited number of common mnU 
tiples. 

Art. 112* To find the least common multiple of two or more 
quantities. 

From the nature of the least common multiple of two or more 
quantities, it is evident that it contains aTl the prime factors of 
each of the quantities once, and does not contain any prime fac- 
tor besides ; for, if it did not contain all the prime factors of any 
quantity, it would not be divisible by that quantity ; and if it con- 
tained any prime factor not found in either of the quantities, it 
would not be the Uast common multiple. Thus, the least common 
multiple of oi and ic must contain the factors a, &, c, and no oilier 
factor. Hence, 

The least common mtdtipie of two or more (juantities, contains aU 
the prime factors of those quantities once^ and does not contain any 
other factor,' 

With this principle let us find the least common multiple of 
mx, nx, and mhiz. 

Arranging the quantities as in the 
OPERATION. margin, we see that m is a prime factor 

common to two of them. It must, 
therefore, even if found in only one of 
the quantities, be a factor of the least 
common multiple, and we place it on 
my,ny,xy^mz=m^nxz the left of the quantities. Then, since 



m 


mx 


nx 


m^nz 


n 


X 


vx 


mm 


X 


X 


X 


mz 




1 


1 


mz 
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the Bame factor can occur but once in the least common multiple* 
we cancel m in each of the quantities in which it is found, which 
is done by dividing by it. 

We next observe that n is a factor common to two of the re- 
maining quantities ; we therefore place it on the left, as another 
iactor of the least common multiple, and cancel it in each of the 
terms in which it is found. 

By examining the remaining quantities, we find that £ is a fac- 
tor common to two of them. We then place it on the left, as 
another factor of the least common multiple, and cancel it in each 
of the terms in which it is found. 

We thus find that the least common multiple must contain the 
factors m, n, and x ; it must also contain the factor mz, otherwise 
it would not contain all the prime factors found in one of the 
quantities. Hence the products, m^nX^Xf'^^^^^nxz, contains 
all the prime factors of the quantities once, and does not contain 
any other factor; it is, therefore, the required least common 
multiple. Hence we have the following 

Rule for FiNniro thx least common multiple of two ob 
MORE quantities. — 1. Arrange the quantities in a horizoTital 
line, and divide them hy any prime fador that unU divide two or 
mare of them without a remainder, and set the quotients and the 
undivided quantities in a line beneath. 

8. Continue dividing as before, until no prime factor, except unity, 
will divide two or more of the quantities without a remainder. 

8. Multiply ihe divisors and the quantities in the last line together, 
and the product wiU be the least common multiple required. 

Or, Separate the given quantities into their prime factors, and then 
multiply together such cf these factors as are necessary to form a 
product that vnU contain all the prime factors in each quantity : 
this product will be the least common multiple required. 

Art. 113* Since the greatest common divisor of two quanti- 
ties contains all the factors common to both, it follows, that if we 
divide the product of tux) quantities by their greatest common divisor, 
the quotient will be their least common muliipie. 

Find the least common multiple of the quantities in each of 
the following 

EXAM PI.S8. 

1. 6fl2, Qax^, and 24a:». Ans. 72fl'aj». 

S. 32*2^^ 40aa?»y, and 6a^x(a>^). Ans. leOa^x^y^x-^), 
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3. dx+6y and 2*2— 8y». Am. 6a?2--S4y>. 

4. «'+«• and «'—«'. Xn». a*— «**+«:»— «*. 
6. 4(a'+iw),12(aar'— «»),andl8(a^-«»). 

Afw. 36iu?2(a»— ar^. 

6. 2a>-l, 4a:'— 1, and 44?»+l. Ans. 16x^—1. 

7. fl^— 1 , «2— 1 , a^— 2, and x^ — 4. Atis. x* — 5a?'+4. 

8. «2— 1, a:«+l, (x^-Ay, (x+iy, jc*— 1, and a:»+l. 

Ans, a;»o— a:«— ar*+l. 

9. 4(l-nr)', 8(l-nr), 8(1+*), and 4(l+ar»). 

Ans, 8(1— <rXl— a:*). 

10. 8a?»— lla?+6, 2a?»— 7aNf3, and 6x'— 7a:+2. (See Art. 

118.) Ans. 6x»— 25j;»+23x— «. 



CHAPTER III. 
ALGEBRAIC FRACTIONS. 

DEFINITIONS. 

Abt. 114* Algebraic fractions are represented in the same 
manner as common fractions in Arithmetic. The quantity below 
the line is called the denominator^ because it denominates, or shows 
the number of parts into which the unit is divided ; and the quantity 
above the line is called the numerator, because it numbers, or shows 

how many parts are taken. Thus, in the fraction, - — , if a=5, 

c-^-d 

, 5=8, c=2, and d=l, the denominator o\-d shows that a unit is 

divided into 3 equal parts, and a — 6 shows that 2 of those parts 

are taken. 

Art. 115. The terms proper, improper, simple, compound, and 
oompHex, have the same meaning when applied to algebraic frac* 
tions, as to common numerical fractions. 

Abt. 116* Every quantity not expressed under the form of a 
fraction, is called an entire algebraic quantity. Thus, ex — d is an 
entire quantity. 

Art. 11 7. Every quantity composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity. Thus, 

a^-, is a mixed quantity. 
b 



ALGEBRAIC FRACTIONS. 61 

NoTK. — The same prineipUa and rulm are applicable to algebraic and 
to common numerical fractions. However, as a good knowledge of frac- 
tions is o£ great importance to the student, we shall present a concise 
demonstration of the fundamental principles and rules of operation. 
In these demonstrations the pupil is supposed to be acquainted with this 
self-evident principle : If toe perform Ae maiu operationa on two equal • 
iptaiOUies the reeuUe wiU be equal. 

Art. 11§* Profositioh. — The value of a fraction is not 
aUeredi if we mtUtiply or divide both terms by the same quantity. 

Let ~ be a fraction whose value is Q. 
B 

Then ^=Q ; but, from the nature of fractions, A represents 
a dividend, B the divisor, and Q the quotient; 
and by the nature of division, 
A=BQ. 
If m represents any number, then 

fliA=mBQ ; dividing these equals by mB, we have ' 

•n A 

_=:Q; which proves the let part of the proposition. 
mB 

Again, take the equals 

A=:BQ, and divide each by m, we have (Art. 73), 

A B B 

— =— Q; divide each of these equals by _, then 

mm' m 



m 

^ =Q ; which proves the 2d part of the proposition. 

B 

m 

Case I. — To redxtce a fraction to its lowest terms. 

Art. 119* Since the value of a fraction is not changed by 
dividing both terms by the same quantity (Art. 118), we have the 
following 

RuLEi — Divide both terms by their greatest common divisor. 
Or, Resdve both terms into their prime factors, and then canod those 
factors which are common, 

examples. 



1. Reduce t to its lowest terms. 

Idbca^ 

10aaie' _ 2flX5cag^ _ 2a ^^ 

16icar» ■".atoXSca?^ "" ^bx 



m 
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Fractions to be redaced to their lowest terms. 



Sa^+9ab 



Ans. -L . 
dab 

Ans.§p. 
a — b 



5. 



mnp — ni^p 



Ans.1. 



Ans. 



9. 



10. 



11. 



12. 



la. 



14. 



15. 



16. 



21fl»5»j?— 9ayj:' 
16fl2ft3»— 3a»&*a?»* 
l—x 
1— «2* 
5a'-4^ag 

a?^+2a?— 3 
a;a-|-5aj+6* 
a?^— 3a?— 70 
a»— d9a?+70' 

x^^^x^+5 

a»+l 
4x^—1 2aa?4-9a^ 

8*5— 27a» 

15g»+35g3+3a?+7 

27a:*+63«»— 1 2 a:'— 28a?' 

2a?»+8a?^4-16ay'+16y» 

8xa-|-4ay— 24y2 



6ax 



Ans. 



3 

7a»— 3&a? 



5a — a*b^x 

1+a?" 



Ans. 



Ans. 



5a 



Ans, 



Ans. 



x-d 
'a?+2 
a>— 10 



a?»— 7x+10 

^^a^a:+5 



r+1 



Ans. 



2av-3a 



4a?a+6fla:+9a2 

An.. ^?!±1. 
9a?»— 4« 

^^, ^'+2ay+4y^ 
2(2a;-3y) 



RxMAKK. — Instead of findin||r the greatest common divisor by the rule, 
Art. 119, it is often preferable to separate the quantities into factors by 
the rules for factoring (Arts. 87 to 95), and then cancel those factors 
common to both terms. The following examples should be solved in 
this manner. 



17 



Reduce ^'+^^^+^ to its lowest terms. 

x^+(^a-\-c)x+ac=:aP-\-ax+cx-\-ac 
=a?(a?+a)-|-c(x+a)=(a:-fc)(af+a). 
Also, a?'+(5+c)a?+ftc=(a?+c)(x+ft) ; 

.-. the fraction becomes (^+cXx+a)jc+a j^^ 
(a:-^-c)(a^^-6) x-^b 

18. oc+b y+ay+bc . c+y 
af+2bx+2ax+bf' - ' f+2x 

19. ^gg+lOM-^gg+lSto ^^ 3fl+5ft 

6e34.9c2?— 2o-.-8« ' *"• ' 3c— 1 ' 
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20. «M:g^r '+xVfy ^ An..?!±y 



21. "'+(0+^)^-^', x«. «+?-, 

fl4 — 6^0;' a^ — bx 

22. ??::=^\ iin,. *"■* 



a'«2 — ft2 gpj — J 

' 4a*— 2a262— 4a»6+2a6»' '2a(2a2-*') 

Art. 190. Exercises in Division (see Art. 72), in which the 
quotient is a fraction, and capable of being reduced to lower 
terms. 

1. Divide 2a»«' by 5a V&. ^ ^^'~ 

Do 

2. Divide 165cV by 20acV. Ans. 1^. 

DOX 

3. Divide ax+x^ by 85i&— <». -An*, ^i-*. 

4. Divide a»— 6» by a«-^». Aim. «J±?H:5!'. 
6. Divide a»-*» by (a-iy. Ans. «'+^+^'. 

6. Divide n'— 2w2 by n'-4n44. Ans, — . 

•^ n— 2 

7. Divide Sis^-^x^'-edx +135 by 3«»— 2a?— 21. 

An* 8^^+6^g-45 
3x+7 

Case II. — To reduce a fraction to ak ehtire or boxed 

QUAHTITT. 

Art. 131. Since the numerator of the fraction may be re- 
garded as a dividend, and the denominator the divisor, this is 
merely a case of division. Hence we have the following 

Rule. — Divide the numerator hy the denominator, for the entire part, 
and if there he a remainder, place it over the denominator, for the 
fractional part. 

Note. — The fzaetloiial part should be reduced to its lowest terms. 
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1 . Reduce ^ ""f — - to an entire or mixed quantity. 

o' — ax o' — ax a — « 

Reduce the following firactions to •ntire or mixed quantitie*. 

2. '"'-^\ Am. *-^. 

\+x l+« 

o — h a — b 

1—3* ^^ ^1—3* 

6.^+^. An».xJr^. 

x^'—bx ^ x—b 

7. ff!z^£Zf±*. An*.x-\. 

cu9m-a a 

^ a:'^^^^+x2.-^-^l, ^^. ^,^ ;^. 

«»— 1 ar+1 

Cass III. — To bbduce a mixed quahtitt to the vobm of a 

FRACTION. 

Art. 132. Let it be required to reduce ar\-^ to the form of a 
fraction. ^ 

It is evident that a is the same as f , and ?== ^^ = ??. Art. 118. 

1 1 iXc c 

Hence, a+^=f!^+-*=2f±^ 
c c e c 

Similarly, a — _= , Hence we have the following 

e c 

Rule. — Mtdiiply the entire pari hy the denominator of (he fraction ; 
then add the numerator to the product, and place the resuU over the 
denominator. 

Before proceeding to the application of this rule, it is necessary 
for the learner to consider 

THE SIGNS OF FRACTIONS. 

Art. 123« Each of the several terms of the numerator and 
denominator of a fraction, is preceded by the sign plus or minus, 
expressed or understood, and the fraction taken as a whole, is also 
preceded by the sign plus or minus, expressed or understood.^ 
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Thus, in the fraction — ^ , the sign of a^, the first term of the 

numerator, is pins ; of the aecond, h\ minus ; while the sign of 
each term of the denominator is plus ; but the Mgn of the fraction, 
taken as a whole, is minus* The pupil must always recollect, 
that the signs of the several terms relate only to those terms to 
which they are prefixed, while the sign placed before the fraction 
relates to it as a whole. 

Aht. 124. It is often convenient to change the signs of the 
numerator or denominator of a fraction, or of both. We will now 
show the law regulating these changes. 
By the rule for the signs, in Division (Art 69), we have, 
"Xz^Eis-J-J ; or, changing the signs of both terms, =+ft. 



But, if we change the sign of the numerator, we have -j — = — h, 

+a 

And, changing the sign of the dmominator, we have XL. z=^h, 

— <i 

Hence, The signs of both terms of a fraction may he changed, 
without aUering its value or changing its sign, as a whole; but, if 
the sign of eiffier term be changed, the sign of the fraction wHl be 
changed. 

Hence, also. The signs of either term ofafrecHon may be changed, 
without altering its value, if (he sign of (he fraction be changed at the 
sometime. 

Thus, a±zl'=--^'+'^ fll^=-(_«-sr)=«-Hc. 




EXAMPI.X8. 

Reduce the following quantities to a fractional form. 

X X 

2. a^~^+!^^— . Atw, **"^ 



a-\-x ar\-x 

X X 
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6. *— «- 



a^+x^ 






8. 1- 



.(^«^)» 




Case IV. — To reduce feactioks of different deitomivatobji 

TO EQUIYALENT FBAGTIONS HAYING A COMMON DENOMINATOR. 

AST. 19^. I . Let it be reqoifed to redace iL, _, and i, to a 
common denominator. "* ^ *" 

It is evident diat we may mtdtiply botii terms of each fraction 
vby the same quantity, since this (Art. 118) will not change its 
value. Now, if we multiply both terms of each fraction by the 
denominators of the other two fractions, the new denominators 
of each will be the same, since, in each case, they will consist of 
the product of the same factors ; that is, of all the denominators. 

Thus, «X5><!: =:!?!?. 

mX^Xr mnr 

h X mXr ^hmr 

fnXmXr mnr 

cX mXn ^cmn 

rXmXn ffmr 
It is evident that the value of each fraction is not clunged, 
and that they have the same denominator. Hence, we have the 
following 

Rule foe beducing fbactions to a common denominator. — 
Midtiply both terms of each fraction hy the product qf aU the 
denominators^ exc^ its mm. 

Remark. — Since each denominator of the new fractions will consist 
of the product of all the denominators of the given fractions, U It 
nnnecessary to perform the multiplication more than once. 

EXAMPLES. 

Reduce the fractions in each of the following examples, to 
others having a common denominator. 

2.1,?, and?. Anz.yi,^.^J&. 

X y z xyz xyz xyz 

3. f! and 1 Ans. ^ and i'. 
ha ab ab 

4. _^ and -1- . Ans. f^iff and ??=±'. 
ss-~a x+a x^-^a^ x^ — a' 
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AsT. 15M* It frequently happens, that the deaominatoraof the 
fractions to be reduced, contain a common factor. In such cases 
the preceding rule does not give the least common denominator. 

1.. Let it be required to reduce ^, — , and-f , to their least 
common denominator. m mn nr 

Since both terms of a fraction may be multiplied bj the same 
quantity without altering its value, the first fraction may have any 
denominator that is a multiple of m ; the second, any denomina- 
tor that is a multiple of mn; and the third, any denominator 
that is a multiple of nr. Hence, any common denominator of the 
three fractions must be a multiple of nt, mn, and nr, and their 
least common denominator must be the least common multiple of 
the three given denominators. 

The least common multiple of the three denominators is easily 
focmd (Art. 112) to be mnr. It now remains to-reduce each frac- 
tion to another whose denominator shall be mnr. 
a 

The first fraction is ^ ; in order to change this to another, 

whose denominator shall be mnr^ we must multiply both terms by 

the same quantity, and by such a quantity that when multiplied 

by m the product shall be mnr. But this multiplier will evidently 

be obtained by dividing mnr by m ; that is, by dividing the least 

common multiple of the given denominators, by the denominator 

of the first fraction. It is evident that the other fractions may be 

reduced in the same manner ; the operation is as follows : 

. , a Xnr anr 

mnr-rmssnr, and — '^ — = . 

m X^r if^fvr 

innr-Him=r, and — ^I sa . — . 

mnXr ^nr 

in«r^nr=m, and L X?= ^. 

nrY^m mnr 

The process of multiplying the denominators by the quotients 

may be omitted, since the product in each case will be equal to 

the least common multiple. This gives the following 

Rule foe reducing fkactions of differe5T dxhoiiikators to 
equivalent fractions having the least common denomina- 
TOR. — 1 . Find the least common mvUipU ofaU the denominators; 
this wiU he the common denominator, 

2. Divide the least common multiple by the first of the given denomi- 
nators j and mvltiply the qvMient by the first of the given numerators; 
ihe product wiU be the first of the required numerators. 

8. Proceed, in a similar manner, to find each cf ihe tOhermanerators. 
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NoTB — Before commencing the operation, each fi«ction mutt bo in 
ito lowest terms. 

EXAMPLES. 

Reduce the fractions, in each of the following examples, to 
equivalent fractions having the least common denominator. 
n a h c M _tf_ 2hy 3c« 

6ary' Si' 2y" ' Qxy Qxy 6xy 

3 JL X- -£« Ans ^^•^) y(M-^) ^ 

4 ^ — ^ «i+n m^* 4 (m — n)' (m+^)' ♦w^' 
«i+n' m — n' rn? — n'* * m^ — n' * m' — n* ' t»' — »'* 

Other exercises will be found in the Addition of Fractions. 

Non. — The two following articles depend on the principles explained 
in the preceding article, and are therefore introduced here. They wfll 
both be found of frequent nse, especially in completing the square in 
the solution of equations of the second degree. 

Abt. 127* To reduce ai) entire quantity to the form of a 
fraction having a given denominator. 

Rule. — Multiply the entire guantiiy by the given denominator, and 
write the product over it. 

EXAMPLES. 

1. Reduce op to a fraction whose denominator is a, Ans. ~. 

2. Reduce 2az to a fraction whose denominator is z\ ^ 

3. Reduce 9-\'y to a fraction whose denominator is x--^. 

An^.^±=l\ 

4. Reduce m — n to a fraction whose denominator is a{m — n)^ 

Aw. <^'^y 
aim-^)^ 

Abt. 139. To convert a fraction to an equivalent one, having 

a given denominator. 

Rule. — Divide the given denominator by the denominator of Ms 
given fraction, and mvUipty both terms by the quotient. 

RsHARK. — This rule is perfectly general, but it is never applied except 
when the required denominator is a multiple of the given one. In 
other cases it would produce a complex fraction. Thus, if it were 
required to reduce § to an equivalent fraction with a denominator 5, the 
ttumentor of the new fraction would be 3}. 
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XXAMPLSS. 

1 . Convert f to ao equivalent' fraction, having for its denomi- 
nator, 49. Ans. |^. 

2. Convert ^ and ~ to equivalent frtetions having the denooii« 
nator 9c^ "^ Ans.^,^ 

et» 9c'- 

3. Convert ^!lll and — . to equivalent fractions having the 
denominator a*— 6^ Ans, ^^ ^j » > ^ . 

Case V. — Adbitiov ahd subtractiov of riAcnovs. 

Abt. 139* It is self-evident that two algebraic fractions, like 
two arithmetical fractions, must have a common denominator, 
before we can find either their sum or their difiisrence. 

1. Let it be required to find the value of ? , ^, and ^, 
a b c dad 

Let --=m, -=s», and -=sr. 
d d d 

Then (s=^md, h=snd, and c=srd ; 
and a+6-|-c=»M^-flrf-^-»^rf; 
or, a+ft+c==(m--|-n+r)rf ; 

hence *d:^=m+«+r. 
d 

This gives the following 

Rule for the addition of fractions. ^-IMtios the frmOomy if 
necessary, to a eommcm dmonwMiiar ; add the wimeratom iogdhert 
and jjilaoe their sum over the common denomirudor. 

Art. 130* 2. Let it be required to subtract ^ from %, 
ah da 

Let -f=m, and -=s=n. 
d d 

Then a=md, and hssnd ; 

and a — h=s=md — nd^ s=(m*-> «y ; 

hence =j?ir— n. 

d 

This gives the following 

Rule for the subtraction of fractions. — Rsdwce ih/tfracUonSf 
if necessary y to a common denominator; then avbtrad the numera" 
tor of the fraction to be subtracted from the numerator of^ eiher^ 
and place the remainder over the common denominator. 



n 
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BXAMPLE8 IN AOPXTIOH OV VBACTX0N8. 

1. Add ? «&d ^* 



46 



togedier. 



46 



8. Add ? snd ^ tiMW&dr. 
& a ^ 

8. Add JL and -i~ together. 
Find the value 

1 



Ajtf. 

Ans. 



ab 

2 

1— «'• 



5. Of, 



.+« 



_?+* 



6 Of ^-i- ^r?l 

8. Ofl+J: 



X ' a^^-l ' »-«• 



9. Of. 



10. Of — — I L- 4. _1 . 

4(1+*) + 4(1— a?V 8(l+«a)' 

ii.of^^=i+!:=?+2=r 

12. OfA. Jg,t ^^^ . 
18. Of " 



AW. -J . 

Ans. -L 
l-nfc** 

A«5.^!!±^ 
Aft. J'c-HH'y^ ^ 

4a?t-3a>-^ 
a;»_2a?»— 3a?" 

1 

1— a:*' 
Aw. 0. 



Aw. 



Aw. 



Aw. 



18a» 



»4^a8a^^4- 



14. Of 



1.1.1 



Aw. 



Aw. 



EXAKPLBS IN SUBTRACTION OF FRACTIONS. 

In the first ten examples the second firaction is to be subtracted 
from the first. 



.7a 7 

2. JL and JL, 

or—b a*\-b 

8.H:?and€=?. 
p—q p+g 



7« 



Aw. 



4pg 



ALGSBAAIC FRACTIONS. 



71 



4.!!!=iaiid 



n 
1 



and 



n 
»— 1- 

2 
1— «2- 



Atis, 



Atu. 



a?— 1 



l->2tt 
1 



ix+l)(x+2) 

I 



and 



1- 

Ans. 



l+x 



(a:+l)(af+2)(a4^)' ' (5+1)0^3) 



and 



(af+l)(a:+2)Ca:+8)' 
Ans, 



8. ?and(?^=:^. 

p 1 3m4.2n .^^l 3>n-2» 
2 Sm— 2» 2'3m-f-2»' 

10. "^ and ^^ 



(»+lX*f2X«-|-3)" 



(a— 6)(a7 — a) 
Find the value 

11. Of ^^"^ 



m+3n 2n 












(«— aXaj— ^)" 



3(1— n) 3(1— n) 
— & — c^f-^Hi 
ac "^ be 
1.1 3» 



1— »• 



Ans. 



m 



13. Of 



14, Of ^"H^ a? g»— a:^ 



Aflf. 



15. Of 



16. Of 



1 



a?+y a?>-y»* 
1 a^f3 



1— n* 
iln5. 0. 

a? 
4*2— yr 

Ans, 1. 



a>-l 2(a;+l) 2(a:2^1)' 
1.1 1 . a^— 1 1 



An5. 



a:+3 



jp4 1* 

a:»(a?2+l)2* 



a;»'*"«a a? ' ar^+l (a?a+l)2- 
Case VI.— Multiphcatioh or fbactioxs. 
Aet. 131. 1 . Let it be required to find the product of ? by £, 

Let ?=:7?i, and i=sn. 
5 a 



Then aa=to, and c=zi,n 



. • . ac=6mi7i,=WXwi«i or, dividingr by W, --=i 

6a 

Hence, to find the product of two or more firactions, we have 

the following 

Rule. — MnUiply the numerators together for a new numerator, and 
the denominators together for a new denominator. 
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RxMABXs. — Ist This rule Is general, and embraces all the eases ia 
which a fraction is a factor. Thus, if it be required to multiply a frac- 
tion by an integral quantity, the latter migr be placed under the form of 
a fraction, by writing unity beneath it 

2d. If either of the factors is a mixed quantity, it is best to redoee it 
to an improper fraction, before commencing the operation. 

3d. When the numerators and denominators have common factors, 
the process may be abbreTlated by indicating the operation, and then 
canceling the factors common to both terms. 

Thus 2^' (H-^)» „ 2(i»X(g-R)(a+ft) 

EZAK PLES. 

Find the products of the fractions in each of the following 
exercises, expressed in their simplest forms. 

1. ^ by ^and !^* by ^. Ans.fnnd^. 

cy Qx'J^xy • - ' • - • 

3. fl— — » — -j— . 




4. 1- 
x—y 

5, i+^ti'andt:? 

* a' — a'a;+fl«2__a4 ^^^ 

^ jpa— 9a?+20 ^^^ a:'^13a?442 
x^ — 6a? aP-^x 

8.^i5^and.f!±55±i 
a.a+2«+l x^+lah\-12 

9 — ^'"^^ fcc+fec 
' 36y' c^—x^' a?— ax' 

10. ^^"^ g^— y' a» 

«+y * or-b • (a?— y)»* 

11. a:»+a?+l by i-i+1. Aw. »»+l+A- 

X* X X* 

12. aH-l+i by x-l+\. Am. «»+l+^ 

13. l?-|i5 by ^4^ An*. ?f*4-24-?^ 
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P'-qx p+qx 

Ant. r$+irt+fi)x+qfx*. 
Find the value 

»»'(H);+(H)I+(H-):- 

«»'(i+:-)a+i)-(M)(M)-" 

Case VII. — Diyisiok or fractions. 

Art. 139. 1. Let it be required to find the quotient of ^ by |. 

Let - z=mf and ^ =». Then, 

osssbm, and csszdn. 
Multiplying both teiipne of the l^st equality by d, and of the 
second by b, we find 

ad=bdm, and bcssMn, 

therefore f^==**?==!?. 
te bdn n 

thati8,!!f=^x-. 
» .6 c 

Hence, to find the quotient of one fraction divided by another, 

we have the following 

RtTLE. — Invert ihe divisor^ and proceed as in nnuUiplication qf 

fractions, 

Rehabx. — This rule Is general, and embiaoes not only all the eaeea 
fai which either divisor or dividend is a fraction, but is alsc^ applicable 
when both are integral quantities, siace any integral quantity may be 
placed under the form of a fraction, by writing unity beneath it 

Remarks 2 and 3, Art. 131, apply equally well to division aa te multipli- 
cation of fractions. 

EXAMPLES. 

Required, in their simplest forms, the quotients 

«3y ay» aV 



2. Of 



a-^-b , a — c M^ g^— y 



a-J^^'a-^' ««-^ 
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e- Of ?^^ ^^'*+*', An*. ?dbf («>4.«+a:>). 

9. Of f 5+24.?:;^ )^(5±y_*;3f ) Aw. ^. 

10. Of ^* T ^. Aw. ?. 

2»— 2 • x—l 4 

...or(^)+(-^). ^».^. 

12 Of ^<g^-^ . ^^--^ Ans !^?±^> 

13.0f(^)^(»-l). .AW...+JW. 

Akt. ISS. To reduce a complez fraction to a simple one. 
Thia is merely a case of division, in which the dividend and 
divisor are either fractions or mixed quantities. 

C h fk 

Tbu ...-^ iB the samtt m to ditide a4-> bTfn — » 
n ' c ' r 

r 

^ c/V r/ e*r c tnr--n cmr-^<nr 

Let the following examples he solved in the same manner. 

1. -2^ Aw. J. 

»—l 

ft. — An. /*t«i+fe) 



.-I'o+l 


a+1. *-l 


«— 1 a+1 
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2« 



Af». !L. 



Art. 184. Resolution of fractions into seiiee. 

Def. — ^An ir^ik series consists of an unlimited number of 
tsms wlikh observe tiie same law. 

The law of a series is a relation ezistini^ between its terms, 
80 that, when some of them are known, the succeeding terms 
may be easily obtained. 

Thus, in the infinite series 1 — ^ -{....L-f-te., ai^ term may 
be found by multiplying the preceding term by .^^^ . 

X 

Any proper algetodc fraction, whose denominator is a polyno- 
mial, may, by diviston, be resohred into an infinite series ; for the 
numeratw is m dividend, and the denominator a divisor, so related 
to each othw that the ^vision can nev«r terminate, and the quo- 
tient will therefore be an infinite series. After finding a few 
terms of the series, the law of continuation is, in general, easily 
seen, and the succeeding terms may be found without continuing 
the diyislon. 



XZAMPL8«. 

Iz^i 



1. Convert the fraction iZ2^ into an infinite series. 



l +x 1— 2a^-{-2«3— 2«s4- &0. It is evident that the law of 

—2a; this series is, that each term, 

"^9^2^ after the eecond, is equal to 

^2a^ the preceding term, muiti- 

+2x^+2s^ j^ed by -^. 

-.2«» 
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In a Bimilar manner, let the fractionB in each of the following 
examplea be resolved into an infinite series. 

2. — i-=3l— r»+r*— r«+r»— &c.,to infinity. 



8. _1_ «l+r-^-«^ 






mSCBLLAMEOUS PROPOSmOHS DC FRAOnolRI. 

Of the forms ^, % and ^. 
6 

When the two terms of a firaction ~ are finite determinate 

quantities, the fraction has necessarily a finite determinate valuOf 
that is, the quotient of a divided by h. 

Let us now examine the cases where the numerator or denom* 
inator, or both, reduee to zero. 

Abt. 185. To prove that ^L=q: 
h 

While the denominator d is a constant number, if the numera- 
tor a diminishes, the value of the fraction diminishes. Thus, in . • 
the fractions |, |, |, and |, each is less than the preceding. 
Hence, as the numerator a diminishes, and approaches to zero, 

the value of - diminishes and approaches to zero; and finallyt 
b 

when a=0, the expression - reduces to zero. 
h 

Or thus: Since the product of zero, by any number, is zerOf 

therefore the quotient of zero, divided by any number, is zero. 

That is, since X(=0, therefore -ssO. 

h 

Abt. 186. To prove that ?=:qo. 


If the numerator a, of a fraction, remains constant, and the 
denominator diminishes^ the value of the fraction increases. 

Thus : 1st. Suppose the denominator 1; then ?=sa. 
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2nd. Suppose the denominator -i.; then ^=10a. 

10 .1 

3rd. Suppose the denominator — ; then J!L=100a. 

*^*^ loe .01 

4th. Suppose the denominator r^^; then -iL_=slOOOa. 

From this it is evident, that if the denominator is less than 
any assignable quantity, that is 0, the value oi the fraetion is 
greater than any assignable quantity, that is it^nitefy great, or 
trinity. This is designated by the sign qd ; that is 

a 



A]iT. 137. To prove that ~ is indeiermtnale in value. 

When both numerator and denominator are zero, the fraction 
^ becomes -. Now since the divisor zero, multiplied by any 

number whatever, produces the dividend zero; therefore the quotient 
of zero, divided by zero, may be taken any number whatever; that 

is, the fraction - is indetermi/ttate. 

It is important, however, for the pupil to know, that the form 

- is often the result of a particular supposition, when both terms 

of a fraction contain a common factor. 

Thus, if a:= --, and we make h=:a, it becomes =- ; 

a— a — a 

hut if we cancel the common factor, a— i, and then make b==a, 
we have x=2a. 

Similarly, the fraction ar= — ^ becomes - when a=l; hut 
^ a'+o— 2 

if we divide both terms by their common factor, a — 1, we have 

x=i —r^, which reduces to - when a=:l. 
a+2 a 

These examples show, that if the value of any quantity is z.» 

before we decide that it is really indeterminate, we must see that 
the apparent indetermination has not arisen from the existence 
of a factofi^ which, by a particular supposition, became equal to 
xero. 
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Akt. laS* Theobsm. — if M« same quanSUy he added to hoik 
terms of a proper Jracttonf Vte new fraction resulting wiU be greater 
than (kefirst; hut if the same qfuantity le added to hofk terms of an 
improper fraeikn^ the nao fraction resulting wiU he less ihmi the first* 

Let ? be a proper fraction, • being lees than h. 



Let m represent the quantitf to be added to each term* then 

the reeultinff fraeticm is fir?. 
b+m 

To determine which of the fractioni» . and f^C?, is the sreat- 

h h-\-m 

er, we must reduce them to a common denominator; 

b+m'^h'+bm' 
Since the denominators are the same, that fraction is the 
greatest which has the greatest numerator* 

When ^ is a proper fraction, • is less than h; 
b 

therefore am is less than 5m, 
and ab-^m<jsb'\'bm; 
that is, the resulting fraction is greater than the first 

But if f! is an improper fraction, it is evident that 
b 

that is, the resulting fraction is lest than the first. 

Abt. 189, Thsobev. — If the same quantUg be subtracted from 
bM terms of a proper fraction, the new fraction resulting wiU be less 
than the first; but if ike same fuantitg be subtracted from both terms 
of an improper fraction, the new fraction resulting wiU be greater 
than the first. 

Let r ^® & proper fraction, a being less than b. Let m repre- 
sent the quantity to be subtracted from each term, then the re- 



sulting fraction is zZzL. To determine which fraction is the 

o— m 
greater^ we reduce them to a common denominator, and compare 
their numerators; , 

and ?r5=:?*=*?. 
b — m 6' — bm* 
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If a<^6, then am^bm; and if am^bm, then 

that is, the resulting fraction ia le^a thai^ the first. 
But if a]>6, then am^>bm; and if am^bnif then 

that is, the resulting fraction is greater than the first. 

MISCELLAKEOUS EXEnCISES IN FRACTIONS. 



1. Prove that ,^^'^+JL^'^^JL.. 

8. Prove that a^+^1 . h*+h+l c^+c+1 ^1^ 

S, Find the value of ( *+^ ) -r ( «-^j^ ) » when«=;5 j. 

Ans.9. 

4. Find the value of|_|!5^-Jfjd|.>i:!,wh<^^ 

5. Find the value of ax-\-bif, when ^=■^"7' ^'^^ y=2!n?P^ 

6. Find the value of ?±??+^?±?*, when 



7. Find the value of 



2»4"-^ti«^2n6^— 2ni 




^^- ~y^ -7' ?^/-V'. ^vW.-.- «-. 

V 

8. Prove that the sum or differ^ncf of any two quantities divi* 
ded by their product, is equal to th^ sum or difference of their 
reciprocals. / t •/ . « / >' 'a>v,u^-^'/ ; -V > * / ' 

9. If two fraction^ are together eq^al to 1, pitlve that their 
difierence is the same as the differeiice of their equares. 

10. If the cGflTerence of two firaetions ie eqwd to ^, show tiiat 

q 

p times their sum ia equal' to 9 times the difieorence of their 



squares. > ^y ^ £ 7^ < < ^ X / .^ > y /. 
11. Prove tL /^'+^^ + ^+^^ \ ^'+^^ ^1: 

that when the terms are multiplieid respective! j by h^,a^,uii 
an\-b, the sum nO: and that when multiplied re^peptively hj ftp^ 
ac, and 06, it is =h\ 
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CHAPTER IV. 
EQUATIONS OF THE FIRST DEGREE. 

DEFIHITIOHS AND ELEMENTART PRINCIPLES. 

Art. 140. An equation is an algebraic expreeaion, stating 
the equalitj between two quantities. Thus 

is an equation stating that if 5 be subtracted from x, the remain* 
der is 8. 

Art. 141. Ereiy equation is composed of two parts, separated 
from each other by the sign of equality. The quantity on the 
left of the sign of equaliQr> is called the first member or side of 
the equation. The quantity on the right, is called the second 
member or side. The members or quantities are composed of one 
or more terms. 

Abt. 14SI. There are generally two classes of quantities in 
an equation, the kmnm and the unknown. The known quantities 
are represented either by numbers, or the first letters of the 
alphabet, as a, &, c, &c.; and the unknown quantities by the last 
letters of the alphabet, as x, y, z, &c 

Art. 148. Equations are divided into degrees, called Jlrst, 
seoand, third, and so on. The degree of an equation depends on 
the highest power of the unknown quantity which it contains. 
Thus, an equation which contains no power of the unknown 
quantify higher than the irst, is termed ati equation of the first 
degreSf or a simple equation. 

An equation in which the highest power of the unknown 
quantity is of the second degree, is called an equation of the second 
degree, or a quadratic equation. 

Similarly, we have equations of the third degree, fourth degree, 
and so on; those of the third degree are generally called cubic 
equations, and those of ih^ fourth degree, biquadratic equations. 

Thus, 
a«-^6s=c, is an equation of the let degree. 
a:>-f-2|Kr=9, " *• *« 2d " or quadratic equation. 

x*.-jgcc=9, " " *« 3d " or cubic equation. 

«*+<UB»-|-p»=y, " •« 4th «* or biquadratic eq. 

aj^+oa-'-H^af^-'sssc, « nth 



EQUATIONS OF THE FOIST DEGREE. 81 

When any equation contains more than one unknown quantity, 
its degree is equal to the greatest sum of the exponents of the 
unknown quantity, in any of its terms. Thus, 

a:y-\'ax-~'-by=c, is an equation of the 2nd degree. 

«3y-^a:a— ca?=sfl, is an equation of A© 3rd degree. 

Art. 144. An equation of any degree is said to be campleien 
when it contains all the powers of the unknown quantity, from 
up to the given degree. When one or more terms are wanting, 
the equation is said to be incomjpieie. 

Thus, aP+px-^-q^sO, is a complete equation of the second 
degree, the term q being equivalent to qx^, since x9=l . (Art. 82 .) 

aiP-\-px^-\-qx-\'r=0, is a complete equation of the third degree. 

ax^=q, is an incomplete equation of the second degree. 

3iP^px^=q, is an incomplete equation of the third degree. 

Art. 145. An identical equation, is one in which the two 
members are identical; or, one in which one of the members is 
the result of the operations indicated in the other. 
Thus, ax — b=:ax — 6, 
8a; — Sxssbx, 
(x-\-Z)(x — 3)==a?'— 9, are identical equations. 

Equations are also distinguished as numerical and literal, 

A numerical equation is one in which all the known quantities 
are expressed by numbers. 

Thus 2a:2-|-3ic=10x4-15, is a numerical equation. 

A literal equation is one in which the known quantities are 
represented by letters, or by letters and numbers. 

Thus, ax-^-h^cx-^d, 
and ax-^b=Zx—5, are literal equations. 

Art. 146. Every equation may be regarded as the statement, 
in algebraic language, of a particular question. 

Thus, X — 5=9, may be regarded as the statement of the fol- 
lowing question: — To find a number from which, if 5 be sub- 
tracted, the remainder shall be 9. 

If we add 5 to each member, we shall have 
X— 5+5=9+5, or a:==14. 

To solve an equation, is iojlnd the valve of the unknown quaniity; 
or, to find a number or expression, which, being substituted for 
the unknown quantity, will render the two members identical. 

Remark. — The solution of equations is the most useful and interest- 
ing part of algebra. 

An equation is said to be verified, when the value of the 
unknown quantity being substituted for it, the two members are 
rendered equal to each other. 
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Thus, in the equation »*-5s9» if 14» the ▼alue of «, be eab- 
Btituted instead of it| we have 

14-5=9; 
or, 9=39. 

Abt. 147. The vahie of the nnknowa quantity, in any equa^ 
tion, is called the ro(4 of thai equation. 

SQ9ATION8 or TBI nRST DBGRBB, COHTAINIHO BUT OKB 

V UNKNOWN ^UANTITT. 

Art. 148. The operations employed to find the value of the 
unknown quantity in any equation, are founded on this evident 
principle: 

If we perform (he same operation on two equal quantities, the re- 
suits win be equal. 

This principle or axiom may be otherwise stated, as follows : 

1. If, to ttoo equal quantities, the same quantity le added, the sums 
mil be equal, 

2. If, from two equal quantities, the same quantity he subtracted, 
the remainders wiU be equal. 

3. If two equal quantities he multiplied by the same quantity, the 
oroducts win be equal. 

4. If two equal quantities he divided by the same quantity, (he 
Quotients win be equal. 

5. If two equal quantities be raised to the same power, (he results 
will be equal. 

6. If the same root of two equal quantities be extracted, (he results 
win be equal. 

RjEMARX.-— An axiom is a self-evident truth. The preceding axioms 
ve the foandAtion of a large part of the reasoning in mathematics. 

Abt. 149* There are two operations of frequent use in the 
solution of equations. These are, first, to clear an equation of 
fractions; and second, to transpose (he terms in order to find (is 
value of the unknown quantity. 

These are named in the order in which they are used in the 
solution of an equation; we shall, however, first consider the 
eubjeet of 

TRANSPOSITION. 

Art. 150* Suppose we have the equation 

Since, by the preceding principle, the equali^ will not be 
afiected by adding the same quantity to both members ; or, by 
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gubtracting the eame quantity from both nembers; if we add d!« 
to each side, we have 

If we eabtract h from each member, we have 
ax \ h h \ dx c dx^^-dx — 6. 

But -4-^-^ cancel each other, eo do — dx-\^; omitting iJiese, 
we have a x | d x-.'C 6« 

But this result is the same as if we had removed the tenns -\-b 
and — <£r to the opposite members of the equation, and at the 
same time changed their signs. Hence, 

Any quantify may be transposed from one side of aa ejttolum to 
the other, if, at the same time, its sign le changed. 

This is termed the Rule of JVansposition, 

TO CLEAR AN SaUATION OF FRACTION^. 

Akt. 151« 1. Let it be required to clear the following equap 
tion of fractions. 

X X - 

ab be 

Since the first term is divided by ab, if we multiply it by ab, the 
divisor will be removed; but if we multiply the first term by ab, 
we must multiply all the other terms by a&, in order to preserve 
the equality of the members. Again, since the second term is 
divided by be, if we multiply it by be, the divisor will be removed; 
but if we multiply the second term by be, we must multiply all 
the other terma by be, in order to preserve the equality of the 
members. Hence, if we multiply all the terms on both sides by 
abxbc, the equation will be cleared of fractions. 

Instead, however, of multiplying every term by abXbc, it is 
evident, that if each term be multiplied by such a quantity as 
will contain the denominators without a remainder, that all the 
denominators will be removed. This quantity is evidently the 
least common multiple of the denominators, which, in this case, is 
dbc; then, multiplying both sides of the equation by ahe, we 
have 

ca^«His^=stfOc». 

Prom which we derive the following 

Rule for ci^arivo ah equatiqh or fractiovs. — Find ike hast 
common multiple of aU the denominators, and mvUiply each term of 
the equation l^ iL 
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EXAMPLES FOR PRAOTIGB, 

In clearing equations of fractions. 

3 4 

3. ^|=»5. Am. 3a+2«=60. 

4. |-|4^=3t. Ans. 6a^-3x+2x==84. 

5. 2a?+?=?=?±?. Am. 20x+2»-«=5*+45. 

O 2 

Arts. 20»— 2*+6=5a>-15. 

Ans. 12»— 3d:-|-6=60— 2af— 4* 

Ans. cx-\Hi?X'-JPxs:^dbcm, 

Ans. axz — 6ar-f-c«:=cfcRr-[-&p — ex. 
2nb 




a+b a— 6 a'— 6'* 

Ana, ax — «*— te4-«^---<up-+^'--^+fl6====2i^ 

SOLUTION OF EQUATIONS OF THE FIRST DEGREE, CONTAIN- 
ING ONLY ONE UNKNOWN UUANTITY. 

Akt. 153« The unknown quantity in an equation may be 
combined with the known quantities, either by addition, subtrac* 
tion, multiplication, or division; or by two or more of these dif« 
ferent methods. 

1. Let it be required to find the value of x, in the equation 
a-\'X==hi 
where the unknown quantity is connected by addition. 

By subtracting a from each side (Art. 148), we have 



2. Let it be required to find the value of x, in the equation 
X — a=b, 
where the unknown quantity is connected by svbiraction. 
By adding a to each side (Art. 148), we have 

x=zb^a. 
8. Let it be required to find the value of x, in the equation 
ax=b, 
where the unknown quantity is connected by multiplication. 
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By dwiding each side by a, we have 

a 

4. Let it be required to find the rafaie of x, in the equation 

a 
where the unknown quantity is connected by division. 
By muUiphfvng each side by a, we have 

From the solution of these examples, we see that 

yfhen Uie unknaum qtuaUtUy is oonaMckd by addition, it is io le 
separated by subtraction. When it is connected by subtraction, it is 
to be separated by addition. When it is connected by muUipUcationf 
it is to be separtUed by division. And, when it is connected by divi- 
sion, it is to be separated by muUipiicaHon, 

5. Let it be required to find the value of x, in the equation 



Clearing the equation of firactions, we have 
21a^--(24— 2ar)=7a?+56, 
or 21jp— 24+2as=7ar+66. 
Transposing the terms 7x and — ^24, we have 
21*+2a^7a:=66+24; 
reducing, 16x=80; 

dividing by 16, «=f g=s5. 

It will be readily seen that this solution consists of three 
steps, viz.: 

let. Clearing the equation of fractions. 

Snd. Transposition. 

8rd. Reducing like terms, and dividing by the coefficient of x. 

Let this value of x be substituted instead of x in the original 
equation, and, if it is the true value, the two membov will be 
equal to each other. 

Original equation, Zx — r=»-|-8» 

Substituting 5 in place of x, it becomes 

or 15-5=5-1-8, 
or 18=18. 
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The operation of subetitnting the Talue of the unknown quan- 
tity instead of itself, in the original equation, to see if it will 
render the two members equal to each other, is called ver^icaHon. 

6, Find the value of av in the eqoatiott 

laiskp « . • «ftc»--ea^-HKsBa5eiI4-««. 
2nd Miqt • . • abcx-^c x hui i fl & c i i | tic . 
Factoring . . . (o&o — o^— a)x=sac(M-^l). 

9TdsUf «=?^ii±). 



Abt. IftS* From the Bektioa of the preceding examples, we 
derive the foUofwing 

ftuU rO& TRS SOLtJTiOV OP AX BQtTATIOH OF TBE PifiST D£OREE.^- 

1. Jfnece»ary, dear the equation qffractumes and perform all (he 
operaiions indicaied, 

2. Jhxtnspo ee oS the terme etrnkdiixng the unknown juoRfify to one 
iide^ and the known guantUiet to ffte offier. 

3. Reduce each meimber to its simplest form, and diffide hoA sides hy 
the coefficient qffhe unknown quanHty, 

RxMAKK. — This mle gives the method of proceeding most generally 
advantageous, but in some cases It is beat to perform the operations 
indicated, and tranapose the neeesaary t^ms, before clearing of fhictlons. 
Experience can alone determine the beat method in particular c aa e a. 

EXAMPLES FOR PRACTICE. 

NoTK.— Let the pupil yerify the value of the unknown quantity In 
each example. 

Find the value of the unknown quantity in each of the follow- 
ing examples. 



14 21 ^ * 4 • 



It^step ... 184^+42— 8ar+28+231»21«-84; 
Sndsle^ . . . 18a^-*«a>— 21a;s9--43dl-^2-^8---84; 
Zidst^ ... — llaxs— 385, 

Veeipicatiox. 3X35+7 2X35-^7 ^^^3^^ 

8-3+2|=7|, 
7|=7|. 

8. 5(a4-l)— 2=3(a?+6). Ans. «=6. 

9. 8(»-.2)+4«4(3-^). Ans. 
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10. 5—3(4— a?)+4(3-42x)=0. Ans. a?=l. 

11. 8(a^-^>--2(a^-2)+J?— l==«4-3+2(»+2)+3(aH-l). 

Afu» X 1 . 

12. 5(5«— 6)— 4(4»-^)+8(8«^-2)r-2aH-16==0. 

Ant. «==2. 

18. *4-?=5+7 Anf. «=12. 

5^8 4^ 

2^8 4^5 • 

16. ?Ei±J^^lO+^. Ans. «=14. 

2 8 * 6 

17. ?=^==?^4?I=1* A«. «:=7/^. 

18. 5»-.?^ +l«3»+?J?+7. Aw. a«8. 

19. ?£zLi-?i:5_?^=*2-.£i:f . Aw. ««5. 

^7 ^ 4 12 28 • 

20. 7x4-9 30^+1 90^-13 249--0^ ;^„ ^^^ 

21. |(2»-10)— TT(8ap— 40)=*15— J(67— 0?). Ans. «=17. 

22. 4(a>-^>-i(t— «)=lii. Afw. «=4J. 
28. i(4+|«)-K2»-l)=l4. ^w- *=§•• 
24.^(|x+4)^=?(?-l) 

25. S|x{28-.(|+24 )}=.8jx{2i+j}. Aw 

26. l-|(l-^)=|(8-^|)+5iJ. Aw. a:=5.1. 

27- i(*-i4)-TVi-^)«*-BV(^^^)- 



Aw. xs=3. 
a;==:4. 



28. &l;'4-2a^— as=8a^— 2c. Aw. 



Ans. s^ll. 
.«--2c 
"6—1* 

29. a»x+&'=:6^a:+a». Aw. «=^^+:?^±^. 

80. fla?+6»=d»4^. Aw. awi+6. 

• c * 4 oe 



9^ IUIY*S ALGEBRA, PART SECOND. 

82. fL— *L=fl'^-*2. An*. «=1. 

bx ax ab 

33. ?=*=.?±*. Am. «=*(3«-*). 
x—c x+Zc 26^ ' 

34. ?-l-*^+3«6=0. Ant. «==«a-8«^), 
a • c o— al 

37. i(a^-a)— J(2a?-36)— K»-«)=10fl4-115. 

Ans. ar=26a+24J. 

6 "^ c c 4' * 12(26~€.) • 

39. 1 +1 ==-i-. An*. ^^^fzH-). 

ab—ax be — bx ao — ax a 

QUESTIONS PRODUCING EQUATIONS OF THE FIRST DEGREE, 
CONTAINING ONLY ONE UNKNOWN QUANTHT. 

Art. 154. The Bolution of a problem by algebra, consists of 
two distinct parts: 

1st. To express the conditions of the probHem in alffebraic lan- 
guage; iked isy to form the equation. 

* 2nd. To solve the equation; thai is, to find the value of the ttn- 
knpwn quantity. 

Sometimes the statement of the question proposed, furnishes 
the equation directly; and sometimes it is necessary, from the 
conditions given, to deduce others, from which to form the equa- 
tion. When the conditions furnish the equation directly, tliey 
are called explicit conditions. When the conditions are deduced 
from those given in the question, they are called implied conditions. 

It is impossible to give a precise rule by means of which every 
question may be readily stated in the form of an equation. The 
first step is, to understand fully the nature of the question, so as 
to be able to prove the correctness or incorrectness of any pro- 
posed answer. After this, the equation, by the solution of which 
the value of the unknown quantity is to be found, may generally 
be formed by the following 

Rule. — Detnote ike required quantity by one of (he final Utters of 
the dlphdbet; (hen, by means of signs, indicate the same operations 
that it would be necessary to make on the answer ^ to verify it. 
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EXAHPLES. 

1. Find two numbers such, that their sum shall be 50, and 
their difference 12. 

Let X denote the least of the two required numbers. 

Then will . , a?+12= the greater; 

And ..... a?-f>r-4-12=50, by the question. 

Transposing, . x-\-x=^60 — 12. 

Reducing, . . 2a?==38. 

Dividing, ... a;=l 9, the less number; 

And a?+12=10+12=31, the greater number. 

Veetficatiok, 31+10=50, and 31—19=12. 

2. What number is that whose i part exceeds its J part by 61 
Let x= the required number. 

Then will its | part be denoted by 5 , and its J part, by f , 

Therefore, . . . |— f=6. 
3 5 

Clearing, . . . 5j?— 3a:=90. 

Reducing, . . . 2a:=90. 

Dividing, ... a;=s45, the number required. 

Vekipicatioh. i of 45=15, J of 46=9; 15—9=56. 

3. Divide $500 among A, B, and C, so that B shall have $20 
more than A, and C ff7d more than A. 

Let . . . a;=A's share, 

Then . . a:+20=B's share, 

And . . . a?+7^=^'s share. 
Then a:4-a;4-20+a;+75=500 , by the question. 

Reducing, . . . 3x+95=500. 

Transposing, . . 3a?=500— -95=405. 

Dividing, .... a:=135, A*s share. 

a?4.20=155, B's share. 
ar4.'75=210, C's share. 
Verificatiok. 135+155+210=500. 

4. Out of a cask of wine which had leaked away i, 85 
gallons were drawn, and then, being guaged, it was -J full; 
how much did it holdl 

Let x= the number of gallons it held; 

then ?= « « « leaked out. 

5 

There had been taken away - +35 gallons, 

5 
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tnd there remained sd — [ ^ -{~^5 j gallons. 

Clearing, .... 15a?— 3»— 35xl5=5«; 
Transposing^ . . 15a?— 3«— 5«s=35xl5; 
Reducing, . . . 7a:=35xl5; 
.-. «=5X 15=75. 

5. A laborer was engaged for 26 dajrs. For eacb day that he 
worked, be received 50 cents and his boarding; and for each dsy 
that he was idle, he paid 25 cents for his boarding. At the expi- 
ration of the time, he received (4; how many days did he work, 
and how many days was he idle ? 

Let • • «= the number of days he worked; 
Then, . 20-««fc « « « « waa idle. 
Abo, . 50ar= wages due for work. 

And . 25(20—0?)= the amount to be deducted £or boarding. 
.-. 50a?— 25(20-^)=s400; 
50a?— 500+25a:=400; 
75a?=400+500=900; 

a:=sl23s the number of days he worked. 
20— «Bs8Bi '* ^ u u u wasidltf. 
Pboov. 50xl2z=:600centa = wages; 
25 X 8=200 •« « boarding. 
Diff. =400 « or 84. 
In solving this example, we reduce the 84 to cents, in order 
that all the quantities on both sides of the equation, may be of 
the same denomination, it being regarded as a self-evident prin- 
ciple, that we can only compare quantities of the same name. ' 
Hence, all the quantities in both memiers qf an equation, must be of 
the same denomination. 

6. What two numbers are as 3 to 5, to each of which, if 9 be 
added, the sums shall be to each other as 6 to 7. 

If we put X to represent the first number, the second will be 

bx 

^. But we may avoid fractions by putting 8a; for the first num- 

3 

ber, and 5x for the second, which fulfills the first condition. 

Then, 3x+9 : 5a;+9 : : 6 : 7. 

But in every proportion, the product of the means is equal to 

the product of the extremes. (Arith. Part 3rd, Art, 209.) 

Hence, 6(5a;^9)=7(3ar+9). 

30a;-f54=21x+63, 

80ap— 21ar=63— 54, 
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.-. 3f=:3, and 5j:=s5. 
The method of representing the quantities by 3a? ^nd 5r, so as 
to avoid fractions, is of general application, and may be expressed 
thus:-— When two or more unknown quantitie$y in antf problem, have 
to each other a given -^atio, it is best to assume each of them a mul' 
tiple of some Uher taUcnown quantity , so thai they shall have to each 
Mer the given ratio, 

7. A courier who traveled at the rate of 81^ miles in 5 hours, 
was dispatched from a certain city; 8 hours after his departure, 
another courier was sent to overtake him. The second courier 
traveled at the rate of 22^ miles in 3 hours. In what time did 
he overUkd the first, and at what distance from the place of 
departure! 

Let xsA the nnmber of hours that the second courier travela. 
Then, since the first courier travels at the rate of dlj miles in 5 
hours, that is, £ J mlled^in 1 hour, he will travel — miles in x 

hours, and since he started 8 hours before the second courier, the 
whole distance traveled by him will be (8+«)|fr 

Again, since the second courier travels at the rate of 22^ 
miles in 3 hours, that is, ^ miles in 1 hour, he will travel V 
miles in x hours. 

But the couriers are supposed to be together at the end of the 
time X, and, therefore, the distance traveled by each must be the 
same; hence 

450ar=(8+x)378; 
.-. 72a;=378x8; divide each side by 8; 
9a:=378; 
a:=42. 
Hence the second courier will overtake the first in 42 hours, 
and the whole distance traveled by each is ^g*-x42=315 miles. 

8. A smuggler had a quantity of brandy, which he expected 
would sell for 198 shillings; after he had sold 10 gallons, a 
revenue officer seized one third of the remainder, in consequence 
of which he sells the whole for only 162 shillings. Required the 
number of gallons he had, and the price per gallon. 

Let x= the number of gallons; 



92 kjltb algebra, part second. 

108 

then -1- is the price per gallon, in shillings; 

X 

^^^^— is the quantity seized, the value of which is 

198— 162=s86 (killings. 

. »— 10, 198 „^ 
... _-x— =36. 

(« — 10)66=36*, hy clearing of fractions; 

66a>— 660=36a?; 

80ar=s660; 

.*. x=sQ2, the number of gallons; 

198 
and =:^^t^=9 shillings, the price per gallon. 

X 

9. There are three numbers whose sum is 133; the second is 
twice the first, and the third twice the second. Required the 
numbers. Am. 19, 36, and 76. 

10. There are three numbers whose sum is 187; the second is 8 
times, and the third 4^ times, the first Required the numbers. 

Ans. 22, 66, and 99. 

11. There are two numbers, of which the first is 3^ times the 
second, and their diflTerence is 100. Required the numbers. , 

Ans, 40 and 140. 

12. There are three numbers, whose sum is 156; the second 
is 3 2 times the first, and the third is equal to the remainder left, 
after subtracting the difference of the first and second firom 100. 
Required the numbers. Ans. 28, 98, and 30. 

13. What number is that, whose half, third, and fourth parts, 
taken together, are equal to 521 Ans, 48. 

14. What number is that, which being increased by its six- 
sevenths, and diminished by 20, shall be equal to 451 Ans. 35. 

15. What number is that, to which if its third and fourth parts 
be added, the sum will exceed its sixth part by 51? Ans, 36. 

16. Find a number which, being multiplied by 4, becomes as 
much above 40 as it is now below it. Ans. 16. 

17. What number is that, to which if 16 be added, 4 times 
the sum will be equal to 10 times the number increased by 11 

Ans, 9. 

18. The sum of two numbers is 30; and if the less be sub- 
tracted from the greater, one-fourth of the remainder will be 3 . 
Required the numbers. Ans. 9 and 21. 

19. A laborer was engaged for 28 days, upon the condition 
that for every day he worked he was to receive 75 cents, and for 
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ereiy day he was abeent, to forfeit 25 cents. At the end t>f hia 
time he received |^12. How many days did he work! Ans, 19. 

20. A has three times as much money as B, but if B give A 
^0, then A will have four timed as much as B. Find the money 
of each. Ans. A, (750; B, $250. 

21. From a bag of money which contained a certain sum, 
there was taken $20 more than its half; from the remainder, 
(30 more than its. third part; and from the remainder, (40 more 
than its fourth part, and then there was nothing left. What sum 
did it contain? Ans» (290. 

22. A merchant gains the first year, 15 per cent, on his cap- 
ital; the second year, 20 per cent, on the capital at the close of 
the first; and the third year, 25 per cent, on the capital at the 
close of the second; when he finds that he has cleared (10tN).50. 
Required his capital. Ans, (1380. 

23. A is twice as old as B; 22 years ago, he was three times 
as old. What is A's age? Ans, 88 . 

24. A person buys 4 houses; for the second, he gives half as 
much again as for die first; for the third, half as much again as 
for the second; and for the fourth, as much as for the first and 
third together: he pays (8000 for them all. Required the cost 
of each. Ans, (1000, (1500, (2250, and (3250. 

25. A cistern is filled in 24 minutes by 3 pipes, the first of 
which conveys 8 gallons more, and the second 7 gallons less, 
than the third every 3 minutes. The cistern holds 1050 gal- 
Ions. How much fiows through each pipe in a minute? 

Ans. 17A,12/ff, 14J|. 

26. A can do a piece of work in three days, B in 6 days, and 
C in 9 days. Find the time in which all together can perform it 

Let 07=: the required number of days; 

then . = part of the work performed by all in one day. 

X 

But Au does i, B |, and C i, in one day. 
'''i+i+i^\ An*, laydays. 

27. If A does a piece of work in 10 days, which A and B can 
do together in 7 days; how long would B take to do it abne? 

Ans, 2di days. 

28. A performs f of a piece of work in 4 days; he then re- 
ceives the assistance of B, and the two together finish it in 6 
days. Required the time in which each can do it abne. 

Ans. A, 14 daya; B, 21 day*. 
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29. A percoB boi:m;lit tn eqntl number of Bheep, covt» and 
9x910, for ^^380; #ach sheep cost $3, eaeh cow $12, and each ox 
§18« Required the number of each. Am. 10. 

90. A aum «f moaey ia to be divided among £ve persona; A« 
B, Cs I>» and £L B received 010 leaa than A; C, 016 more than 
B; 1)9 $5 lesa than C; E,9l& more than D; and the shares of 
the hist two are equal te the sum of the shares of tho other 
three. Required the share of each. 

An#. A, J21; B, «11; C, 927; D, $22; E, $37. 

31. A bought eggs at 18 cents a dozen, but had he bought 5 
inore for the same mcmey, they would have cost him 2^ cents a 
dozen leas. How many eggs did he buy 1 Ans, 31. 

82. A person bought a certain number of sheep for $94; 
haviAg lost 7 of them, he sold one-fourth of the remainder at 
prim* ooet, for $20. How many sheep had he at first ? 

Ans. 47. 

33. There are two places, 154 miles distant f^om each other, 
from which two persons, A and B, set out at the same instant, to 
meet on the road. A travels at the rate of 3 miles in 2 hours, 
and B at the rate of 5 miles in 4 hours. How long, and how far, 
did each travel before they met? . 

Ans, 56 hours, and A traveled 84, and B, 70 miles. 

84. Find that number, which, multiplied by 5, and 24 taken 
froBk the product, the remainder divided by 6, and 13 added to 
the quotient, will still give the same number. Ans, 54. 

35. In a bag containing eagles and dollars, there are three 
times as many eagles as dollars ; but if 8 eagles and as many 
dollars be tak^i away, there will be left five times as many 
eagles as dollars. How many were there of each? 

Ans. 48 eagles, 16 dollars. 

36. If 10 apples cost a cent, and 25 pears cost 2 cents, and 
you buy 100 apples and pears for 9^ cents, how many of each 
will you havel Ans. 75 apples and 25 pears. 

37. Suppose that for every 8 sheep a farmer keeps, he should 
plough an acre of land, and allow one acre of pasture for every 
5 sheep, how many sheep may he keep on 325 acres? 

Ans. 1000. 

38. A person has just 2 hours spare time; how far may he ride 
In a stagfe which travels 12 miles an hour, so as to return home 
in time, walking back at tiie rate of 4 miles an hour. 

Ans. 6 miles. 

39. If 65ft of sea-water contain 2ib of salt, how mteh fresh 
wat#r must be added to these 65ib, in order that the quantity of 

i. ■ , , -'■,..-■''■• ^' '•■■.■•''< 



i>i^i 



•alt contained iu 25fii of Uie new miztore, shall be reduced to / w ,i.> 
4 ounces, ot :J of a &. \* A.'ns, 1S5&. 

40. A mass of copper and tin wei^ 80fij; and for every 79i , 
of copper, there are d9r of tin. How much copper must be ~ • '^ ^ 
added to the mass, that for every llfii of copper, there may be ^, y 
4ib of tin? -Am. 10ft. ; / . 

41. A merchant maintained himself for 3 years, at a cost of " ' 

, 4^60 a year; and in each of those years, augmented that part of ; ^ ' * 
his stock which was not ao ec^pended, by \ thereof. At the end ' / 
of the third year his original stock was doubled. What was that ^ 
stock? Ans, (3700. 

SIMULTANEOUS EQUATIONS OP THE FIRST DEGREE, CONTAINING 
TWO UNKNOWN aUANTlTIBS. 

Abt. 155* From what we have already seen, it is evident that 
the value of any one of the symbols concerned in an equation, is 
entirely dependent on the rest, and it can become hnjovm, only 
when the values of the rest are givm^ or hnxmn,. Thus, in the 
equation 

the value of x depends on the values of y and a, and can only 
become known when they are known; therefore, to Jind (he value 
of any unknown quantity, toe must obtain a single equation contain- 
ing it and known quantities. Hence, when we have two or more 
equations containing two or more unknown quantities, we must 
obtain from them a single equation containing only one unknown 
quantity. The method of doing this is termed elimination , which 
may be defined briefly, thus:— Elimination is the process of deduc- 
ing, from two or more equations containing two or more un- 
known quantities, a single equation containing only one unknown 
quantity. 

There arc three principal methods of elimination: 

1st. Elimination by substitution. 

2nd. Eimiination by comparison. 

3rd. Elimination by addition and subtraction. 

ELIMINATION BY SUBSTITUTION. 

Art. 156. Elimination ty substitution consists in finding the 
value of one of the unknown quantities in one of the equations, 
in termvof the other unknown quantity and known terms, and 
substituting this, instead of the quantity, in the other equation. 
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To explain this method, let it be required to find the values of x 
and y> in the following equations. 

2a}+3y=:^3, (1) 
4«+^y=59. (2) 
From eq. (1), by transposing 8y and dividing by 2, we have 
^33-3y. 
2 
Substituting this value of x, instead of xin eq/(2), we have 

4(??=2y)+5y=69; 
or, 66— 6y+6y=50; 

andx=^l:^=6. 
The following is the general form to which two equations of 
the first degree, containing two unknown quantities, may always 
be reduced. The signs of the known quantities, a, h^ c, &c., may 
be either plus or minus. 

ax-\-In/=:c, (1) 

From eq. (1), by transposing by, and dividing by a, we have 

a 
Substituting this value of x in eq. (2), we have 

>'(S:^)-|^'y=c'; 

a'c — a'by-^ab'y^=^ac' ; 

(jab' — a'b')ip=iac' — a'c\ 
ax! — a'c 
ah' — a'b * 



But 



.(ac'-"a'c \ 



a 

b'c — be' 



a(ab*~Hi'b) 



ah' — a'b' 
Hence, when we have two equations, containing two unknown 
quantities, we have the following 

Rule for elimination by substitution. — Find an expression 
for the value of om of the unknown quantities in either equationt 
and substitute (his value, instead of the s9he unknown quantity , in 
the other equation; there wiU thus be formed a new equation^ can-' 
taining oidy one unknown quantity. 
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BLIMIKATION BY COMPARISON. 

Art. 157. Elimination by comparison consists in finding the 
vi^ue of the same unknown quantity in two different equations^ 
and then placing ^lese values equal to each other. 

To illustrate this method, we will take the same equations as 
in the preceding article. 

2x+Zy=QS, (1) 
4ar+6y=59. (2) 

From eq. (1), by transposing and dividing, we have xss V^ 

From eq. (2), by transposing and dividing, we have xss .,, .^ 

Placing these values of x equal to each other, 
59— 5y _ 33— 3y . 

59 — 5yt=66 — 8y, by clearing of fractions; 
yss7, by transposition. 

The value of x may be found similarly, by first finding the 
values of y, and placing them equal to each other. But after 
finding the value of one of the unknown quantities, that of the 
other raav generally be found most readily by substitution. Thus, 

4a?-f6x7=59; 

whence a^=^^=*^sa6. 

General equations, ax+by^c, (1) ' 
a'x+b'y=:c\ (2) 

From eq. (1), by transposing and dividing, i 

From eq. (2), by transposing and dividing, i 
equating these values of x, 

a a' 

a'c — cllyzs^a/c! — aft'y, by clearing of fractions; 
(a&' — alh^y^^-^c^ by transposing; 
ac'^-a'c 




From eq. (1), y^'^^^i 
Prom eq. (2), y*5Z^j 
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equating these values of y, 
c' — a'x 



^ h ' 

he* — a'hx=^'c — ab'x; 

Hence, when we have two equations, containing two unknown 
quantities, we have the following 

Rtjlb for elimivatioh bt compabison. — Find an expression 
for the value of the same unknown quantity in each of the given 
equations, and place Uiese valu^ equal to each other; there vM thus 
he formed a new equation, containing only one unknown quantity. 

elimination by ADDrrroN and subtraction. 

Art. 15S. Elimination by addition and subtraction couEilsts 
in multiplying or dividing two equations, so as to render the co- 
efficient of one of the unknown quantities, the same in both; 
and then, by adding or subtracting, to cause the terms containing 
it to disappear. 
Taking the same equations as in the preceding articles, 
2a;+3y=33, (1) 
Ax+5y=59. (2) 
It is evident that if we multiply eq. (1) by 2, that the codffi* 
cient of x will be the same in the two equations. 

4j:+6y=66 (3), by Xing eq. (1) by 2. 
4*4-5^=59, eq. (2) brought down. 

Since the coefficients of x have the same sign in these eqna« 
tions, if we subtract, the terms containing x will cancel each other, 
and the resulting equation will contain only y, the value of wMph 
may then be found. It is evident that if tiie signs of the coeffi- 
cients of X had been different, that by adding, it would have been 
canceled. 

Having obtained the value of y, that of a? may be obtained by 
substitution, or similar to that of y, as follows: 

It is evident that if we multiply eq. (1) by 5, and eq. (2) by 3, 
that the coefficients of y will be the same in both. 

10a:+15y=165, (4) by Xing eq. (1) by 6. 
1 2jp+15yz=I77, (5) by Xing eq, (2) by 3. 
2a?3sl2, by subtracting eq. (4) from (5). 

xsx6« 
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General equations, ax+byssc, (1) 
a'x+h'y=c\ (2) 
It is evident that we shall render the coefficients of x the same 
in both equations, by multiplying eq. (1) by a', and eq. (2) by a. 
aa'3D+a'l^f=sa'€, (8) by Xing eq. (1) by a'; 
aa'x^\^'y=^ac\ (4) by Xing eq. (2) by a; 
(fl6'-i-a'6)y=flc' — a'Cy by subtracting; 



The coefficients of y in the two equations will evidently be- 
come equal by multiplying eq. (1) by h'y and eq. (2), by b. 
db'x+U'y=^'c, (5) by Xing eq. a) by 6'; 
- . a'hx+hb'y=^, (6) by Xing eq. (2) by b; 
(jab' — a'b)x=b'c — be', by subtracting; 
j^ b'c-^cf 
dkl-^b' 
It is evident that after we have rendered the coefficients of the 
quantity to be eliminated the same in both equations, if the signs 
are aZi^c we must sitbtract; but if they are unlike we must add. 

Hence, when we have two equations containing two unknown 
quantities, we have the following 

Rule, fok elimikation bt additioh and subtraction. — MidtU 
ply, or divide the equations, if necessary, so that one of the unknown* 
quantities will have the same coefficient in both. Then take the dif- 
ference, or the sum of the equations, accprding as the signs of the 
equal terms are alike or unlike, and the resulting equation wHl con- 
tain ordy one unktunon quantity. 

RxHA&K. — When the coefficients of the quantity to be eliminated are 
prime to each other, they may be equated by multiplying each equation 
by the coefficient of the unknown quantity in the other. When the 
coefficients are not prime, find their least common multiple, and multiply 
each equation by the quotient obtained by dividing the least common 
maltiple by the coefficient of the unknown quantity to be eliminated in 
the other equation. 

If the equations have fractional coefficients, they ought to be cleared, 
before applying the rule. 

EXAMPLES FOR PRACTICE. 

NoTX. — It is recommended to the pupil to solve several ef the fol* 
lowing examples, by each of the preceding rules. 

1. af+8y=10, Ans. a?=l, I 2. ar+33P=18, Ans. «=3, 

3jB-f2y=9. yssS. I 3»— 2y=l. 
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3. 2a?— 9y=ll, 
3a?— 12y=15. 

4. 3a?— 7^=7, 
llx+6y=87. 

5; 9*— 4y=8, 
13a?+7y=rl01. 

6. aj— 4(y— 2)=5, 



Aw. *=7, 
Ans. a?=4, 

Ans. a?=5, 
y=2. 



3^6 



Ans. xssie, 
y=10. 



9 10 

12. 2xu-2±?==7+?y=??. 

4y+^=:26>-2di. 

13 3a:+4y+3 2x+7-y ^^,g^, 
To 15 ^5 

9y-f5a?— 8 a?4-y__7jp-f6 
12 4 11 • 

14. ax=bi/, 

15. a?+fly=5, 
ax — 6y=c. 

^16. 3ax— 26y=c, 
a2a?-|-&'3/=5ic. 
17. (a— 5)a?+(fl+&)3/i=c, An* 

(fl2— 62)(a?-fy)=n, 



8.i?±^=a?-y, A»w.x=i. 
40 

2^+2y=i. y=i. 

9. i(a:+y)-H(*-y)=59, 

5a>-33y=0- 

An*. as=99, 

y=15. 

10. -i-=-i_, Aw. a:==:2, 

5-fy 12+x 

2a?+5y=35. 

11. ^^+^=g, Am. x=&, 
8y+2 ''; 
8a^-4=9Jr.- y==4. 

Ant. a:=5, 



y=V- 



An*. a?=7 



y==9. 



Arts, x= 



he 



ae 



Afu. 



Ans. 



116c 

2a2-f3a6* 



18. ^+?=a. 



.c/155--fl\ 
"6 \ 2a+36 / 

* 26 \ a+h / 



OB 

ft 



*=6. 



J Apply Rule, J 
i Art, 158. ) 



Ans. 



ma — Ttb 

^ fn^— n^ 

in6— na* 
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19. ?+f=l-?, Ans. ^^^''c^\ 
y , a:_j , y ^^ abcjaC'-Hib—bc) 

20. (a'— *2)(5x+3y)=(4a-^)2a6, Atw. a=-f*-, 

fl-|-o a— 

Remark. ^ Transpose 6^ in eq. (2), multiplj by 3 and subtract, there 
will then result an equation in^olYing x, 

QUESTIONS PRODUCING SIMULTANEOUS EaUATIONS CONTAIN- 
1)-- E^G TWO UNKNOWN aUANTTTtES. 

Art. 159* The questions contained in Art. 154, are all capa- 
ble of being solved by using one unknown quantity; although in 
some of the examples, the number of unknown quantities was 
two or more. But in those questions where there was more than 
one unknown quantity, there was such a relation existing between 
the several quantities, that it was easy to express each one in 
terms of the other. It frequently happens, however, that in a 
problem containing more than one unknown quantity, there may 
be no direct relation existing between them, by means of which 
either may be found in terms of the other. In such a case it 
becomes . necessary to use a separate symbol for each unknown 
quantity, and then to find equations containing these symbols, on 
the same principle as when there was but one unknown quantity; 
that is, in brief, regard the symbols as the answer to ike questionf 
and then proceed in (he same manner which it would he necessary to 
do to prove the answer. After the equations are obtained, the 
values of the unknown quantities may be found, by either of the 
three different methods of elimination. 

We shall now give an example, to show that the same question 
may sometimes be solved by using either one or two unknown 
quantities. 

1 . The difference of two numbers is a, and the less is to the 
greater as m to n; required the numbers. 

Solution by using one unknown quantity. 

Let nuc=^ the less 'number, then nx=s the greater; 

And no?— ««:=«. 



• 
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.'. gLg= ^^ , the less number; 
» — m 

ftr=.^??- , the greater number, 
n — m 

Solution by using two unknown quantities. 
Let «= the less number, and y= the greater. 
Then, y— ir=a, (1) 
and X : y : : m : n; or 9ny==n«. (2) 

Since »ny=»r, we have y= — ; 

Bubstituting this value of x in eq. (1), 
nx 

fix— W2x=jiifl; 
whence x=J!??L, 



and y= — j 



f7l(n— Wl) Tlf— -Tfl 

d. The hour and minute hands of a watch are opposite at 6 
o'clock; when are they next opposite? 

Let x= minute spaces moved over by the hour hand, and y= 
minute spaces moved over by the minute hand. Then since the 
minute hand moves 12 times as fast as the hour hand, 
X : y : : 1 : 12, or y=12x. (1) 
But the minute hand must evidently pass over 60 minutes more 
than the hour hand; hence 

y=x+60. (2) 
Substituting, 12x=x+60, 
llx=60, 
x=5jj min. 

y=65i\min.=lh., 6x\m. 
Hence, the hands are next opposite at 5 ]\m. past 7. 
In a similar manner the period of coincidence of the hands 
may be found. 

3. There is a number consisting of two digits, which divided 
by the sum of its digits, gives a quotient 7; but if the digits be 
written in an inverse order, and the number thence arising be 
divided by the sum of the digits increased by 4, the quotient =3. 
Required the number. Ans. 84. 

In solving questions of this kind, the pupil must observe that 
any number consisting of two places of figures, is equal to 10 
times the figure in the ten's place plus the figure in the unit's 



K, 
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place. Thus, 35 is equal to 10x3+5* In • similar mannery 
456 is equal to 100x4+10x5+6. 

Let x=s the digit in ten's place, and yss the digit in unit's 
place. 

Then lOx+ys the number, and 10y+a:=9 the number inverted. 

Also, 12^=7. 

«+y 
^y+4-^- 

From these equations we readily find xssS, and ysBi4. 

4. A farmer sells to one man 5 sheep and 7 cows for #111 » 
and to another, at the same rate, 7 sheep and & cows for #0S« 
Required the price of a sheep and that of a cow. 

Ans, Sheep, $4; eow, 918. 

5. If 79j of tea and 9fb of coffee cost 85J20, and at the same 
rate Afb of tea and llflr of coffee cost 1^.65; it is required to 
find the price of a pound of each. Ans» Tea» 55c; coffee, 15c. 

6. A and B are in trade together with different sums; if #50 
be added to A's money, and 8^0 be taken from B's, they will have 
the same sum; but if A's money were 3 times, and B's 5 times 
as great as each really is, they would have together 8^^0. 
How much has eachi Ans. A, 8^0; B, 8320. 

7. A and B have together 89300; A invests the sixth part of 
his money in business, and B the fifth part, and then each haa the 
same sum remaining. How much has each) 

Ans. A, 84800; B, 85000. 
Let 6a;=A's money, and 5^=B's. 

8. What fraction is that, such that if the numerator and de- 
nominator be each increased by 1, the valne is 3; but if each be 
diminished by 1, the value is j1 Ans. f. 

9. Find two numbers, such that one»third of the first exceeds . 
one-fourth of the second by 3, and one-fourth of the first and one^ 
fifth of the second are together equal to 10. Ans. 24 and 20. 

10. A grocer knows neither the weight nor the first cost of a 
box of tea which he had purchased. He only recollects that if 
he had sold the whole at 30 cts. per fii, he would have gained 81 > 
but if he bad sold it at 22 cts. per ttr, he would have lost 8^. 
Acquired the number of pounds in thd box, and the first cost 
per lb. Ans. 50fii at 28 cts. 

11. The rent of a field is a certain fixed number of bushels (rf 
heat, and a fixed number of bushels of com. When wheat is 

55 cents, and corn 33 cents per bushel, the portions of rent by 
wheat and corn are equal; but when wheat is 65 cents and com 
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41 cents per bnahel, the rent is increased by $IA0, What is 
the grain rent? 

Afu. 6 bnshels of wheat and 10 bushels of corn. 

12. The quantity of water which flows from an orifice is pro- 
portional to the area of the orifice, and the velocity of the water. 
Now there are two orifices in a reservoir, the areas being as 5 to 
13, and the velocities as 8 to 7, and from one there issued in a 
certain time 561 cubic feet more than from the other. Haw 
much water did each orifice discharge in this time? 

Afu. 440 and 1001 cubic feet 

13. Find two numbers in the ratio of 5 to 7, to which two 
other required numbers in the ratio of 3 to 5 being respectively 
added, the sums shall be in the ratio of 9 to 18; and the difier- 
enoe o{ those sums =16. Ans. 30 and 42, and 6 and 10. 

14. A boy spends 30 cents in apples and pears, buying his 
apples at 4 and his pears at 5 for a cent; he then finds that half 
his apples and one-third of his pears cost 13 cents. How many 
of each did he buy? Ans. 72 apples and 60 pears. 

15. A farmer rents a farm for $245 per year; the tillable land 
being valued at $2 per acre, and the pasture at $1.40; now the 
number of acres of tillable, is to half the excess of the tillable 
above the' pasture, as 28 to 9. How many acres are there of < 
each? Ans, 98 acres tillable, and 35 of pasture. 

16. Find that number of 2 figures to which, if the number 
formed by changing the places of the digits -be added, the sum is 
121 ; and if the less of the same two numbers be taken from the 
greater, the remainder is 9. Ans. 65. 

17. To determine three numbers such that if 6 be added to the 
first and second, the sums will be in the ratio of 2 to 3 ; if 5 be 
added to the first and third, the sums will be in the ratio of 7 : 11 ; 
but if 36 be subtracted from the second and third, the remainders 
will be as 6 to 7. Ans. 30, 48, 50. 

Suggestion. — Let 2«--6, Zsb~-6, and y be the numbers. 

18. Two persons, A and B, can perform a piece of work in 16 
days. They work together for 4 days, when A being called ofiT, 
B is left to finish it, which he does in 36 days more. In what 
time could each do it separately? Ans. A in 24, B in 48 days. 

19. A and B drink from a cask of beer for 2 hours, after which 
A falls asleep, and B drinks the remainder in 2 hours and 48 
minutes; but if B had fallen asleep and A had continued to drinky 
it would have taken him 4 hours and 40 minutes to finish the 
easL In what time could each singly drink the whole? 

AnM. A in 10 hrs., B in 6 hrs. 
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20. Divide the fraction f into two parts, so that the numera* 
tors of the two parts taken together shall be equal to theii 
denominators taken together. Arts* I and } J. 

21. A purse holds 19 crowns and 6 guineas. Now 4 crowns 
and 5 guineas fill J I of it. How many of each will it hold! 

Ans, 21 crowns or 63 guineas. 

22. When wheat was 5 shillings a bushel, and rye 3 shillings, 
a man wanted to fill his sack with a mixture of rye and wheat 
for the money he had in his purse. If he bought 7 bushels of 
rye and laid out the rest of his money in- wheat, he would want 
2 bushels to fill his sack; but if he bought 6 bushels of wheat, 
and filled his sack with rye, he would have 6 shillings lefL How 
must he lay out his money, and fill his sackl 

Ans, He must buy 9 bushels of wheat, and 12 bushels of rye. 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE, INVOLVINO 
THREE OR MORE UNKNOWN aUANTITIES. 
Abt. 160* Simultaneous equations of the first degree involv- 
ing three or more unknown quantities, may be solved by either 
of the tiiree methods of elimination, explained in Arts. 155 to 
159; but the method most generally applicable, is that of elim- 
» i nation by addition and subtraction, which we shall now proceed 
to apply in the solution of a problem containing three unknown 
quantities. 
1. Given 5ap— 4y+2;s=48, (1) 
3j;_[.3y--4«=:24^ (2) 
2a^— 5y+32=19, (3) to find a?, y, and «. 
To eliminate z from the first two equations, we may multiply 
eq. (1) by 2, and then add this to eq. (2); thus, 

lOa^— 8y442»=96, by Xing eq. (1) by 2, 
J^+3y— 4£=24, (2) 
13a?--5y =120, (5) by adding. 
We may eliminate z from equations (1) and (3), by multiplying 
eq. (1) by 3, and eq. (3) by 2, and then subtracting; thus, 
15ar— 12y-f 6t=144, by Xing eq. (1) by 3, 
4x— 10y4-Qg= 38, by Xing eq. (3) by 2, 
llx— 2y =106, (6) by subtracting. 
We may now eliminate y from equations (5) and (6), by mul- 
tiplying eq. (5) by 2, and eq. (6) by 5, and then subtracting; thus, 
26a?— 19y=240, -by Xing eq. (5) by 2, 
55a?— 10y=530 , by Xing eq. (6) by 5, 

29a? s=290; 

a?=10. 
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110— 2y=106, by sabstituting 10 for x in eq. (6); 
whence y=2. 

60 — 8+2«=48, by substituting for x and y in eq. (1); 
whence «=3. 
It is evident that the same method may be applied when the 
number of equations is four or more. Hence we derive the 
following 

Geheral rule fob elimihatiok by additioh aks subtrac- 
tion. — Ist. Combine anyone of (he eqaatums with each of ike 
others, so as to eliminate ffie same unhnown quantity; there loifl 
thtLs arise a new dass of equations, containing one less unkmnon 
quantity, 

2nd. Combine any one ef these new equations wOh each of the others^ 
so as to eliminate anoiher unknown quan^y; there wHl thus arise 
another dass of equatUms, containing two less unknown quantities, 

3rd. Continue this series cf operations until a single equation is 

' obtained, containing bat one unknown quantity f from which its 

value may he easily found; then by going hack, and substituting 

this value in the derived equations, the values of the other unknown 

quantities may be readily found. 

Remark. — Although the method of elimination by addition and sab- 
traction i0 generally the beet when the number of unknown quantilies 
is three or more, yet in some particalar instances, solutions may be ob- 
tained more easily and elegantly by other means, which the pupil must 
acquire by experience and tact As a specimen, we present the follow- 
ing question and solution. 

2. Given — a;-[.y-|-2f=a, (1) 
«— y+^^^t (2) 

a+y— «==«» (3) to find », y, and z. 
By adding the three equations together, and calling a-|-^^=ff, 
we find 

x+y+z^s. (4) 
Then by subtracting eqs. (1), (2), and (8), reapectively from 
(4), and dividing by 2, we find 

y=Ks— 6), 

EXAMPLES, 

To be solved by either of the difierent methods of elimination. 
3. a:+y+«=6, ^ Ans. x=slf 

- 3a>— y-4-22=7,> y=:2, 

4a?+3y— 2^7.) «=3. 
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5. a?— 9y+32r— 10tt=21, "\ An$, a?=100, 

2a^4-7y— 2;— «=683, ( y=60, 



] 



^' 



3a?+y+5«+2tf=195, | as=— 13, 

4a^— 6y— 2«— 9tt=516.J ii=--50. 

6. a^f ^y=10— Jar, ) Aru. «=7, 

^(ar+z)=9-y, V ^ y=4, 

-J(a^-^)=2y— 7.) «=3. 

"3 6 



7.y+£ = 5+6, ^ An*.ap=5, 




y=^, 



8. 9x— 22;-|-tt=41, \ An*. x=5, 
7y— 52f— i=12, / y=4, 
4y— 3x+2tt=5, > «=3, 

3y— 4tA+3/=7, I tt=:2, 

7«— 5tf=rllJ fc=l. 

Examples, to be solved by special methods. 

9. Z4.tz=ia,\ Am. 



« y / 



Suggestion. — Subtract eq. (3) from (2), then combine the 
resulting equation with (1), to find x and y; z may be foun^ 
similarly. 

10. ?-}i_l=i, ^ Aw.x=6, 

X y z ^'^^ 1 

« y « ( 
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11. ?-^+l=|f. ^ Ans.x=Q 

12. — a?+y+24-«=a,-\ An». ap=J(»— a), 
a?— y4-«+v=6, ( y=2(«— ^)t 

a?+y+«--i;==df. -^ »=l(*--<i)f 

where »s=2(a+&+c+<Q. 

aVBSTlONS PRODUCING SIlfULTAVEOUS EQUATIONS CONTAIN- 
ING THREE OR MORE UNKNOWN QUANTITIES. 

Art. 161. When a question contains three or more unknown 
quantities, equations involving them can he found on the same 
principle as in questions containing one or ttoo unknown quanti- 
ties. (See Arts. 154 and 159.) The values of the unknown 
quantities may then be found, in the same manner as in the pre- 
ceding examples. 

1. The stock of three traders amounts to $760; the shares of 
the first and second exceed that of the third by (240; and the 
sum of the second and third exceeds the first by (860: what is 
the share of each? Ans. ^00, $300, and $260. 

2. What three numbers are there, each greater than the pre- 
ceding, whose sum is 20, and such that the sum of the first and 
second is to the sum of the second and third, as 4 is to 5; and 
the difiTerenee of the first and second, is to the difiTerence of the 
first and third, as 2 to 3 ! Ans. 5, 7, and 8. 

3. Find four numbers, such that the sum of the first, second, and 
third, shall be 13; the sum of the first, second, and fourth, 15; 
the sum of the first, third, and fourth, 18; and lastly, the sum of 
the second, third, and fourth, 20. Ans, 2, 4^ 7, 9. 

4. The sum of three digits composing a certain number is 16; 
the sum of the left and middle digits, is to the sum of the middle 
and right ones as 3 to3f ; and if 198 be added to the number, 
the digits will be inverted. Required the number. Ans, 547. 

'5. At an election where each elector may give two votes to 
difiTerent candidates, but only one to the same, it is found on 
counting the votes, that of the candidates A, B, C, A had 158 
votes, B had 132, and C 58. Now 26 voted for A only, 30 for 
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B only, and 28 for C only. How many voted fw A and B 
jointly; how many for A and C; and how many for B and C? 
Ans. For A and B, 102; A and C, 30; B andX?, 0. 

6, It is required to find three numbers such^ that 3 of the first, | 
of the second, and | of the third, shall together make 46; | of 
the first, I of the second, and J of the third, shall together 
make ^5; and i of the first, I of the second, and ^ of the third, 
shall together make 28 J. Ans, 12, 60, and 80. 

7. The sum of three numbers, taken two and two, are a, h, 
and c. What are the numbers? 

Ans, ^(a+h — c), ^(a'{^ — 6), and 2(6+0 — a). 

8« A person has four casks, the second of which being filled 
from the first, leaves the first four-sevenths full. The third being 
filled from the second, leaves it one-fourth fiill; and when the 
third is emptied into the fourth, it is found to fill only nine-six- 
teenths of it. But the first will fill the third and fourth and have 
fifteen quarts remaining. How many quarts does each hold? 
Ans. 140, 60, 45, and 80, respectively. 

0. In the crew of a ship consisting of sailors and soldiers, 
there were 22 sailors to every 3 guns, and 10 sailors over; also 
the whole number of hands was 5 times the number of soldiers 
and guns together; but after an engagement, in which the slain 
were one-fourth of the survivors, there wanted 5 men to be 13 
men to every 2 guns. Required the number of guns, soldiers, 
and sailors. Ans» 90 guns, 55 soldiers, 670 sailors. 



CHAPTER V. 

SUPPLEMENT TO EQUATIONS OF THE 
FIRST DEGREE. 

I. GENERALIZATION. 

Art. 163* Equations are termed literal when the known quan* 
tities are represented, either entirely or partly, by letters. Quan- 
tities represented by letters are termed general values— beoause 
the solution of one problem famishes a general solution which 
embraces all others, where the letters have specified numerical 
values. 
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The answer to a problem, where the known quantities ai« 
represented by letters, is termed a formula; and a formula ex- 
pressed in ordinary langua{;e, furnishes a rule. 

By the application of algebra to the solution of general qnes* 
Uons, a great number of useful and interesting truths and rules 
may be established. We shall now illustrate this subject by an 
example. 

AsT. 163* It is required to divide a given number a into three 
parts, having to each other the same ratio as the numbers fn, n^ 
and f. 

Let mar, nx, and ^, represent the required parts, since these 
are evidently to each other as m, n, and f. 
Then wu?+wa?-)-paBa=sa, 

and J?= .^ , » 

m+»+p 

^+^-hP 



jXC= 



Tpa 



This formula translated into ordinary language, gives the 
following 

Rule for nnriDiNa a giveh humbes into fasts having to each 
OTHER A GiTEH RATIO. — MiUtiph/ (ke giveu number by each term 
of the ratios respectively, and divide the products by the sum of the 
numbers expressing the ratios. The respective quotients will be 
the required parts. 

The pupil may solve the following examples by this rule, and 
test its accuracy by verifying the results. 

2. Divide 69 into three parts, having to each other the same 
ratio as the numbers 5, 7, and 11. Ans. 15, 21, and 33. 

3. Divide 38^ into four parts, having to each other the same 
ratio as the fractional numbers ^, -J, ^» and \» 

Ans. 15, 10,7^, and 6. 
The pupil may now solve the following general examples, ami 
express the formula in ordinary language, so as to form a general 
rule. 

4. The sum of two numbers is a, and their difference b. Re- 
quired the numbers. ^^ ^^^^^^ a^K jess, « * 

2 2 2 2* 
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5. The difference of two numbers Ib a, and the greater is to 
the less as m to »: find the numbers. ^ ma ^ na 

wi— ^ mr—n 

6. The sum of two numbers is a, and their sum is to their dif- 
ference as m to n: required tiie numbers. 

Ans. Greater =("*+«)^, less ^"^"^)^ 
2m 2m ' 

7. Divide the number a into three such parts, that the second 

shall exceed the first by b, and the third exceed the second by c 

^^, i»— 2fr— c fl+i— c, a+b+2c 
An^.—^—, __., -_^. 

8. Divide the number a into four such parts, that the first in- 
creased by m, the second diminished by m, tiie third multiplied by 
m, and the fourth divided by m« shall be all equal to each other. 

SuGOEaTioH. — The simplest method of solving questions of 
this kind, is to make such a supposition ibr the values of the un- 
known quantities as will fulfill one or more of the conditions. 
In this question the last four conditions w>ll be fulfilled by repre- 
senting the four parts by o^— m, x-\-m, — , and mx. 

m 
M^^ ma ^ ma t^ a m^a 



9. A person has just a hours at his disposal; how far may he 
ride in a coach which travels h miles an hour, so as to return 
home in time, walking back at the rate of c miles an hourl 

Ans. miles. 

b+c 

10. Given the sum of two numbers =:a, and the quotient of 
the greater divided by the less =b; required the numbers. 

Ans, Less =--?^-, greater =—--. 

0+1 D-\-l 

This formula gives the following simple rule: — 7b Jind the less 
number, divide the sum of the numbers by their qwotteni increased by 
unity, 

11. A person distributed a cents among n beggars, giving b 
cents to some, and c to the rest. How many were there of eachi 

Ans, ^^ at b cts., and '^^ at c cts. 
b — c b — c 

12. Divide the number n into two such parts, that the quotient 
of the greater divided by the less shall be q, with a remainder n 

Ans, ^±r, !^. 
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13. If A and B together can perform a piece of work in a days, 

A and C together the same in b days, and B and C together in c 

days: find the time in which each can perform it separately. 

. " . . 2abc -D :« 2aic ^^ , 2dbc , „. 

Ans. A in — -, B in ___ , C in -_ days. 

ac-\-l)c — ab ab-^bc — ac <w+ac— oc 

14. A, B, and C, hold a pasture in common, for which they 
pay P$ a year. A puts in a oxen for m months; B, b oxen for n 
months; and C, c oxen for/) months: required each one's share 
of the rent. 

Ans. A% ^^?1_ P$; B% J!* P9; 

C's, — £? — p$. 

From these formula is derived the rule of Compound Fdhufship. 

15. A mixture is made of a & of tea at m shillings per fir, Mb 
at n shillings, and cSf tit ji shillings: what will be its cost per fir. 

^^, ma+nb+pc 
a+b+c ' 
From this formula is derived the rule termed AUigation Medial. 

16. A waterman rows a given distance a and back again in b 
hours, and finds that he can row c miles with the current for d miles 
against it: required the times of rowing down and up the stream, 
also the rate of the current and the rate of rowing. 

Ans. Time down, : time up, — x 

c+d c+d 

rate of current, ?(g'— ^^); rate of rowing, ^^^+^ '. 
2bcd ^ 2bcd 

II. NEGATIVE SOLUTIONS. 

Art. 164. It has been stated already (Art. 12), that when a 
quantity has no sign prefixed, the sign pltis is understood; and 
also (Art. 47), that all numbers or quantities are regarded as 
positive, unless they are otherwise designated. Hence, in all 
problems it is understood that the results are required in positive 
numbers. It sometimes happens, however, in the solution of a 
problem, that the result has the minus sign. Such a result is 
termed a negative solution. We shall now examine a question 
of this kind. 

1. What number must be subtracted from 3 that the remainder 
shall be 7? 

Jjet «3SB the number. 

Then 8— «=7, 
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whence — a=sr7 — 8, 
or «= — 4. 

Now —4 subtracted from 3, aacording to the rule for algebraic 
subtraction, gives a remainder equal to 7; thus 3 — (— 4}=s7. 
The result, — i, is said to satisfy the question in an algebraic 
MCTise; but the problem is evidently impossible in an arUhmeiicai 
sense, since any positive number subtracted from 3 must diminish 
instead of increasing it; and this impossibility is shown by the re* 
suit being negative. But, since subtracting —-4 is the same as 
adding -^-^ (Art. 48), the result is the answer to the following 
question: — What number must be added to 3> that the sum shall 
be equal to 71 

Let the question now be generalized, thus: 

What number must be subtracted from Oy that the remainder 
shall be 6? 

Let x=^ the number, 

Then a — a:=6, 
whence a?=a— *. 

Now, since a — (a — 6)=6, this value of x will always satisfy the 
question in an algebraic sense. 

While b is less than a, the value of x will be positive; and 
whatever values are given to a and b, the question will be con- 
sistent, and can be answered in an arUkmeticai sense. Thus, 
if a=10, and 6=4, then x=Q. 

But if h becomes greater than a, the value of ;c will be negative; 
and whatever values ore given to a and 6, the result obtained will 
satisfy the question in its algebraic^ but not in its ariihmeticdt 
sense. 

Thus if a=:8 and 6=10, then a?=— 2. Now 8— (— 2)=8+2 
sslO; that is, if we add 2 to 8, the sum will be 10. We thus see 
that when b becomes greater than a, the question, to be consistent 
in an artthmeticdl sense, should read: — What number must be 
added to a that the sum shall be equal to b} 

From this we derive the following important general principles: 

1st. A negative sdLviUm indicates some inconsistency or absurdity 
in the question from which the equation was derived. 

2nd. When a negative solution is obtained, the question, to which 
it is the answer, may be so modified as to be consistent. 

The pupil may now read carefully the " Obsekvatiohs ok Ad- 
dition ARD SuBTRACTiox,'' page 24, and then modify the follow- 
ing questions so that they shall be consistent, and the results true 
in an arithmetical sense. 
10 
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2. What number innat be added to the number 80, that the 
sum shall be 1 91 ix=^l 1). 

8. The sum of two number* is 9, and their dyfermos 25; 
required the numbers. Ans, 17 and — 8. 

4. What number is that whose half subtraeted Irom its third 
leaves a remainder 151 ( j-^ 90). 

5. A father's age is 40 years; his son's age is 13 years; in 
how many years will the age of the father be 4 times that of the 
son? ( j? — 1 ). 

6. The triple of a certain number diminished by 100, is equal 
to 4 times the number increased by 200. Required the number. 

(a=— 300). 

III. siscussioir or problems. 

Art. 165, Kftst a question has been generalized and solved, 
we may inquire what values the results will have, when particular 
suppositions are made with regard to the known quantities. The 
determination of these values, and the examination of the various 
results, to which different suppositions give rise, constitute the 
discussion of the problem. 

The various forms which the value of the unknown quantity 
may assume, are shown in the discussion of the following ques- 
tion. 

1. After subtracting b from a, what number, multiplied by the 
remainder, will give a product equal to c1 

Let x=: the number. 

Then (a — b)x=c, , 

and af3=_5_. 

a— 6 

Now, this result may have five different forms, depending on 
the different values that may be given to a hy and e. 

RsMAKK. — In the following forms, A denotes merely some quantity, 

Ist. When h is less than a. This gives positive values of the 
form +A. 

2nd. When b is greater than a. This gives negative values of 
the form — A. 

3rd. When b is equal to a. This gives values of the form - . 
4th. When c is 0, and b either greater or less than a. This 

gives values of the form _. 

A 
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5. When b is equal to a, and e is equal to 0. This gives values 
of the f<»rm g. 
We shall now examine each of these cases. 

I. Values of the form -f-A, or when b is less than a. 

In this case, a— ^ is positive, and the value of x is positive. 
To illustrate this form, let a=10, 6=3, and c=sd6,then «=5. 

II. Values of the form —A, or when h is greater than a. 

In this case, a — h is a negative quantity, and the value of x will 
he negative. This evidently should he so, since minus multiplied 
hy minus, gives plus; that is, if a — b is minus, x must he minus, in 
order that their product shall be equal to c, a positive quantity. 

To illustrate this form by numbers, let ii=5, i=8, and c=12; 
then 0— i=— 3, ar=— 4, and -^x— 4=+12. 

III. Values of the form — , or when b is equal to a. 

In this case x becomes equal to ~. But the value of a fraction 
of which the numerator is any finite quantity, and the denomina- 
tor zero (Art. 136), is infinite; that is, -^=30 . " 

This is interpreted by saying, that no finite value of x will sat- 
isfy the equation; that is, there is no number, which being multi- 
plied by 0, will give a product equal to c. 

IV. Values of the form ~, that is, when c is and b is either 

A 

greater or less than a. 

If we put a — 6=rf,^en «=-.=0, since dxO=0; that is, when 
a 

the product is zero, one of the factors must be zero. 

V. Values of the form J, that is, when i=fl, and c=0. 

In this case we have a:=_£^5=g, or xX0=O. But ft is the 

fl— — 

symbol of indetermination (Art. 137); hence any finite value of x 
whatever will satisfy this equation; tiiat is, x is indeterminate. 

The discussion of the following problem, originally proposed 
by Clairaut, will serve to illustrate further the preceding princi- 
ples, and show that the results of every correct solution corres- 
pond to the circumstances of the problem. 



116 RAT*S ALGEBRA, PART SECOND. 

PROBLEM OF THE COURIERS. 

Art. 166. Two couriers depart at the same time, from two 
places, A and B, distant a miles from each other; the former 
travels m miles an hour, and the latter n miles: where will they 
meet? 

There are two cases of this problem, according as the couriers 
are traveling toward each other, or in the same direction. 

I. When tiie couriers travel toward each other. 

Let P be the point where they meet, A ' ' • t ' ' ® 

and a=AB, the distance between the '^ 

two places. 

Let a:=AP, the distance which the first travels. 

Then a — a:=BP, the distance which the second travels. 

But the distance each travels, divided by the number of miles 
traveled per hour, will give the number of hours he was traveling. 

Therefore, ^ = the number of hours the first travels. 



And rZ:f= « «« « « second travels, 

n 

But they both travel the same number of hours, therefore 

X 



m n 

'iME=ma — mx, by cleariog of firactions; 
whence «= J^ ; 

and fl-«=J??-. 
m+n 

1st. Suppose msn, then a?=— =?, ai!lla-nir=?; that is, if 

2m 2 2 

the couriers travel at the same rate, each travels precisely half 

the distance. 

2nd. Suppose n=0, then x=s:V^sssa; that is, if the second 

m 

courier remains at rest, the first travels the whole distance from 

A to B. 

Both these results are evidently true, and correspond to the cir- 
cumstances of the problem. 

XL When the couriers travel in the same direction. 

As in the first case, let P be the point I i ' 

of meeting, each traveling^from AJ toward A B P 

P, and let a=AB, the distance* between the places; 
a?=:AP, " " the first travels; 

then X — fl=BP, " " " second travels* 
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Then, reasoning as in the first easoi we have 

nx=:mx — mai 
whence x=-.5?!L; 



m — n 

and a;^Hi=s-5?-. 
m — n 

Ist. If we* suppose m greater than n, the value of « will be 
positive; that is, the couriers will meet on the rig^t of B. This 
evidently corresponds to the circumstances of the problem. 

2nd. If we suppose n greater than iti, the value of «, and 
also that of o^-^, will be negative. This value of « being n^gap 
tive, shows that there is some inconsistency in the question 
(Art 164). Indeed, where m is less than n, it is evident that 
the couriers cannot meet, since the forward courier is traveling 
faster than the hindmost. 

Let us now inquire how the question may be modified, that the 
value obtained for x shall be consistent. 

If we suppose the direction changed in which the couriers travel, 
that is, that the first travels from A, and P' > \ \ 

the second firom B, toward P'; and that <i=:AB, ^ ^ 

«=AP', 
a-f-^c=BF, we have« 

reasoning as before, ^sJ^ltH; 
m n 

whence x^zJ"^ 
n 

The distances traveled are now both positive, and the question 

will be consistent, if we regard the couriers, instead of traveling 

toward P, as traveling in the opposite direction, toward P'. The 

change of sign thus indicating a change of direction (Art 47). 

3rd. Let us suppose m equal to n. 

In this case x is equal to — , and »—«=?!!. 

But it has been shown already (Art. 136), that when the un- 
known quantity takes this form, it is not satisfied by any finite 
value, or, it is infinitely great. This evidently corresponds to the 
circumstances of the problem; for, if the couriers travel at the 
same rate, the one can never overtake the other. This is some- 
times otherwise expressed, by saying they only meet at an infinite 
distance from the point of starting. 
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4tli. Let OS 8uppofl« «kO. 

Then «=» , and x a = s . 



When the unknown quantity take* this form, it haa been 
shown already (Art. 135) that its valve is 0. This corresponds 
to the circnmstances of the problem; for, if the couriers are no 
distance apart, they will have to travel no (0) distance to be 
together. 

5tk. Let us mppese mB», and «3bO. 

In this case, X3s§» and g - fls » §. But when the unknown 
quantity takss this form, it has been shown (Art. 137) that it 
laay have mnjf finUe vcHm whatever. This, also, evidently corres- 
ponds to the eirowDstances of the problem; for, if the couriers 
•re 119 distanoe apart* and travel at the same rate, they will be 
always togvdier; Uial is, at mnf diskmee whatever from Uie point 
«f eUfftiBS. 

6th. Let us suppose ns=0. 

In this case x=^=a; that is, the first courier travels from 
m 

A to B, overtdring the second at B. 

7th. Lastly, let us suppose «=~. 

2ma 
In this case x=^ =2a; that is, the first travels twice the dis- 

tance from A to B, before overtaking the second. The results 
in the last two cases evidently correspond to the circumstances 
of the problem. • 

IV. CAKSS PF nrDBTESBIIMATKMI UX SaUATIONS OJ THE VIBST 
lUMUUBE, AMD IMK>SSIBUB FKOBLEBIS. 

Abt. 1M^« An equation is termed ifukpendent, when the rela- 
tion of the quantities which it contains, cannot be obtained 
directly from others with which it is compared. Thus, the 
equations 

a?+3y=19, 
and 2x+by=^S, 
are independent of each other, since the one cannot be obtained 
from the other in a direct manner. 

The equations x4-3y=19, 
2a4^y=38, 
■re not independent of each other, the second being d^ved 
directly from the first, by multiplying both sides by 2. 
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Art. 168* An equation is said to be indeterminaief when it 
can be verified by different values of the eame unknown quantity. 
Thus, if we have the equation 

a^-^=3:3, by transposition we find 
ar=3H-y. 

If we make ^=1, then x=4; if we make ys2, then x=d^9 
and 8o on; from which it is evident, that an unlimited number of 
values may be given to x and y, that will verify the equation. 

If we have two equations containing three unknown quantities, 
we may eliminate one of them; this will leave one equation con- 
taining two unknown quantities, which, as in the preceding ex- 
ample, will be indeterminate. Thus, if we have the following 
equations, 

jj^3y— 52::=20, 

or— y+3af=sl6. 
If we eliminate x, we have, after reducing, 
y— 2«=1; 
whence yssl^2z. 
If we make z=zl, then ys=3, and X3B20-f5;^— 3y=16. If we 
make z=2, then y=5, and x=15. 

In the same manner, an unlimited nnmber of values of the 
three unknown quantities may be found, that will verify both 
equations. Other examples might be given, but these are suffi- 
cient to establish the following general principle. 

When the number of vnkrunon quantities exceeds the nwmber of in- 
dependeni equations, the prdUem is indeterminate. 

A question is sometimes indeterminate that involves only one 
unknown quantity; the equation deduced from the conditions 
being of that class denominated identical. (Art. 145.) The fol- 
lowing is an example: 

What number is that, whose J increased by the J is equal to 
the U diminished by the xs? 
Let «= the number. 

Then ?+5=?i^?5; 
4^6 20 16 

clearing of fractions, 15a?-4-10a:=»33a>— 8*; 
or, 25x=s25x; 
which will be verified by any value whatever of x. 

A more simple example is the following: — What number i» 
that whose half, third, and fourth, taken together, is equal to the 
number itself increased by its one-twelfth. 
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Art. 169* The reverse of the precedin^jr case requires to be 
eonsidered; that is, when the number of equations is greater than 
the number of unknown quantities. Thus, we may have 
2*4-3y==23, (1) 
2x—2y=:2, (2) 

5a?+4y=40. (3) 
Each of these equations being independent of the other two, 
one of them is unnecessary, since the values of x and y, which 
are 4 and 5, may be found from either two of them. 

When a problem contains more conditions than are necessary 
for determining the values of the unknown quantities, those that 
axe unnecessary are termed redundant. 

The number of equations may exceed the number of unknown 
quantities, so that the values of the unknown quantities shall be 
incompatible with each other. Thus, if we have 
a:+y=12, (1) 

2a;+y=17, (2) 

8a?+2y=30. (8) 
The values of x and y, found from equations (1) and (2), are 
x=5, y=7; from equations (1) and (3), a:=6, and $r=s6; and 
from equations (2) and (3), x=^, and y=9. From this, it is 
manifest that only two of these equations can be true at the same 
time. 

A question is sometimes impossible that involves only one un- 
known quantity. The following is an example: 

What number is that whose jji diminished by 5 is equal to the 
difference between its | and ^ increased by 7. 

Let «=the number, then -? — 5=.^ — -+7; 
12 4 6^ 

. clearing of fractions, 7x — 60=9j7 — ^2je-|-84, 

reducing, 0=144, 

which shows that the question is absurd. 

Rehark. — Problems from which contradictory equations are deduced, 
are termed irroHondl or inqtomble. The pnpil should be able to detect the 
character of sach qaestions when they occur, in order that his efforts 
may not be wasted in attempting to perform an impossibility. 

EXAMPLES TO ILLUSTRATE THE PRECEDING 
PRINCIPLES. 

1 . What number is that, which being divided successively by 
m and n, and the first quotient subtracted from the second, the 
remainder shall be ql a mnq 
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What •appoflfUott will giro ■ iiegatlv« MlotloB? Aa lafiaite MbittoBf 
An indetermiaate solutfon? lUuitnto by aaniben* 

2. Two boats, A and B, set out at the eame time, one from C to 
L, and the other from L to C; the boat A nint tn miles, and the 
boat'B, n miles per hour. Where will they meet» eoppoaiBg it to 
be a miles from C to L? 

Ans. -^ miles from C, or -^ Hiiles from L. 

Under what cirenmfllaoces wOl the beats meet half way between C 
andL? Under what circumstances wiU they meet at C7 At LI Un- 
der what eiicumatancei will they meet above C 7 fielnw L7 Under 
what ciFcumBtancee wiU they never meet? Under what eircnnistanoes 
will they sail together? lUnstrate each of theee questions by using 
numbeoi. 

3. What number is that which* beiag multiplied by 8, the pro- 
duct increased by 16, and the sum divided by 4, will give a quo- 
tient equal to twice the number diminished by 7) 

Resulting eq. lls=0. 
What does this result show? (Art 169.) 

4. There are three persons, A, B, and C, whose ages are so re- 
lated, that B is 6 years younger than A and 4 years older than 
C; and | of A's age increased by i of C's, is equal to t\ of S's, 
increased by one year. Required Uieir ages. 

Resulting equation. Os=K). 
If A's age was 15 years, B's was 9, and C's 6; if A's was 16, 
B*8 was 10, and C's 6. 

5. Given 2af— ^=2, 

5jc^-3y=3, a A 

3a:+2y=17, -*"*' *==^' ^^*- 

4a?+8y=:24; 

to find X and y, and show how nany equatione are redundant. 

(Art. 169.) 

6. Given «+2y=sll, 

2a>— y=7, 

x+3y=19; 
to show that the equations are incompatible. (Art. 169.) 

v. AK EQUATION 07 THE VIEST DBOB9> HAS 9UT 
ONE BOOT. 

Abt. IVO. In any equation of the first degree involving only 
one unknown quantity {9), if a represents the sum of the posilivef 
apd -*c the sum of the negative coefficients of «; ii the sum of 
11 
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*■'■' ' — ' ' w r ■ -. — ■ — . ■■ .. ..■ ■ 

the positiTe, and -^ the sum of the negative known quantities, it 
will evidently reduce to the following form: 

or (a— c)a5=6— rf. 
•Let 0— «sm, and ^ " < ir- », we then have 

whence xs=It.^ 
tn 

Now since n divided hj m can give but one quotient, we infer 

that, an equoHon of ihs Jirsi ie^ree hag hiU one root; that is, in an 

equation of the first degree, involving but one unknown quantity, 

there is but one value that will verify the equation. 

VI. EXAMPLES INVOLVING THE SECOND POWBE OF 
THE UNKNOWN aUANTITY. 

Abt. IVl. It sometimes happens in the solution of an equa- 
tion of the first degree* that the second or some higher power of 
the unknown quantity occurs, but in such a manner that it is 
easily removed, after which the equation may be solved in the 
usual manner. 

The following equations and problems belong to this calss. 

1. (4+arX*--5)=(a?— 2)'. 

Performing the operations indicated, we have 
arJ-^t^ aO=a?a— 4a:+4. 

Omitting x^ on each side and transposing, we have 
3a:=24, or a=8. 

3 4a^_20--45^15 An.. «3,V 

6. 8+2« 5+2a:^^ _ 4a:»-2 

l+2ar 7+2* 7+16a?+4a?»* ® 

6. i?i^^(3jN-19)=2«+19. An*. as=8. 

o»— 43 

09 O C 

9. -^!L=i!!!. An»,«=?^=??, 
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10. ^a+x)(h+xy^(b+c)=:^+x^, Ans. x=^, 

b 

11. It is required to find a number which being divided into 
two, and into three equal parts, four times the product of the 
two equal parts, shall be equal to the continued product of tiie 
three equal parts. Ans. 27. 

12. A rectangular floor is of a certain size. If it were 5 feet 
broader and 4 feet longer, it would contain 116 feet more; but 
if it were 4 feet broader and 5 feet longer, it would confkin 113 
feetifK>re. Required its length and breadth. 

Ans, Length, 12 feet; breadth, 9 feet. 



CHAPTER VI. 



FORMATION OF POWERS— EXTRACTION 
OF ROOTS— RADICALS— INEQUALITIES. 

I. INVOLUTION OR FORMATION OF POWERS. 

Art. IV 2* The power of a nurnber is the product obtained by 
multiplying it a certain number of times by itself. 
Any number is the first power of itself. . 
When the number is taken twice as a factor, the product is 
called the second power or square of the number. 

When the number is taken three times as a factor, the product 
is called the third power or cvJbe of the numl)er. 

In like manner, the fourth, fifth, &,c,, powers of a number, are 
the products arising from taking the number /our times, ^ve times, 
&c., as a factor, the power being always denoted by the number 
of times the number is taken as a factor. 

The nufnber which denotes the power is called the index or ex- 
ponmt of the power, and is written to the right of the number 
and a little above it. 
Thus, 3 =3 »= 3 , is the 1 st power of 3 . 

3X3=32=3 9," 
3X3X3=33= 27," 
3X3X3X3=3*= 81," 
3X3X3X3X3=3«=243,« 

tXiX|X|-(i)^-5l,V'" 
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From the preceding we see, that (he nth power of a quantiiif is 
the product of n factors each equal to the quantity. Hence we have 
the following 

Rule for baising ▲ quahtitt to aht requieed power. — Jlfu^ 
tiply the given quantity by itself, until it is taken as a factor as 
many times as there are units in the exponent of the required 
power, 

Rkmamk. —- This rale is perfectly general* and applies either to mono- 
mials or polynomials, whether integral or fractional. 

EXAMPLES FOR PRACTICE. 

, 1. Find the square of 5arV. Ajw. 25flV««. 

2. Find the square of — Sfr'oi. Ans. Qb^c^dK 

3. Find the cube -of 2a?'z. Ans. BafizK 

4. Find the cube of —3a«c». An*. — 27a»c«. 

5. Find the fourth power of — 2aa'. Ans. IQx^z^. 

6. Find the fifth power of — 3a'6». Ans. — 248a"'i". 

7. Find the seventh power of — m'f». Ans. — rn^^n^. 

8. Find the square and the cube of |a'a*f V*« 

(1) Ans. 2*ja««>-+<y^». (2) t!5«'«»^+ V~". 

9. Find the square of a — x. Ans. a^ — 2aX'^<fi. 

10. Find the square of mx~-nx\ Ans. wV— 2nina:»4-nV. 

11. Find the cube of ^x-^-z. Ans. 8x*— 12ar2z+6j»'— 2». 

12. Find the cube of Zx-^2y. 

Ans. 27a:»+54x5y+36ay'+8y«. 

13. Find the fourth power of m — n. 

Ans^. m* — 4m»n-f6oi'n' — 4»ln'+n^ 

14. Find the square of a4'd--<;. 

Ans. «»+2flH-*'— 2ao— 26c+c». 

15. Find the cube of a— ^4~^. 

Ans. a»--3fl>H-3«^^— ^+3aao— 6flJc+3J2c^^j_3jcJ^i. 

16. Find the square of a\b c-\-d. 

Ans. a»+2fl^f ^».-4Jflo--2i<^f«»^-««H-2J«^-2cd-H». 

17. Find the square of ?? Ans. ^ 

bz^' iV 

18. Find the square of ?=? Ans. «*— g^'^** 

a+«' a^+2ax+x^' 

19. Find the cube of f* Ans. — 

20. Find the cube of Hf.'. Ans. — . 

8C» 27c» 
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21. Find the cube of -!!?i::? . Ans. m»-^m%H-^«in»^' 

m — 2n m' — 6m'ft-|-l 2mn^ — 8»» 

22. Find the square of f «— ^ft. Ans, ^^sa'— faH-l^'. 

23. Find the cube of ^a— 16. Ans, -Ja«— /^J»— Ja»6-f|flA'. 

24. Find the square of a?— 1—1. Ans. «'— 2a;-|-i-4-l— 1 

X x^ X 

25. Find the cube of a?— 1 Ans. ««— L— 3 ( *— I ) 

« 9^ \ x9 

26. Find the cube of af—l. ilTW. o?^— 3a?^-f3af»— 1 

27. Find the cube of e*— c"*. An*, c'*— <-3*— 3(c«— e"*) 

28. Ifaf+?:==p, show that «»4-i=sy>—3o, . 

29. If two numbers differ by unity, prove that the difference 

of their squares is equal to the sum of the numbers. "^ , ^ 

30. Show that the sum of the cubes of any three consecutive ^ 
integral numbers is divisible by the sum of those numbers. 

NoTK.—- For a more general method of raising a binomial to any re- 
quired power, see the Binomial Theorem, Art. 310, page S64< 

II. EXTRACTION OF THE SQUARE ROOT. 
EXTRACTION OF THE SQUARE ROOT OP NUMBERS, 

Art. 173. Ti^ root of a numi>er, is a factor which raultipUed 
by itself a certain number of times will produce the given 
number. 

The second root or square root of a muaber, is that number which 
multiplied by itself, that is, taken twice as a factor, will produce 
the given number. 

The process of finding the second root of a number, is called 
the extraction of the sqiuire root. 

Art. Xli* To show the relation that exists between the num- 
ber of figures in any given number, and the number of figures in 
its square root. 

The first ten numbers are 
1, 2, 3, 4, 5, 6, 7, 8, 0, 10; 
and their squares are 

1, 4, 9, 16, 26, 36, 49, 64, 81, 100. 

The numbers in the first line are also the square roots of the 
numbers in the second line. 

We see, from this, that the square root of a number between 1 
and 4, is a number between 1 and 2; the square root of a num- 
ber between 4 and 9, is a number between 2 and 3; the square 
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root of a number between 16 and 25, Is a number between 4 
and 5, and so on. 

Since the square root of 1 is 1, and the square root of any 
number less than 100 is either one figure, or one figure and a frac- 
tion, it is evident that when the number of places of figures in a 
number, is not more than two, the number of places of figures in 
the square root will be ore. 

Again, take the numbers 
10, 20, 30, 40, 50, 60, 70, 80, 90, 100; 
their squares are 
100, 400, 900, 1600, 2600, 8600, 4900, 6400, 8100, 10000. 

From this we see, that the square root of 100 is 10; and of 
any number greater than 100 and less than 10000, the square 
root will be less than 100, that is, it will consist of tuio places of 
figures; hence, when the number of places of figures is more than 
TWO, and not more than roUE, the number of places of figures in the 
square root wUl be two. 

In the same manner it may be shown, that when the number 
of places of figures in a given number is more than four, and not 
more than six, the number of places in the square root will be 
three, and so on. 

Or, as the same principle may be expressed otherwise, thus: — 
When the number of places in the given number is either &ne or 
two, there will be one figure in»the root; when the number of 
places is either three or four, there will be two figures in the root; 
when the number of places is either jlSve or six, Uiere will be thiree 
figures in the root, and so on. 

Abt. IVS. Investigation of 9^ rule for extracting the square 
root 

Every number may be regarded as being composed of tens 
and units. Thus, 76 consists of 7 tens and 6 units; and 576 
consists of 57 tens and 6 units. Therefore, if we represent the 
tens by /, and the units by u, any number will be represented by 
t-^-u, and its square by the square of t-^-u, or (*+«)'. 

Hence, the square of any number is composed of two quanUiieSf 
one of which is the square of the tens, and the other twice the tens plus 
the units muMiplied by the units* 

Thus, the square of 25, which is equal to 2 tens and 5 units, is 
2 tens squared =(20)»=400 
(4 tens + 5 units) multiplied by 5=(40+5)5=225 

625 



EXTRACTION OF THE SQUARE ROOT. 1ST 

I. Let it now be required to extract the square root of 625. 

Since the number consists of three places 625 125 

of figures, its roQt will consist of two places, 4Q0 j 

according to the principle established in Art. 20 X 2 =40 1 



1 74 ; we, therefore, separate it into two pe- 5 225 

riods, as in the mai^gin. 45 

Since the square of 2 tens is 400, and of 3 tens is 000, it is 
evident that the greatest square contained in 600 is the square 
of 2 tens (20); the square of 2 tens (20) Is 400; and subtract 
ing this from 625, the remainder id 225. 

Now, according to the preceding theorem, the remainder 225, 
consists of twice the tens plus the units, multiplied by the units; 
that is, by the formula, it is (2<-f^)ii, of which i is already fouad 
to be 2, and it remains to find if. Now the product of the tens 
by the units cannot give a product less than tens; therefore, the 
unit's figure (5) forms no part of the double product of the tens 
by the units. Hence, if we divide the remaining figures (22) by 
the double of the tens (4), the quotient will be the unit's figure, 
or a figure greater than it. 

We, therefore, double the tens, which makes 4 (2Q, and divide 
this into 22, which gives 5 (u) for a quotient; this is the unit's 
figure of the root. This unit's figure (5) is to be added to the 
double of the tens (40), and the sum multiplied by the unit's 
figure. The double of the tens plus the units is 40-{-5=45 
(2t-\-u); multiplying this by 5 (ii), the product is 225, which is 
the double of the tens plus the units, multiplied by the units. As 
there is nothing left after subtracting this from the first remainder, 
we conclude that 25 is the exact square root of 625. 

In squaring the tens, and also in doubling them, aorior 

it is customary to omit the ciphers, though they 0^0 |£o 

are understood. Also, the unit's figure is added ^^ 

to the double of the tens, by merely writing 45|22& 
it in the unit's place. The actual operation is 1**^ 

usually performed as in the margin. 

2. Let it be required to extract the square root of 59040. 
Since this number consists of five places of figures, its square 
root will consist of three places. (Art. 174.) We, therefore, 
wparate it into ttr« period.. 596491243 

In performing this operation, we find the square , — ^ 

root of the number 590, on the same principle -i ^SS 
as in the preceding example. lA Wl77 

1449 
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We oext eoDMder 24 aa ao maay tens, and proceed to find 
the unit's figure (3) in the same manner as in the preceding 
example. 

From these illustrations^ we derive the following 

RUUB 70K THE BZTSAOSIOM 09 TBE SQUAXS KOOT OP WlfSBBS.— > 

1st. SeparaU the given number into periods qf two phees each, ^ 

ginning al the imifejiUue. (The left period will often contain 

but one figure.) 
2sd. Find (ke greateei efuan inihe l^ period, ond place ite root on 

the right, after the manner ^ a q^Q^i€nt in ditision. Subtract 

the eqmre of the root Jrom the left period, and to the remainder 

hring down Ae next period for a dividend, 
Brd. IMtHe the root alreadgfomid, and place it on the left for a dioi* 

jer. Find how many ttmes the divisor is contained in the divp- 

dend, exdusive tf the right handJlgtirCf andplaoe Ihe figure in the 

root and also on the right of the divisor. 
4th. Mvitipty the divisor thus increased hg the last figure of the root; 

subtract the product from the dividend, and tojhe remainder bring 

down Vie next period for a new dividend. 
5th. Double (he whole root aiready found for a new divisor, and con" 

tinue the operaHon as before, untU all the periods are brought down. 

NoTV. -— If, in any esse, the dividend will not contain the divisor, the 
right hand figure of the former being omitted, place a cipher in the 
root and also at the right of the divisor, and bring down the next period. 

Abt. IV^ In diviaion of numbers, when the remainder is 
greater than the divisor, the last quotient figure may be increased 
by at least 1 ; but in extracting the square root of numbers, the 
remainder may, sometimes, be greater than the divisor, while the 
last ^gare of the root cannot be increased. To know when any 
figure may be increased, the pupil roust be acquainted with the 
relation that exists between the squares of two consecutive 
numbers. 

Let a and a-^l, be two consecutive numbers. 

Tkua, («+l)'ssa'+2«4-l, is the square of the greater, 

and (ayzsa\ « « " « « less. 

Their difference is 2a-|-l. 

From which we Bee, that the d^erenoe of the squares of two con- 
secuUve numbers, is equal to twice ffie less number, increased by 

Consequently, when any remainder is less than twice the part 
of the*root already found, plus unity» the last figure caanot be 
inereased^ 



1. 


2601. 


Ans, 51. 


2. 


7226. 


Ans. 85. 


3. 


9801. 


Am, 99. 


4. 


47089. 


Ans. 217. 


6. 


138384. 


Ans. 372. 


6. 


390625. 


Ans. 626. 
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BZAMFLSS, 

In extracting the square root of whole numbers. 

7. 553536. Ans, 744. 

8. 5764801. An*. 2401. 

9. 43046721. Aiw. 6661. 

10. 49042009. Ans. 7003. 

11. 1061326084. An*. 32578. 
12.943042681. Anj. 30709. 

BXTRAOTIOK Or THB SQUA&B ROOT OF FRACTIONS. 
Abt. IM, Since IXj^j*^, therefore, the square root of ^^ 
is I ; that is V3*<j=^=2. Hence. 

When hoik terms of a fraction are perfect squares, its square root 
wiU be found by exir acting the square root of both terms. 

Before attempting to extract the square root of a fraction, it 
should be reduced to its lowest terms, unless both numerator and 
denominator are perfect squares. The reason for this will be 
seen by the following example. 

Find the square root of |J. 

Here ||5=:i^. Now, neither 20 nor 45 are perfect squares; 
but, by canceling the common factor 5, the fraction becomes |, of 
which the square root is f . 

When both terms are perfect squares, and contain a common 
factor, the reduction may be made either before, or after the 
square root is extracted. 

Thus, Vl?=|=|; or, |f=|, and Vl=f. 

EXAXPLXS, 

In extracting the square root of fractions. 



4. jVs'V. Am. t\. 

6. tM488«- -*»«• tVihj- 



1. f $. Ans. $. 

2. /2V Aw^tV 

3. f§S. Am.i> 
Art. IV 8. a number whose square root can be ascertained 

exactly, is termed k perfect square. Thus, 4, 9, 16, &c., are per- 
fect squares. Such numbers axe comparatively few. 

A number whose square root cannot be ascertained exactly, is 
termed an imperfect square. Thus, 2, 3, 5, 6, &c., are imperfect 
squares. 

Since the difference of two consecutive square numbers, a' and 
a'-f-So-j-lj is 2a+l; therefore, there are always 2ii imperfect 
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squaies between them. Thus, between the square of 5 (25) and 
the square of 6 (36), there are 10 (2a=as2x3) imperfect squares. 

A root which cannot be expressed exactly, is called a radical^ 
or surd, or irrationai root. The root obtained is also called an 
approximate valiie, or approximate root. Thus, ^^ 2 is an irrational 
root; it is 1.41 44-. 

The sign + i^ sometimes placed after an approximate root, to 
denote that it is less than the true root; and the sign — , that it is 
greater than the true root. 

Art. 179. To prove that the square root of an imperfect 
square cannot be a fraction. 

Rkmakk. — It might be supposed, that when the square root of a 
whole number cannot be expressed by a whole number, that it might be 
found exactly equal to some fraction. That it cannot, will now be 
shown. 

Let c be an imperfect square, such as 2, and, if possible, let its 

square root be equal to a fraction ?, which is supposed to be in 

b 
its lowest terms. 

Then Jc=-\ and c=— , by squaring both sides. 
h b^ 

Now, by supposition, a and b have no common factor, therefore 

their squares, a' and 6^ can have no common factor, since to 

square a number, we merely repeat its factors. Consequently, 

~ must be in its lowest terms, and cannot be equal to a whole 

number. Therefore, the equation c=~ , is not true; and hence 
the supposition on which it is founded is false, that is, the suppo- 
sition that 0jc= > is not true; therefore, the square root of an 
b 

imperfect square cannot be a fraction. 

APPROXIMATB SQUARE ROOTS. 

Art. 180. To explain the method of finding the approximate 
square root of an imperfect square, let it be required to find the 
square root of 5 to within ^. 

If we reduce 5 to a fraction whose denominator is 9 (the square 
of 3, the denominator of the fraction 1), we have 5=V. 

Now the square root of 45 is greater than 6 and less than 7; 
therefore the square root of ^ is greater than |, and less than|; 
hence |, or 2, is the square root of 5 to within J. 
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To generalize this explanation, let it be required to extract the 

square root of a to within a fraction ~. 

n 

We may write a (Art 127) under the form _, and if we de- 
note the entire part of the square root of an^ by r, the number 
an? will be comprised between r' and (r+1)'; therefore — 

Will be comprised between ^ and ^!!lLLi.; hence the squarei 
»' n? 

root of — will be comprised between - and !i-. 
nr n n 

But the difierence between Z and t^lL. is - , therefore Z rep- 
n n n n 

resents the square root of a to within i. From this we derive 

n 

the following 

Rule fob extbactivo the sqtjabb boot of a whole numbeb 
TO wiTHiK A GIVEN FBACTiOK. — Multiply the given nwmber by 
the square of the denominator of the fraction which determines the 
degree of approximation; extract the square root of this product to 
the nearest unit, and divide the result by the denominator of the 
fraction* 

EXAMPLES FOR PRACTICE. 

1. Find the square root of 3 to within j. Ana. if. 

2. Find the square root of 10 to within \* Ans, 3, 

3. Find the square root of 19 to within \, Ans, 4j. 

4. Find the square root of 30 to within ^^jy. Ans, 5.4. 
6. Find the square root of 75 to within yj^. Atm. 8.66. 
Since the square of 10 is 100, the square of 100, 10000, and 

so on, the number of ciphers in the square of the denominator of 
a decimal fraction, is equal to taoioe the number in the denomina- 
tor itself. Therefore, when the fraction which determines the degree 
of approximation is a dedinai, it is merely necessary to add tioo 
ciphers for each decimal place required; and, after extracting the 
square root, to point off from the right one place of decimals for each 
two ciphers added. 

6. Find the square root of 3 to i^e places of decimals. 

Ans. 1.73205. 
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■II ■* . 

7. Find the square root of 7 to five places of decimak. 

Am. 2.64575. 
3.- Find the square root of 50. Ans, 7.071067+. 

9. Find the square root of 500. Ans. 22. 360679+. 

Art. 181* To find the approximate square root of a fraction. 

1. Let it he required to find the square root of 4 to within 4- 

Now, since the square root of 28 is grreater than 5 and less 
than 6, the square root of f § is greater than f and less than 4* 
therefore $ is the square root of 4 to within less than 4* 

From this it is evident, that if we mulHply (he numerator of a 
fraction hy its denominator, ffien extract the square root cf ike pro^ 
duct to ike nearest unit, and divide the result by ihe denominator, the 
quotient vnU be ihe square root of ihe fraction to within one of Ue 
equal parts, 

2. Find the square root of j^ to within y\-. Ans, y®j. 

3. Find the square root of | J to within y^j. ' Ans, ||. 

4. Find the square root of ^Ji to within j^j^, Ans, ^, 

It is ohvious that any decimal may he written in the form of a 
common fraction, and having its denominator a perfect square, hy 
adding ciphers to hoth terms. Thus .3= j'o= j^q®^; .156=y^^(/y\j, 
and so on. Therefore, the square root of a decimal may he 
found, as in the method of finding the approximate square root of 
a whole number (Art. 180), hy annexing ciphers to the given deci- 
mal, until the number of decimal places shall be equal to double the 
number required in the root. Then, after extracting the root, point- 
ing cff from ihe right ihe required number cf decimal places, 

5. Find the square root of .4 to six places. Ans, .632455+. 

6. Find the square root of .35 to six places. Ans. .5916074-. 
The square root of a whole numher and a decimal may be 

found in the same manner. Thus, the square root of 1.2 is the 
same as the square root of 1.20s=}§§, which, extracted to five 
places, is 1.09544-f-. 

7. Find the square root of 7.532 to five places. 

Ans. 2.74444+. 

When the denominator of a fraction is a perfect square, its 
square root may be found by extracting the square root of the 
numerator to as many places of decimals as are required, and 
dividing the result by the square root of the denominator. 
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Or, by reducing the t^tction to a decimal, and then extracting 
its square root. When the denominator of the fraction is not a 
perfect square, the latter method should be used. 

8. Find the square root of /^ to five places. 
^5=2.23606+, V16=4, V~=^^^^^^==-55901+. 
Or, T«g=.3126, and V.3125=.55901+. 

0. Find the square root of {. An$. .T74596-4-. 

10. Find the square root of 1 J. Ans. 1.11803-f-. 

11. Find the square root of 3§. Ans. 1. 908943+. 

12. Find the square root of ll|. Ans, 3.349958+. 

13. Find the square root of /^j. Ans. 0.646497+. 

14. Find the square root of 17f . Ans, 4.168333+. 



EXTRACTION OF THE GiaUARB ROOT OF ALGEBRAIC 
aUANTITIBS. 

EXTRACnOir OF THE SQTTAEe'rOOT OF H0M0MIAL8. 

Art. 189. From Art. 172, it is evident that to square a 
monomial, we must square its coefficient, and multiply the expo- 
nent of each letter by 2. Thus, 

(3wn')«=3mn2x3»i«»=9mV. 

Therefore ^9m'n*=3i7m'. Hence, we have the following 

Rule for sxTBAcxixa the square root of a honomial. — £b> 
tract the square root of the coefficient and divide the exponent of 
each letter ly 2. 

Since +aX+fl=+«^ — aX— ««=+«^- 

therefore, fJd^=z-\-a, or — a. 

Hence the square root of any positive quantity is either j97u«, 
or minus. This is generally expressed by writing the double 
sign before the square root. Thus, fJAa^=dz2a', which is read 
jiius or mintis 2a, 

If a monomial is negative, the extraction of the square root ia 
impossible, since the square of any quantity, either positive or 
negative, is necessarily positive. Thui t/^9 ^ — a^b^, »J—bj 
are algebraic symbols, which indicate impossible operations. 
Such expressions are termed imaginary qaantiiies. An example 
of their occurrence always arises, in proceeding to find the value 
of the unknown quantity in an equation of the second degree, 
when some absurdity, or impossibility exists in the equation, or 
in the problem from which it was derived. 
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SXA1IPLE8 FOR PRACTIGS. 



1. 16xV. Ans, zfc4a:y». 

2. 25TO»n». Ans, zt^mn. 

3. 36a: V. Ans. d=6a:V. 



4. 81fl26V. Ans, ±:9dbc\ 

5. fn'x^y'z". Ansdtmx'y^z*, 

6. 1024a»i«*i». An». 22abhiK 



»- (?)"-|x|=fr"-»->/r-^=*l'- 

Hence, to^ml the square root of a monomidl firacHofit ex^act ih^ 
square root of hoih terms. 

7. Find the square root of f— . Ans. it— . 

8. Find the square root of ^^1 Ans. :±:?SL, 

25a^b* ^ bab^ 

EXTRACTION OF THE SaUARB ROOT OF FOLTNOBHALS. 

Art. 183* In order to deduce a rule for extracting the square 
root of polynomials, let us first find the relation that exists be- 
tween the several terms of any quantity and its square. 

(a+&)'==a24-2aH-5'=a»+(2fl+6)6. 

(a-{'b+cyz=a^+2ab+b^+2ao+2bc+€^==^^+{2a+b^+i2a 
+2b+c')c. 

ia + b+c + dy=:a^+2ab+b^+2ac+2bo+c^+2ad+2bd+2cd 
+d^=a^+(2a+b)b+(2a+2b+c)c+(2a+2b+2c+d)d. 

Or, by calling the successive terms of a polynomial, r, r', r'\ 
r"\ and so on, we shall have (r-fr'+r"+r"')»=r'+(2r+r')r' 
+(2r+2r'+r>"+(2r+2r'+2r"+r'>'", where the law is 
manifest. 

In this formula, r, r', r", f"', may represent any algebraic quan- 
tities whatever, either integral or fractional, positive or negative. 

This formula gives the following law: 

The square of any polynomial is equal to the square of ffis first 
term — plus twice the first term, plus (he second, multiplied by the 
second — plus twice the first and second terms, plus the third, mutti" 
plied by the third — plus twice the first, second, and third terms, plus 
the fourth, multiplied by the fourth, and so on. Hence, by reversing 
the operation, we have the following 

Rule fob extractino the square boot of a poLYNOBnAL. 

1st. Arrange the polynomial wilh reference to a certain letter; then 
find the first term of the root by extracting the square root of the 
first term of the polynomial; place (he result on the right, and suJh 
tract its square from the given quantity. 
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2nd. Divide the first term of (he remainder by dovik the part of the 
root already found, and annex the restdt to both the root and the 
divisor, MvUifhf the divisor thus increased by the second term 
of the root, and subtract the product from the remainder, 

8rd. DovJbie the terms of the root already found for a partial divisor) 
then divide the first term of the remainder by the first term of the 
divisor, and anTiex the result to both the root and thep<srtial divisor. 
Multiply the divisor thus increased by the third term of the root, 
and subtract the product from the last remainder. Then proceed in 
a similar manner to find the other terms. 

Remark. — If in the course of the operations in any example, we find 
a remainder of which the first term is not exactly divisible by doable 
the first term of the root, we may conclnde that the polynomial is not a 
perfect squarew 

1. Find the square root of 4«y+12a:*y4-9a;^— 30jy*— 20ay» 
+2by^. 
Arranging the polynomials with reference to y, we have 

BOOT. 

25y^— 203gy»+4j?y--30ay^+12a;V+9a: ^|5y»— 2ay— 3a; 
25y^ 



10«2— 2a:y — 20ay»+4a; V 
■'20xy^+4.xY 



10y2_^ay— 3ar — S0ay2+12a:^+9x3 
.-^0ay24-12a;2y4.9a?' 



The square root of the first term is 5y', which we write as the 
first term of the root. We next subtract the square of 5y' from 
the given polynomial, and then divide the first term of the re- 
mainder, — 20xy^, by lOy^, which gives — 2ay, the second term 
of the root. We then place — 2xy in the root and also in the 
divisor, and multiply the divisor, thus increased, by — ^2a:y, and 
subtract the product from the first remainder. We then double 
5y3 — 2xy, the terms of the root already found, for a partial divi- 
sor, and divide the first term, lOy' of the divisor, into --^Ojry', the 
first term of the remainder, which gives — 3a: for the third term 
of the root. Completing the division, multiplying by — 3ar, and 
subtracting, we find there is nothing left. 

Note. — The first remainder consists of all the terms after the 
first subtraction, and the second, of all the terms after the second 
subtraction. It is useless to hring down more terms than have 
corresponding terms in the quantity to be subtracted. 

If the preceding example be arranged according to the powers 
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of X, the root found will be Sa>-f-2xy-^y'. TblB is oorrect, also, 
as may be shown generally, thus, 

^(polynoniial)^=dz(polynoniial). 
Thus, V(«'+2fl«+«>=^/(«+*)'===t(a+«)==»+« ^ — <i-^. 

EXAMPLES rOR PRAOTIOS. 

2. a?>-f6ajsf 9«'. Alu. «+8«. 

3. 16x»— 40ay+25y». Aiu. 4»-^y. 

4. 4x'«»— 12xy«+9y*. Atis. 2«t^-3y. 

5. 49a*»»-«— 42a«'»-*+9«««+». An$. 7«*^»— Qa*"*+». 

6. l+2x+7«»4-6«»+9ar*. Aiu. l+x+S**. 

7. 9a*— 12«»H-34«2*»— 20«6»+25i^ Aiw. 3a^— 2aH-5i'». 

8. ««-|-4«*+10x<+80«»-f25j:2^.24«+16. 

An*. «»+2«»+3jH-*. 

9. 9*'— 6a^4-30w+6a*-hy'— 10yr-.2^+25«'+10z*+/'. 

Am. 3jp— y+S«+<. 
10. «*^2«»+^|+^V ^«'- *'-*+J- 

„ 26a»6> 5flftc» , c< .^ Soft c« 

4 3 ^9 2 3 

12. ^^+2ax+^^j^idb+^. Am. *+|-|. 

13. lOSlx' ^ lj^'^9-|^9x*. An». 7x»-*+3. 



25 5 



14. ^-2+f: 



*' An,.f«* 



15. ?!+??+^!4^+3. An*. ?+^+l. 

16. Reduce the following expression to its simplest form» asd 
extract the square root. 

(a— 6)*— .2(a'+62)(a— *)»+2{a*4-ft*). Am. a^+ft*. 

17. Find the square root of 1 — x^ to five terms. 

Am. l^^-.^-4«ffL« du.. 
2 8 16 128 

18. Find the first five terms of the square roots of x'+a', and 

^^- ^+2'x'- 8x»'l6x» 128:^^+ ^• 

and x-^f^-f^^l^'- &c. 
2x 2x» 8x« 

Art. 1S4« The following remarks |rill be found useful. 

1st. No binomial can be a perfect square: for the square of a 

monomial is a monomial, and the square of a binomial is a tri- 
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nomial. Thus a^-\~h^ is not ft perfect square, but if we add to it, 
or subtract from it, 2ab, it becomes the square of a-\-b or of a--^. 
2nd. In order that a trinomial may be a perfect square, the two 
extreme terms must be perfect squares, and the middle term the 
double product of the square roots of the extreme terms. Hence, 
to find the square root of a trinomial when it is a perfect square, 
extract the square roots of the extreme terms, and unite them by the 
sign plus or minus, according as the second term is plus or minus. 
Thus, fl**"— 4a^+*-|-4a'» is a perfect square, since tja^=z€^, 
^4a*'=2fl{», and -f a*"X— 2d»x2=— 4fl"+«. But 4«2+8ajy+9y> 
is not a perfect square, since ^4x^=s2x, iJ9y^=Qy, and 2xX3y 
X2=12a^, which is not equal to the middle term Sxg, 



III. EXTRACTION OP THE CUBE ROOT. ' 
SZTRACTION 07 THE CUBS ROOT 07 NUUBSRS. 

Art. 185. The cube or third power of a number, is the pro- 
duct arising from taking it three times as a factor. (Art. 172.) 
The cube root, or third root is one of three equal factors into which 
it may be resolved; hence, to extract the cube root of a number, is 
to find a number which, taken three times as a factor, will produce 
the given number. 

Abt. 186« To show th^ relation that exists between the num- 
ber of figures in any given number, and the number of figures in 
its cube root. 
The first ten numbers and their cubes are: 
roots, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 
cubes, 1, 8, 27, 64, 125, 210, 343, 512, 729, 1000. 
The numbers in the second line are the cubes of those in the 
first; and, reciprocally, the numbers in the first line are the cube 
roots of those in the second. We see from this that the cube of 
a number consisting of one place of figures, does not exceed 
three places. 

Again, comparing the numbers 10 and 100 with their cubes, 
we have, 

numbers, 10, 100; 

cubes, 1000, iOOOOOO. 

Since the cube of 10 is i006, and the cube of 99, which is 
less than 100, is less than IOOOOOO; therefore, the cube of a 
number consisting of two places of figures, has more than three 
places and not more than six places of figures. 
12 
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Again, since the cube of 100 is iOOOOOO, and the cube of 
1000 is 1006006006; therefore, the cube of a number consist- 
ing of three places of figures has more than six places, and not 
more than nine places of figures. Therefore, if we begin at thfe 
unit's place of a number, and separate it into periods of three 
places each, the number of periods will show the niunber of places 
of figures in the root. The left period will often contain only 
one or two figures. 

Art. 187. To investigate a rule for the eztraAtion of the cube 
root 

The first step in this investigation is to show the relation that 
exists between any number composed of units and tens, and its 
cube. 

Let Uss the tens and u= the units of a given number. 
Then <-f"W= t^® number, 
and (<-^)>= the cube of the number. 

But (/+w)»=/5+3^a„^3/i*»+tt»=^+(3<'-f3<tt+tt>. 

Hence, the cube of any number consisting cf tens and wnits^ is 
equal to the cube of &e tens, — phis three times (he square of the tens, 
plus throe times the product of the tens and units, plus the square of 
the units, ail three muUiplied by the units. 

With this principle, let us proceed to extract the cube root of 
13824. 

• tu 
13824|24 

8 — 

8/2=1200 1 



Ztu= 240 
«'== 16 



1456 



5824 



5824 



We commence, by separating the number into periods, by 
placing points over the figures in unit's and thousand's places 
and as there are two periods, there will be two figures in the root. 
We find the greatest cube in 13 (thousand), which is 8 (thousand)* 
the cube root of this is 2 (Q; and its cube, 8 (thousand), corres- 
ponds to /* in the formula. 

We then subtract this from the given number, and find a re- 
mainder 5824, which corresponds to (3/'+3fw-|-w')tt in the for- 
mula. The first term, 3/^ of this formula, is sometimes termed 
the trial divisor, as it is used to find the unit's figure u. 

If the remaining terms were only ^i^u, we could readily find tf 
by dividing by Zt^, but if we divide by 3/^, we may obtain a figure 
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too large, on accooat of omitting the terms Siu^u\ of which u 
is M yet unknown. But if we first obtain a figure too large, at a 
second trial we must take one th^t is less. 

Since the square of tens is hundreds, therefore, in using three 
limes the square of the ten's figure as a trial divisor, we must 
omit the figures (24) in the unit's and ten's places of the 
dividend. 

In this ease we find 12 is contained in 58 four times. This 
gives 4 (ii) for the required unit's figure, and we now proceed to 
complete the divisor by first adding to 31', three times the pro- 
duct of the tens by the units (fitu), and writing the product in 
ten's place, since the product of tens by units gives a pro- 
duct of tens. We next write the square of the unit's figure 
(«^, and then taking the sum, find the complete divisor 1456, 
which corresponds to ^t^+2tU'{-u^. Multiply this by 4 (u) 
the product is 5824, which subtracted from the first remain- 
der leaves zero (0), and shows that 24 is the exact cube root 
required. 

In cubing the tens, it is customary to omit the ciphers; but in 
taking three times the square of the tens, also in taking three 
times the product of the tens by the units, it is best to write 
ciphers in the vacant orders. 

2. Let it be required to find the cube root of 44361864. 

. . , hiu 
44361864 1354 

27 

8A»»2700 



3A/= 450 
/'= 25 

3175 



17361 
15875 



3(^0'=367500 

3(A+0u=s 4200 

tt3= 16 



371716 



1486864 
1486864 



After separating the number into periods, we find the cube root 
(35) of 44361 on the sam^ principles aa in the preceding example. 
Then considering 35 (10A-|-*0 as so many tens, we find the unit's 
figure (4), as in the preceding example. 

In dividing by the trial divisor 27, to find the second figure (5), 
we first obtain 6, but as this is found by trial to be too large, we 
take a less number. 
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From the preceding we derive th« following 

RVZ.E FOR THE EXTRACTION OF THE CUBE ROOT OF RTrMBERS.— 

iBt. Separate the given number into periods of three piaces each, legii^ 
ning at ike uniVe place, (The left period will often contain but 
one or two figares.) 

2nd. Fini the greatest cube in ike left period, and place its root on 
the right, as in division. Subtract the cube of the root from the 
left period, and to the remainder bring down the next period for a 
dividend, 

drd. Square the root oiready found, and mfuUiply it byZ for a trial 
divisor. Find how many times (hi^ divisor is contained in the 
dividend, omitting the uniVs and ten's figures, and write the result 
in the root. Add together, the trial divisor with two ciphers an* 
nexed; three times the product of the last figure of the root by the 
rest, ujith one cipher tmnexed; and the square of the last figure; the 
sum wUl be the complete divisor. 

4th. Multiply the complete divisor by the last figure of the root, and 
subtract the product from the dividend, and to the remainder bring 
down the next period for a new dividend, and so proceed untU all the 
periods are brought down. 
Extract the cube root of the following numbers. 



3. 


12167. 


Ans. 23. 


9. 


127263527. Ans. 503. 


4. 


39304. 


Ans. 84. 


10. 


403583419. Ans. 739. 


5. 


493039. 


Ans. 79. 


11. 


1883652875. 


6. 


2097152. 


Ans. 128. 




Ans. 1235. 


7. 


14348907. 


Ans. 243. 


12. 


158252632929. 


8. 


43614208. 


Ans. 352. 




Ans. 5409. 



Since a fraction is cubed by cubing its numerator and denomi- 
nator, therefore, the cube root of a fraction may be found by ex- 
tracting the cube root of both terms, the fraction being in its 
lowest terms before commencing the operation, for reasons similar 
to those given in Art 177, 

13. Find the cube root of -^g, Ans. J. 

14. Find the cube root of ^Vf^* -^^* 4* 
Art. 1§8. A number whose cube root can be exactly ascer- 
tained is B. perfect cube. Thus, 8,27, 64, &c., are perfect cubes. 
These numbers, like perfect squares, are comparatively few. 

A number whose cube root cannot be exactly ascertained is 
iormed an imperfect cube. Thus, 2, 3, 4, &c., are imperfect cubes. 

It may be shown, by a course of reasoning precisely similar to 
that employed in Art. 179, that the cube root of an imperfect cube 
cannot be a fraction. 
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APP&OXIHATB CUBB ROOTB. 

Art. 189. To illustrate the method of finding^ the approzi* 
mate cube root of an imperfect cube, let it be required to find the 
cube root of 6 to within |. 

Reducing 6 to a fraction whose denominator is 64 (the cube of 
4 the denominator of the fraction ^)» we haye 6=s^^, 

Now the cube root of 384 is greater than 7 and lesa than 8; 
therefore the cube root of Vi^ ^^ greater than | and lees than f ; 
hence J is the cube root of 6 to within less than ^« 

To generalize this method, lei it be required to extract the 

cube root of a number a, to within a fraction -. 

n 

Let r be the root oi the greatest cube contained in an*; then 
f!L is comprised between __ and xZL-J^; hence its enbe root is 

comprised between - and !^jt.; and since the difference of these 
n n 

fractions is -, therefore I is the cube root of a to within i. 
n n n 

From this we derive the following 

Rule fob extractivg the cxtbe root of a whole htjbiber to 
wTTHiir A giver fractior. — MtHUpty the given number by ike 
cube of ike denominator of ihefreKiion tohich determines the degree 
ef approximation; extract the cube root of Ihie product to the ntareH 
unity and divide the resuU by the denominator of thefradtvm. 

2. Find the cube root of 5 to within \. Ane. 1|. 

3. Find the cube root of 10 to within |. , Ans. 2^. 

Since the cube of 10 is 1000, the cube of 100, 1000000, and 
so on, the number of ciphers in the cube of the denominator of 
a decimal fraction, is equal to three times the number in the de- 
nominator itself. Therefore, when the fraction ukiek determines 
the degree of approximation is a decimal, it is merefy necessary to 
add three ciphers for each decimal place required; and f^ter extracting 
the root, to point cff from the right one piaoe of decimals for each 
three ciphers added, 

4. Find the cube root of 2 to five places. Ans, 1.25902. 

5. Find the cube root of 9 to five places. Ans. 2.08008. 

6. Find the cube root of 37 to six places. Ans. 8.832222. 
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Bj adding ciphers to both terint» any decimal may be written 
in the form of a fraction, having its denominator a perfect cube; 
thtte» .2si/^, .25sbtViJ^> «&(} oo on. Therefore the cube root 
may be found, as in the preceding examples, by annexing ciphers 
to Ute given <2ecuRa2, untU (he number cf decimal places shall be equal 
to ihres times the number of decimal places required in Vie root, 
Then^ after extracting the root, pointing of from Vne right (Ae rtquirei 
wuaK^iier ef deeimat jlaees* 

7. Find the cube root of .4 to Ibur places. Ans. .7968. 

6. Find the cube root of .25 to five places. Ans, .62996. 

The cube root of a whole number and a decimal may be found 
in the same manner. Thus, the cube root of 6.4, is the same as 
the cube root of f^S}, which is 1.85663+. 

9. Find the cube root of 12.5 to &9e places. Ans. 2.82079. 
10. Find the cube root of 34.8 to six places. Ans, 3.249112. 

To find the cube root of a fraction or a mixed number, reduce 
the fraction to a decimal, and then proceed as in the preceding 
examples. 

11. Find the cube root of {. Ans, ^2207+. 

12. Find the cube root of b\%\. Ans, 1.816+. 
18. Divide the cube root of ^V/^'^g* by the square root of the 

square root of 8.3521. Ans, .25. 

14. Add together the cube roots of .059319 and 4.173281; 
and multiply the sum by the square root of 105 yV* ^ns. 20 .5. 

■XTftAcnoir or thb cdbs eoot of algebraic auAmrrmss. 

SXTBACTIOH Of TBE CUBS BOOT OF MONOMIALS. 

Art. 190. If we cube a m<MDomial, for example, 2ax\ we 
have ^ 

(2«p2)»=s2sa?2x2iw?«X2«c»«2»a»a:ax»--8ii»ar«. 

That is, to cube a monomial, we must cube the coefficient, and 
multiply the exponent of each letter by 8. Hence, by a converse 
operation we have the following 

&ULB FOR BXTRACTIBO tSB CtTBE BOOT OP A MOKOMIAL. — ExtrOCt 

^ cube root of &e coefficient, and divide the exponent of eath 
kUerbyS. 

Find the cube root of each of the following monomials. 



1. 8a!»««. 


Am. 2a»^ 


4. 


— 64«»m». 


Ans, —^am^. 


2. 27af«y" 


Ans, 3a:V. 


5. 


a^^ug^. 


Ans, a«^*a?2. 


3. — 8a^ 


Ans. --2a». 


6. 


"<C^t^. 


An*. — >x«282 
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Hence, to /«rf «?i« cttJc rort of a monomial fraction, exiraet ihe 
cube root of loth terms, 

7, Find the cube root of ^^. • Aw. — 

8. Find the cube root of — £1?^-.. Afu. — -*S!' 

126iii»n« 6iiin«' 

XmACTIOH or TKS CUBB boot op fOLTVOnAUL 

Akt. 191. To investigate a rule for extracting the cube root 
of polynomials. 

Let us first examine the relation that exists between a poly- 
nomial and its cube. 

(a + 6 + c)»=K« + i) + c}> = (a+&)»+{3(a+6)»+3(a+5)c 

\3(a+b+cy^(a+b+c)d+d^ld. 

Hence, the cube of a polynomial is formed according to the 
following law : 

The cube of a potynomial is eqttal to the cube of the first term — 
plus three times the square of the first term, ptas three times the pro* 
duct of the first term by the second, plus the square of the sectmd, ofi 
three multiplied by the second — pius three times the square of the first 
two terms, plus three times the product of the first two terms by the 
third, plus the square of the third, all three multiplied by the thirdf 
itndsoon. 

From this law, by revising the process, we derire the fol* 
lowing 

Rule fob the extractioh op the cube boot op a poltbo- 
MiAL. — 1st Arrange the polynomial with reference to a certain 
letter. Extract the cube root of the first term, this witt give the first 
term of the root, and subtract its cube from the given polynomial, 

2nd. Take three times the square of the first term of the root, and caU 
it a trial divisor for finding each of the remaining terms of t?te 
root. Find how often the trial divisor is contained in the first term 
of the remainder, this wiU give the second term of the root. Then 
form a complete divisor by adding together three, times the square of 
the first term of the root, plus three times the product of the first term by 
the second, plus the square of the second. Multiply these by the 
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geamd term of (he root and subtract ihe prodwi from the first 
remainder. 

8rd. Affain fnd haw often the triid divisor is contamtdAn ike first 
term of ihe remainder y ihis wiU give ihe ihird term of ihe root. 
Then form a comjpiete divisor as Ufore, hy adding together three 
times ihe square of the first and second terms, jius three times ihe 
product of the first and second terms hg ihe ihird, fius ihe square 
of the Odrd. Multiply ihese hy ihe ihird term qf ihe root and sub- 
tract ihe product from ihe last remainder. 

4th. Continue ihis process UUaU the terms of the rooi are found. 

Xq^OTB. The remainder in each case, is all the terau left after each 

anbtraction. 

1. Find the cube root of ar»— 6ar»+12a:*+3aV— 8aj»— 12tfV 

x» |a:^— 2j;+a» 

8*^— 6x»+4x')— 6ar»+12a:*— 8x» 

" — 6x»4-12a?*— 8a:» 

8ar<— 12a:»-4-12x'-f3a2a:2— 6a2x+a*)+3aV— 12fl»j:«+12a»a?' 

— ^ 4-3a<«'— «a*ar+a«. 



4-3aV— 12a'x»+12aV 



To bring the work within the page, the la»t 
Tvmahider and subtrahend are each written in 
two lines. 

We first extract the cube root of «•, which gives a?' for the 
first term of the required root. Then 3 times the square of this, 
8(x^^=8x', constitutes the triaH divisor for finding the remaining 
terms. To find the second term of the root we divide Sx^ into 
6a:*, the first tdtm of the remainder, which gives — 2x, the sec- 
ond term of the root We then form the complete divisor by 
adding together 8(x2)a+8(xX— 2a?)4-(— 2a?)a=3x<— 6a:»44x'. 
Multiplying this by the second term, — ^2x, and subtracting the pro- 
duct from the first remainder, the .first term of the second remain- 
der is +3a'x*, which, divided by the trial divisor, gives +«', for 
the third term of the root. We next find the complete divisor by 
adding together 3(x'— 2x)2 + 3(x2— 2x>i2 + (a2)»=3x<— 12x» 
4-12x'+3a2x2— ^a'x+a*. Multiplying this by a' and subtract- 
ing, there is no remainder ; hence the root obtained is exact, 
"^ind the cube wot 

2. Of a^+2Aa^b+l92ab^+6l2bK Ans, a+Sb. 

8. Of 8a'— 84tf2af4.294ax2— 343x». Ans, 2a^'7x, 

4. Of fl«— ^a'+15a^— 20ff«+15fl3--6a+l. 

Ans. a2— .2<H-1. 
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5. Of ««— 9«»+894P«— ^9a?»+166«'— 144«+e4. 

Ans. a'— 3»+4. 
e. Of (a+l)«"a:»— 6ca»'(fl+iy-»»+12c'a^a+l)'»»-8c»tf*' 

7. Fiad the first three teriiMi of tiift ctdbe voot of I— «• 

IV. SXTBACTION OF THE FOUETH BOOT| SIXTH 

ROOT, h'" root, Ac, 

Abt. 199* The fourth root of a number ie one of four tfful 
(actors, into which the number may be resolved ; and in general, 
the n^ root of a number is one of the n equal factors into which 
the number may be resolved. 

When the degree of the root to be extracted is a multiple of 
two or more numbers, «i 4, G, &^., the root eon ts otiaimi bjf er- 
tracting the roots of more nmpk degrees. 

To explain this we remark, that 

and in general 

Hence, the n^ power of ihe m*^ power of a ntmber, is equal to 
the mn^ power of ike nurnber. 

Reciprocally, (he mn<^ rooi of « wumibert isr opd Ifttkeie/^ rooi 
of tkexsL^ root of thai nvmber ; that is 

To prove this, let 'ij'i/a^a' ; 

raising both members to the n^ power, we have 

and by raising both members of the last equation to the m^ 
power, ii:±=a'«» ; 

extracting the mn^ root of both members. 

But, by supposition "Sj^/asst^ ; 

therefore, •«/a=VVSl 

ft may be proved similarly, that ^^fe^lf/zja. 

From this it follows tfast V^Nf V^ >nd H/SmyJ ^iShor 

yl/al in like manasr i/amet\l\J Ja^$snd sis on. 
18 
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ftxAXPXtXs ran praotics. 

1. Find the 4th root of 65536. Ans. 16. 

2. Find the 4th root of 1500625. Ans. 35. 

3. Find the 4th root of 13107.9601. Afu. 10*7. 

4. Find tiie 6th root of 2965984. Ans. 12^ 

5. Find the 6th root of 11390625. Ans. 15. 

6. Find the 8th root of 214358881. Ans. 11. 

7. Find the 4th root of 81a<a:». Ans. 3ax*. 

8. Find the 4ih root of 1?^. An*. ^ 

9. Find the4ih root of ii«-|-4a»te+6a*6V+4a2>»«»H-^*«<. 

Ans. o-f &r. 

10. Find the 4th root of ^+!5!+l!?+!^+6. Ans. f+S. 

y* y' a?* «" y « 

11. Find the 4th root of ««--4«»+10»*— 16«a+19— ^+li 

a?' jp* 

12. Find the 6th root of «*+^— « ( o*+\ ) +15 ( «'+^ ) 

—20. 1 

An*. <^— -. 
• a 

Art. 19S« It has been shown ahready (Arts. 182, 183,) that 
the square root of a monomial, or a polynomial, may be preceded 
either by the sign +* or — ; we shall now explain the law in 
regard to the roots generally. 

If we take the snccessive powers of -j-^* we have 

+a, -fa', +«», +aS 

^e successive powers of — a, are 

From this we see that every even power is positive, and that an 
odd power has the same sign as the root. 

In general, let n be any whole number, then every power of 
an even degree, as 2n, may be considered as the n*^ power of 
the square, that is, a'*»=(a2)». 

Hence, every power of an even degree is esseniidUy jtosiUvet 
vheHier Hie quantity itsdf he positive or negative. 

Thus, (di3«)^s=-f81a< ;(d:^2»2)»s=+646". 

Again, as every power of an odd degree (2»-|-l) is the product 
of a power of an even degree, 2n, by the first power, it fbllowi, 
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that every povxr of an uneoen degree of a manomial has ihe same 
sign as the monomial itself 

Thug, (4-2a)»=+8aS (— 2<i)»=— 8ii'. 
Hence, it is evident^ 

1st. That every odd root of a monomial must hive ^ same sign 
as the monomial itself. 

Thus, V+8a»=+2a, ^^^So^sz— 2tf, «/— 32a"=— 2a». 
2nd. That an even root (^ a positive monomial may he either posi- 
Uve or negative. 

Thus, X/BUW=:do^ab\ V^4i*^=fc^«*- 

3rd. That every even root of a negative monomicd is impossible ; 
since no quantity raised to a power of an eyen degree can give 
jBi negative result. Thus, jj — a*, Ij — 6, •/ — c, are symbols of 
operations which cannot be performed. They are imaginary 
expressions like 4 — a, V"^» (Art. 182.) 

TO EXTRACT THE n'° ROOT OF A MONOMIAL. 

Art. 194. In raising any monomial to the n^ power accord- 
ing to the rule, Art. 172, it is obvious that the process consists 
in raising the numeral coefficient to the n^ power, and multiply- 
ing the exponent of each letter by n,thuB, (2a26^)»=2a2&*x2a'6* 
X2fl2i4=23a2x»i4x«=8a«i>i^ 

Hence, conversely, to find the n^ root oi a monomial. 
Extract (he n^ root of the coefficient, and divide the exponent of 
each letter by n. 

RxHAKK.-— In the loUowing examples, the pupil is expected to find 
the root of the numeral coefficient by inspection, as we have given no 
rules for extracting the 5th, 7th, &c., roots of numbers. Indeed, in the 
present state of science such rules are useless, for when the operations 
are required they are readily performed by means of Logarithins* 

1. Find the 5th root of —52a**". Ans. --Qax*. 

2. Find the 6th root of 729ft«c". Ans. di36c». 

3. Find the 7th root of 128ary ^ Ans. 2ay». 

4. Find the 8th root of 6561 a^Ji*. Ans. ±^ab\ 

5. Find the 9th root of — 512a;V8. Ans. — 2a»a. 

6. Find the 10th root of 1024b^^z*^. Ans. zfc2te». 

7. Find the m» root of ab^d^, Ans. ya.hcf. 

8. Extract ya^*W». Ans. a*b(^. 
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V. RADICAL QUANTITIES. 

NoTK.— These quantities are generally called wrdi by English writers ; 
while the French more properly term them radieaU, from thA Latin 
word radix, a root, because they express the roott of quantities. The 
Germans also distinguish them by a synonymous term» irarMi grdaun, 
{fwjt quantitiU), 

Abt. 195* A rational guaniity is one either not affected by the 
radical sign, or of which the root indicated ean be exactly ascer- 
tained ; thus, 2t a, tJ4, aad f/S are ratknal qoaBtitiea. 

A radical quurdity is one of which the root indicaited canaot be 
exactly expressed in iHimbef s ; thus, J^ is a radical ; its vahia is 
2.23606797 nearly. 

Radicals are frequently called irrational quaniiUes, or surds. 

Abt. 19^ From Art. 193 it is evident that when a monomial 
is a perfect power of the n*^ degree, its numeral coefficient is a 
perfect power of that degree, and the exponent of each letter is 
divisible by n. Thus Aa^ is a perfect square, and 8a* is a per- 
fect cube ; but^6a> is not a perfect square, because 6 is not a per- 
fect square, and 3 is not divisible by 2 ; also, 8a^ is not a perfect 
cube, for, although 8 is a perfect cube« the exponent 4 is not 
divisible by 3. 

In extracting any root, when the exact diviuon of the expo- 
nent cannot be performed, it mi^ be indicated by writing the 
divisor under it in the form of a fraction. Thus, Jti^ may be 
written a*, and l/a* may be written a' ; and in generd the n^ 
root of tbe m** root of \ any quantity, is expressed either by Ija^, 

m 

or a». 
Since a ie the same as a^ (Art. |9)9^Ute square root of a may 

be expressed thus,i a* ; the cube root thus, a' ; and the n^ root 

thus, a^. Hence» fL» following expressiona are to berc<»sidered 
equivalent ; 

tja and a*> 

l/a and a', 

Ija and a**. 

Also, l/a^ and a», 

!;/5» and t^' 
From this we see, that ike numerator of ihe fracttcntd exponent 
denotes the power of ihe quantity, and ihe detuminaior ihe root qfihat 
power te he exir acted. 



RADICALS. 149 



AsY. 19y« Theossh. AiMf qttantitg tffecUd wUh a fractional 
exponent, may he iransfBrred fiwn (me term o^ a fraction to the other, 
iff at the same time, the sign of its exponent he changed. This pro- 
position has already been established (Art. 81} when the ex- 
ponent is integral ; we will now prove it when the exponent is 
fractional. 

Let it be required to extract the cube root of --3, and of its 
equivalent a~^. 
To extract the cube root of a fraction, we extract the cube root 

of each term (Art. 190), hence, m Ia^^» But, to extract th« 

cube root of tr^ we must divide the exponent — 2 by 3 (Art. 
194), hence, 

Similarly, — =flr*". 
a™ 

Sxtractlng the n^ root of each side, 

^" which establishes the theorem. 

Abt. 1M. The quantity which standi before the radical sign 
is called the coegvdeni of the radical. Thus, in the expressions 
ajh, and 2^c, the quantities a and 2 are called coefficients. 

Radicals are said to be of the same degree when they have the 

same index ; thus, «* and 5*, or ^o^and XJ^, are of the same 
degree. 

Similar radicals are those which have the same index, and the 
same quantity under the radical sign ; thus, aJZ and Ctjh are 
similar radicals ; so, also, are 31^ a^ and bfJaK 

BBDUCTION OF RADICALS 

Case I. — To reduce radicals to thek most simple form* 

Art. 199. Reduction of radicals consists In changing the form 
of the quantities, without altering their value. Reduction of 
radicals of the second degree is founded on the following prin- 
ciple : 
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The square root of theproduet of two or more factors is equal to 
the product of the square roots of those factors : 

That is, iJab=tJaXtJb '» which is thus proved ; 

And ( VaX V*)^(a/«X V*)X(VaX Jhy^^Ja xJ^X 

Hence, ijah and tja»jb, are equal to each other ; since the 
square of each is equal to ab. 



By this principle, ^36=^4X9=2x3; ^144=^9x16 
=3X4. 

Any radical of the second degree can he reduced to a more 
simple f6rm when it can he separated into factors, one of which 
is a perfect square. 

Thus, V§=J4X2=V4X V2=2V2. 
^m^n*=itJm*n^Xfnn=Jin*n^X jjmn^=^m^jmn, 
J28fl»c^=V4aVx'7fl=V455^'X sjla=x2ac»Jla. 
Hence, we have the following 

Rule fob thb beduction of a badical of tbb secokb segbee 
TO ITS SIMPLEST FOBM. Ist Separate the quantity to be reduced, 
into two parts, one of which shall contain aU (he factors that are 
perfect squares, and the other the remaining factors. 

2nd. Extract the square root of the part that is a perfect square, end 

pr^ it as a coefficient to the other pari placed under ilie radiad 

sign* 

To determine if any quantity contains a numeral factor that is 
a perfect square, ascertain if it is divisible by either of the per-» 
feet squares 4, 9, 16, 25, 36, 49,64, 81, 100, 121, 144, &c. If 
not thus divisible, it contains no . factor that is a perfect square, 
and the numeral factor cannot be reduced. 

Reduce to their simplest forms, the radicals in each of the fol« 
lowing 

EXAMPI.ES FOR PRACTICE. 



1. V12, V18, V45, V32, V60«», ^72a2i». 

Ans. 2J\ Zj2, 3 J5, 4^2, 5a^2i, eabj2b. 

2. 4^/245, ^"448, V^IO. V50W?, jTsOb^^T^. 

Ans TjS, Sjl, 9V10, nbcjTb, IQa^bJd. 
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III a similar manner polynomials may sometimes be simplified. 
Thus, 



V(3^'— 6a2c4-8ac2) =,^3a(a2— 2ac+c')=(a— <;)V3«. 



8. ^(^a^—a^b), Jax^-^ax+9a, V(«^-^»)(x+y). 



Am. ajiar^)y («-8) V«. («+y)V(»— y)r 

To reduce a fractional radical to its most simple form by the 
aame principle : Render the denominator of the fraction a per- 
fect square by multiplying or dividing both terms by the same 
quantity. Then separate the fraction into two factors, one of 
which is a perfect square. Extract the square root of this fac- 
tor, and write it as a coefficient to the other fkctor placed untfer 
the radical sign, 

4. Reduce ^^ |, and J^, to their simplest forms* 
S- -Jh -Jh Vif. «*/t»5. 80VV\,. 18,/ife. 

Am. yl. y\ y% Jz, s^so, j^io. 

Am. yv, ivTsSTg^^. jX_(6.»)* 

Art. 9<NI* To reduce radicals of any degree to the most dm- 
ple form. 

The principle of Art. 199 may be generalized thus : 

The jif' root of the prodtict of two or more fadors, t$ eqad to th$ 
^odvct of the n" roots of those factors. 

That is, :iJab=:%foXyi ; which is thus proved : 

and (V«XV^)"=(Vfl)"X(V^)"=«&. 

Since the n^* power of these expressions are equal, the quanti- 
ties themselves are equal, that is. 
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1. Reduce X/Ei to its most simple form. 

V54= V27X2= V27X V2=3 15/2. 
Similarly, l^=V|xI><l==*/il=?/^><l3=J^- 
Hence, for the simplificatioo of monomial radicals, we have the 
foUowingf 

GwEBAX. nvhz,-^ Separate the quantity into two fadon, one of 
which 18 a perfect power of the given degree ; exira/U its root and 
pr^ the restdl ae a coefficient to the other factor placed under the 
radical sign. 

Eedoee the radicals in esch of the following examples to the 
most simple form : 



^ns. 2lfb, 2€ib%IV5^, ZciJJc, 4a«cV2?, 3iimV6^». 
3. V320, V280g, V?P, V82, H/l44, VT58. 

Aw. 4^5, %%/n, ekijl?. 2V^, 2^9, ^V?. 

4. vl vT VI. vl, iJh v7s' 

Ans. 4V4, iV9» 4V3^, iVi5, ^v^, 4V^. 

5. t/l82, t/768, VT250, ^3888. 

All*. 3V2, 4^/31 5V2, 6^/3. 
fi. ijel?, ijJzi^, V48m«»S s/|. 

An». 2tf </4a, 2a6V5aS«, 2in»ft^/3n, |V54- 

7. V84, V725?, j{/i, •/f, vj: 

Ave. 2^2, 3fl«/3a, JV^^, 1 V^SS, J V768. 

Art. !^01. Since the mn*^ root of a is equal to the w* root of 
the n** root, or the «* root of the m* root (Art 192), therefore the 
mn^ root of any algebraic expression may be simplified when it 
is a complete power of th^ m* or n* degree. 

Thus, i/dd^^yl »J9d^J3a. 

Also, n/a3— 2fl6+6»==VV«^2aH-6»=:V^i=3. 

^ «/-z « 

In general, "Va^= V y d»=V«. 
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Rotiace each of the followixig radicals to its most sinple form : 



1. iJ96ah^, USlm^n\ i/2da*b', U^aK 

Ans, J^acy Zntjn, a^/Sb, ifSa, 

2. ^/16flV, ^/27a», %Jl2b9, ifSi^K 

Ans. %fAa^, 4^ 3a, J§b,2^'a. 

Cask II. To reduce a rational quantity to the form of a rad- 
ical. 

Art. IMIS. — If we square a, and then extract the square root 
of the square, the result is evidently a ; that is, as=Ja^=za*' 

In like manner the cuhe root of the cube of a, in a; that is. 

Genially, ass^ar^zzza?^' ^ 

Hence, to reduce a rational quantity to the form of a radical of 
any degree, we have the following 
Rttle. — Raue the quantity to a power corresponding to (he given 

root, and wite U under Me radiaU npnT 

EXAMPLES, 

1. Reduce 6 to .the form of the square root. Ans. ,JZ6. 

2. Reduce 2 to the form of the cube root. Ans. %/S. 

3. Reduce Zax to the form of the square root. Ans. Jda^ay*. 

4. Reduce — 3a to the form-' of the cube root. 

Ans. U^^^^rU\ or (— 27a')i* 

5. Reduce m — n to the form of the square root. 

Ans. ^m^ — ^2i7in-f-n'. 

By the saioe principle the coefficient of a radical may be passed 
under the radical sign. 

Thus, 2jl—jTx V'3=>/12. 

So, also, ajh=^tja^y,jh=itja^. 

Generally a'j;/i='^^'5"X A/fc^A/^ 

6. Express 3^76 entirely under the radical sign. Ans. .JbA^^ 
7« Express b»Jly and a^^hy entirely under the radical sign. 

Ans. iJVtbt and ,Ja*b. 
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8. Pass the coefficient of the qaantily 2fjEf under the radical 
sign. Am. iJ4S, 

-Case III. — ^To reduce radicals having different indices to equiva* 
lent radicals having a common index. 

Aet. a08. Since •!;/a='"V^ (-^^ ^^2), or a^:i=4^ (Art. 
118) ; therefore, we may mvUiply the index if a radical by any 
number, provided we elevate the quantity under the ngn to a power of 
the same degree denoted by the radicaL This is really only multi* 
plying both terms of the fractional exponent by the same num* 
ber, which does not change its value. (Art. 118.) 

Let it be required to reduce l/2a, and X/Zb, or (2a)^ and (3^)^ 
to quantities of equal value, having the same index. 

Reducing the fractional exponents to the same denominator, we 

have |=y*2, and»=^^ ; hence, (2a)* =(2a)*, or >V^^» "^ 

(36)i=(35)A, or 'VW- 
Hence, we have the following 

Rule. — Redtux the fractional exponmU to a eommtm denommator ; 
ihen the numerator of each fraction will represent the power to which 
the corresponding quantity is to be raised, and the common denom^ 
inator the index of the root to be extracted. 

EXAMPLES FOR PRACTICE. 

1. Reduce ^^3 and 1/2, or 3* and 2^, to a common index. 

Ans. Uln and 1/1, or 27* and 4*. 

2. Reduce 1^5 and ^4 to a common index. 

Ans. V2d, and tj^ 
8. Reduce a^ and 5> to a common index. Ans. ^Ja* and ^Jb* 

4. Reduce ijal l/Sb, and X/6c, to a common index. 

An^. ^*Jaf^, ^*J62SP, and «72l6?. 

5. Reduce J^, fjt?, and ijl^ to a common index. 

Ans. 'l/a^, ^U'ifl, and »V«*- 

6. Reduce 3', 2*, and 5* to a common index. 

Ans. Z^^, 2 A, and 5^», or »i/666i, '\Jbn, and ^15625 
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ADDITION AVD SUBTRACTION OF RADICALS. 

Art. 304. Let it be required to find the sum of Zl/a, and 

It is evident that 3 times and 5 times any quantity whatever, 
must make @ times that quantity ; therefore, 

But, if it were required to find the sum of 2Ja and 5^a, since 
the square root of a and the cube root of a are different quantities, 
we cannot add them together and call them by the same name. 
Therefore, we can only indicate their addition ; thus, 

3^0+5 J/«. 

From this we see that to add similar radicals we must find the 
sum of their coefficients, and place it before the common radical, 
and that to add radicals which are not similar, they must be con- 
nected by their proper signs. 

Radicals that are not similar may often be rendered similar ; 

thus, Jli and ^27 are equal to 2^3 and 3^3, and their sum 

is 5^3*. 

It is evident that the subtraction of radicals may be performed 
in the same manner as addition, except that the signs of the sub- 
trahend must be changed. (Art. 44.) 

From the preceding we derive the following 

Rule for the AnniTioir of radicals. — 1st. Reduce the radicals 
to their simplest forms, 

2nd. If the radicals are similar, find (he sum of their coeffideats and 
prefix it to (he common radical; but if they are not similar, connect 
ihem hy their proper signs. 

Rule for the subtractioit of radicals.^ CJUm^ the sign of 
the subtrahend and proceed as in addition of radicals. 

EXAMPLES FOR PRACTICE. 

1. Find the sum of ^448 and Jil2. Ans. 12^7". 

2. Find the sum of 5/24 and %f8i. Ans. 55/3. 
8. Find the sum of V48 and ^162. Ans. 6^. 
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4. Find the Bum of ^IQa^b^ and ^dOa^b'. 

Ana. i9a^b+dab)j2Sf. 
6. Subtract jTSO from ^405. Am. 8^6, 

6. Subtract j^40 from V^^- Asa. l/E. 

Perform the operations indicated in each of the following ex- 
amples : 

7. V243+V27+V48. An*. 16^3. 

8. V24+V54— J96, Ans. JQ. 

9. ^128— 2V50+V^— -s/TS. An*. ^2. 

10. 2^8— 7^18+5 V^—V^- Atu.ej2. 

11. V^[8Sa-fdV^+V3a(a— 96J». An*, a^^tf. 

12. 2 Vl+J V^+ Vl5+^/{. An*, y V15. 

13. y 128— 9/686— y 16+4 V250. Ans. 15^2. 

14. 2 yT+sy^. An*. 3^2. 

15. 7S/54+3 «/16+J5/2— 5 Vi§8. An*. 8^2. 
16.6 !jT^+2 V2i+V8?. An*. 9 l/2a. 

17. 3VI+7V|J-V54. An*. ^i^V«* 

18. 2V3— ^^12+4^27— 2^7r. An*. 2«V3. 

19. j/40— 1^320+9/135. An*. 3V5. 

20. Vl^+V81— V^^^^^^i2+J/l92— 7V9. Ant. 10. 

21. 8(|)*+i Xl2t-|x27*-2(y«5)*. An*, i J3. 

22. &(8a»6)*+4tf(fl«60*— (125fl«6*)*. An*. fl»i*. 

23. ^~+i V(«»fr-4a'6'+4ai»)- A"*- ^ V3. 

MULTIPLICATIOK AND DIVISION OF RADICALS. 

Art. 905. The rule for the multiplication of radicals is founded 
on the principle (Art. 200) that the product of the n*^ root of two 
or nwr* qtumtiHes,is equal to the n*^ root of their product ; that Is, 

ytfxyi=*;/^. 
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Hence, (Art. 63), aJ^bXcyd^aXeXVhxV^^^i^V^' 

The rule for diyision is fouzxled on the principle that the quo^ 
tient of the r^ roots of two qnantUies is equal to the j^ root of Aeir 
guotierU ; that is, 



EL3=:ll^i which la thus proved. 
If we raise ^.-r to the ji* power, we have 

and if we raise ?/f to the n^ power, we have 

Since the same powers of the two quantities are equal, we in- 
fer that the quantities themselves are equal ; that is. 






Hence, acJU^J^'^'J^-'^J^^Jd. 

Therefore, we have the following 

Rules for tee MtTLTiPLXCATioir ahd mvisioN or badicals.— • 
I. If the radicals have different indices, reduce them to the same 



II. To MuLTiFLT. — MuUiji^ the coefficients together for the coeffi. 
cient of the product, and also the parts under the radicd for the 
radical part of the product. 

III. To Divide.— Dzvufe the coeffident ef the ^vidend 5y Ae eoeffi- 
dent of the divisor for the coefficient of the qu4>ttent, and the radical 
part of the dividend by the radical part of Me divisor for the radi^ 
cat pari of the quotient. 

EXAMPLES FOR PRAOTXGS. 

1 . Multiply 2 JH hy 8a^5c. 

2^X8a7aS5«:2x3tfJfl5X«ftc^«V«^*^^ 
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2. Divide AajUhy 2 jj'ac. 

3. Multiply 2^3 by 3^. 

2V3=:2V3^; 3V2=3V2« 
2 V3»X3 V2*==2 X3 V3'X2»=6 ^72. 

4. Divide 6^2" by 3 V2. 

6^2=6 J5/2«=6V8 
3V2==3V2^^V4i. 



^*'®-SVl=2l/2. 




6. Multiply 8^12 by 5^18. 


Aim. 90^6. 


6. Multiply 49/12 by 39/4. 


Ans. 249/6. 


7. Multiply »yi8 by 7V15. 


Ans. 7 ylO. 


8. Multiply togetiier 5^, T^f, and iJ2. 


A9». 140. 


9. Multiply Jl by «/2. 


Ans. V108. 


10. Multiply 3 Vi^ by 4 Va- 


Aw. 12»V«'^*. 


il. Multiply together ^2, i/S, and {fb. 


Ant. »V«48000. 


12. Multiply ^2XV3 by VIXVJ. 


Ans. V2. 


13. Multiply togetiier «V«^ ?/*'> »nd *;/*'• 


Ans.^ys^. 


14. Divide V40 by J2. 


Ans, 2^5. 


15. Divide 6J64 by 3^2. 


Aiw. 6^8. 


16, Divide 109/108 by 59/4. 


An«. 6. 


17. Divide 70^9 by 79/15. 


Ans. blfi. 


18. Divide i/T2 by ^2. 


Ans. l/Z. 


19. Divide 4»/9 by 2V3. 


Ans. 2^3. 


20. Divide 20«/200 by 4^2. 


Ans. 5V5. 


21. Divide t/^ by ?/3. 


An*. ^/2. 
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22. Divide fji by ^H/e. Ans, |V18. 

23. Divide •^^ by -^J. Ans. ^l 

24. Divide yj by V2+3^/|. Aw. ^J^. 

When one or more of several polynomial factors contains radi- 
cals, they may be multiplied together by observing the rule for 
the exponents in the case of monomial factors. 

25. Multiply 3+^5" by 2— ^5". An*. 1—^5. 

26. Multiply ^/2+l by J^^l. Ans. 1. 

27. Multiply 11 J2-^ JT6 by JQ+J6. Ans. 2^3—^10. 

28. Raise J2+jl to the fourth power. Ans. 49+20^6. 

29. Multiply 3\/4+6 ^2 by 5 JU. Ans. 39%f 2+3 J2. 

30. Multiply \ll2+^T9 by ^12— ^19- ^ns. 5. 

31 . Multiply «'-^^2+l by x'+xJZ+l . Ans. ar^+l . 

32. {«»+lX«^-^V'3+l)(«'+«V3+l). Ans. ««+l. 

33. (2^8+3^5— 7 V2X>/'T2— 5^20— 2^2). 

Atw. 42^10—174." 

Art. 906. To reduce a fraction whose denominator contains 
radicals, to an equivalent fraction having a rational denominator. 

When the denominator of the fraction is a monomial, as ~, if 

we multiply both terms by ^Jb, the denominator will be rational. 

Thus, ^_~ «><V& „gV& 
Jb JbX^b * ' 

Again, if the denominator is ^a, if we multiply both terms by 
l/a^, the denominator will become X/aXi/a^=a» 

In like manner, if the denominator is 'j/a», it will become ra- 
tional by multiplying it by 'ya"»"*», since 



!ytf»x?/fl"*-»=:ya^xa'»-»=v«*"=^- 
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Therefore, when the denominalor of the fraction is a fMrnomid^ 
multiply loth terms by stick a factor as will render the exponent of the 
ffhen radical equal to unity. 

Since the sum of two quantities, multij^ed by their difference, 
is equal to the difference of their squares (Art. 80) ; if the frac- 
tion is of the form — ^L_. , and we multiply both terms by Ih—Jc, 
the deDominator will be raUoaaL 



Thus, 



adb—'ijc) ^jab — ajc 



For the same reason, if the denominator is b^Jc^ the multi- 
plier will be b+Jc. If the denomiBator is Jb+Jc, the multir 
pilfer will be Jb — Jc ; and if the denominator ia Jb — Jc, the 
multiplier will be Jb+JZ 

If the denominator is of the form tja+jb^^7, it may be 
rendered rational by two successive multiplications. Thus, {Ja 

Let 2d=:a+b—c, then '2d+2^'ti will become rational if it be 
multiplied by d — sjab ; 

.-. the whole multiplier is (Ja+jX^Jc) ( ^dltri^^Tb) . 

Reduce the following fractions to equivalent ones having ra- 
tional denominators. 



1. JL. Ans. 4^=W3. 

2. VJ. Ans. 'J^- iJ2' 
V6 6 2^^ 



3. 4=. Am. |i/9. 
S/3 

4. iL Ans. IV16, 
V4» ^ , 



5.?=^ An,.4+V2. 
3—2^2 

g V|±V2 Ans. 6+2 Ji 

V3-A/2 ' 

7, 2Z2+I. Ans.&+ZJ2. 
2~V3 . 
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8 ^-^± 

2^5— VIS 
1 



10- 



^2+V3— VS* 



11. S-HV3 



12. 



13 



14. 



^6+V2— ^5 
1 



A}w. 2—^5. 



An*. 9+6^10. 

^^, .^+3JS+2J3 
12 



il9». 2a;. 



x-\-tJx^ — 1 X — ijx^ 1 






a 



O 



An». 2*^ 



Rkmahk. — The utility of most of the preceding transfonnatiotts con- 
■ifltfl in shortening the calculations nececeary to find the numerical value 
of a fractional radical. Thus, if it be required to find the- value of 
2 o 

~3:» we may divide 2 by the square root of 5. But _-^ is equal to 

f V^f where it is merely necessary to extract the square root of 5 and 
Ukt two-fifths of the result. A comparison of the two methods of (^r- 
•tion will show that the latter ia much shorter than the former* 

Reduce each of the following fractions to its simplest form, and 
find the numerical value of the result. 



15. A,«Mi-L. 

16. -i^. 
2+V3 

17. Lb/f 

2—^2' 



JLm. .804427+, and .707100^^. 

Atis. .267949+. 

Ans. 4.12132+. 

Am. 15.745966+. 



14 
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POWERS OF RADICALS. 

Art. 907. Let it be required to raise T^/a'io the n^ power. 

By the rule for the multiplicatioti of radicals (Art 205), we 
hav e Cy a)"=VgX VaX Vo". . > . • • J.* • * *® n factors, 
=sV<»X«X« to 11 factors ssT^tf*. 

Hence, to raise a radical quantity to any power, we have the 
following 
Rule. — Raise the qwmUiy under (he radical to (he givmfwoert and 

tffed (he renUt with the primitive radical rign. 

Thus, {ijla*y^i/(4^=X/'^^=^^tjT^—^^J^ 
If the quantity have a coefficient, it must also be raised to the 
given power. Thus, 

(2 V3!?)»=2»X t/W)'=8 V27S?. 
If the index of the radical is a multiple of the exponent of the 
power, the operation may be simplified. Thus, 

( V2S)^(^/^/2i)» (Art 192); 

and since the operation of squaring removes the first radical, we 
have 



( V2a)»= ( \U/2a ) ^J2a. 
In general, (ri^Ty^ ( ^jj^a ) »=^«i 



Hence, if ihe index of the radical is divisQfle hy the exponent of 
the powers we may perform this division, and leave the quantity under 
the radical sign unchanged, 

EXAMPLES, 

!• Raise ifSa to the 4th power. Ans. 2ai/2a. 

2 . Raise 3 1/2^ to the 4th power. Ans. I62ab^ij2^. 

3. Raise 2Jxi/* to the 5th power. Ans. 32«y ,^/^ 

4. Raise ija^ to the 2nd power. Ans. cja. 
6. Raise ^ac^ to the 4th power. Ans. aV. 

6. Raise d^'2a to the 5th power. Ans. AB6a^J^. 

7. Raise j/SP to the 6th power. ' - ' Ans. c^Bl 

8. Raise tjx^^ to the 3rd power. Ans, {x^^)Jx^. 



RADICALS. in 



ROOTS K)? RADICALS. 



Art. »0§. Since "yV^^V^ (A^rt 102), therefore, to ex- 
tract the roots of radicals, we have the following 

Rule.-* MvUijiy Oie index of the radical by the index of the root to 
he extracted^ and leave (he qatmlity under the radical sign unr 
changed. 

Thus, the 8<iuare root of l/Sala J%l2a=ntJ2a. 

If the radical has a coefficient, its root must be extracted by the 
rule (Art. 194). Thus, 



9a2J/3c=V^«'xJV3c=3aV3c. 



If the quantity under the radical is a perfect power of the same 
degree as the root to be extracted, the process may be simplified. 
Thus, 

»/V§a> is equal (Art 192) to \li/8a*=i/2a. 

EXAMPLES. 

1. Extract the cube root of JM. Ans, %fd^. 

2. Extract the 4th root of lea'^/ScT Ans. 2a^ ^X/2c. 

3. Extract the cube root of X/2TaK Ans. i/2a. 

4. Extract the square root of fJ^W. An», X/lai 

5. Extract the cube root of 64V8a«. Ans. 4J/2a'. 

6. Extract the cube root of (fn-\'n)^m^n* Ans, tjm+n, 

IMAOINART, OR IMPOSSIBLE aUANTITIES. 

Art. 3<I9« An imaginary quantity (Arts. 182, 193,) is an even 
root of a negative quantity. 



Thus, ij — a, and 1^ — h*, are imaginary quantities. 

The rules for the multiplication and division of radicals (Art 
205) require some modification when imaginary quantities are to 
be multiplied or divided. 

Thus, by the rule (Art, 205), V--^X >/^= V— «X— -«= 
tjah=ziia. But, since the square root of any quantity multiplied 
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by the square root itself, must give the original quantity, there- 

Art. 910. Every itnapifuuy qatmtUjf vunf U rttdtved iid9 tun 
factorsy cm a real quarUi^, and the other the imaginary ^expreasionj 
ij^ ; or an expression containing iU 

This is evident if we consider that every negative quantity may 
be regarded as the product of two factors, one of which is —1. 
Thus, gr-aX — 1» — ^^--^^ — \^ and so on. 



Hence, ^/^^=«=»VaX— I^V^Xn/— 1. 

Since the square root of any quantity, multiplied by the square 
root itself, must give the original quantity ; 

therefore, (V~l)^^/^X^/^«=— 1- 

also, (V^)»=(V^yx V^=-i V-i=-V=^- 

(V=r/=(V^'(^/==i)M-l)(-l)=+l. 

Attention to this principle will render all the algebraic opera^ 
tions, with imaginary quantities, easily performed. 

Thus', v^ X v^^=*=v« X sf^ X J^y^ n/^ = VS'x 

OFEBATIOV. 

If ifbe required to find the product of g+^V""^ 

tf-f6^^ by or-bsj^, the opwrtion is ar^J^l 

performed as in the margin. a'+abfj — 1 

Since (tf + 5/=5)(ff-6j-=3) = tf» + &^- therefore, a'+A* 
=(a+6^1Ii)(a— ft^HT) ; hence, any binomial whose terms 
are positive, may be resolved into two factors, one of which is the 
sum and the other the difference of a real and «R imaginary quan- 
tity. Thus, 

\, _ „_— 



XZAMPLB8. 

1. Find the sam vnd difbreaof of 9^,/^t and a— fr</^. 

Am. 2at and 2hJ^. 

2. Multiply V—^ ^y V—*^- -Aitf. — «6. 
8. Find the 3rd and 4th powers of aj^, 

Ans, — ^•^— 1, and «*• 

4. Multiply 2^^ by 8^^. Ans. — 6 ^6. 

5. Find the cube of — ^+3 V"^> *"* ""J — iJ^' ^^' ^* 

6. Divide 6 J^=d by 2^^. 4m9. f^f* 

7. Simplify the fraction 1+5^^. " Am^ ^I^; 

1 — ^ — I 

8. Find the continued product of x-^^t, a-{^i/^, «— «, and 

9. Of what number are 24+*^ V"-!* and 24— T^^, ^e im- 

aginaiy factors ? Aiw. 62d. 

VI. THEORY OF FRACTIONAL EXPONENTS. 

Art. 911* The rules for the exponents in multiplication and 
division (Arts. 66 and 70)» have been demonstrated^ under the 
supposition that the exponents were int^dL These rules^ as 
well as those which relate to the formation of powers (Art. 172), 
and the extractioi^ of roots (Art. 194)» are equally applicable 
when the exponents tie fiacHottal. 

Fractional exponents have their origin (Art. 196) in the ex- 
traction of roots, when the exponent of the power is not divisible 
by the index of the root. Thus, in extractiug the nf^ root of o^, 
the operation requires that the exponent m should be divided by 
the index n. When m is divisible by n the exact root of a^ is 
obtained, but when m is not divisible by n, the operation is indi- 
cated by indicating the division of the exponents. Thus, 

.. m 

As has been shown already (Art. 196), every radical quanti^ 
may be represented by the same quantity with a fractional ex* 
ponent, the numerator of the exponent denoting the power af the 
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given quantify and the denominator the index of the re^joired 
root. 

As o^ is called a to the jp power, when jp is a positive whole, 
..«».»«. , ^y ^j .i^^w^y w , a' and <r^ are called respectively, 
« to the I power, « to the | power, and a to the minus — power. 
But it would, perhaps, be more accurate to say, a exponent ^, a 
exponent^, a exponent—?; and reserve the term jmoer to de- 
note the product arising from mnltiplying a quantity by itself one 
er more times (Art. 19). 

MULTIPUCATIOH AMD DIVISION OF aUANTITIES WITH FRAC- 
TIONAL EXPONENTS. 

AxT. 919* It hui been shown (Art. 56) that (he exponent of 
any Jetttr in (he product U equal to the turn of ite exponenie in Um 
tuDO facton. It will now be shown that the same rule applies 
when the exponents are fractional. 

1, Let it be reqmjf^ to multiply a' by a>* 

«*=ssV«^"V«^J fii^==^f/'^=^%/o^> (Art. 205.) 

But this result is the same as that obtained by adding the ex- 
ponents together. Thus, 

2. Let it be required to multiply a"* by a*. 



/ossa*'. 



And in general, the product of a "* by a- is, 

Hence, to multiply quantities aflSected with firacHondl exponents, 
tifgfyiUfukjfmMn (Art. 66) in the caae tf enUn exponenie. 
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Abt. 918. In the precedicg article (212) it has been shown, 
that when the exponents btb fraciiondly the exponent of any letter 
in the product is eqnal to the sum of its exponents in the two fac- 
tors ; and since division is the reverse of multiplication, there- 
fore the exponent of any letter in the quotient must be equal to 
the excess of its exponent in the dividend over that in the divisor. 

That IS, fln-r-a«=an « —^ „, . 

Perform the operations indicated in each of the following 

SZAMFLS8. 

1. a*Xa^, and a"*Xfl*' Ans. «*, and a*" 

2. aV'Xtf'c?* Arts, a^c'^' 

•• (f )'x(^)*x(&)*- -"(I)*- 

4. (a*+a*6*-}-6*)(a*— 6*). Ans. a^. 

5. («*y+y*)(«*-^~*). Ans. x^y^. 

6. (a+&)mX(a+^)«X(<»— ^)^X(<»— *A Ans. (a^-^^y^. 

7. a?'-j-«*, and a^y^-^n^. Ans. «>^, and « nm y*"^. 

8. (a*-**)-5-(fli— &i> Ans. a*+a*6*+6* 

9. («— J')-K«*+a*i*+fl*H-2'*). Ans. ai-** 

POWEBS AND SOOTS OF QUANTITIES WITH FRACTIONAL 
EXPONENTS. 

Art. 914. Since the m^ power of a quantity is the product 
of m factors, each equal to the quantity (Art. 172} ; therefore, 

to raise an to the m* power, we must find the product 

i I L 

a" X«» X«" • • • • to TO factors. 
Here it is evident the exponent jL must be taken m times; 
hence, (a")*"=a« * 
Therefore, to raise a quantity affected with a fractional expo- 
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nent to toy power> multiply the eafonaU cf ih$ punUify jjy tbe 

fKp09l€jU cf the pOWdTt '^ 

Thus, (a*ii)*««»i*a=«»6*. 

Abt. 315. We have just seen in the preceding article^ that in 
finding the m^ power of any quantity, we must muUijjty the ex- 
ponent of the quantity by the exponent of the power. Hence, 
conversely, in extracting the m^ root, we must divide the ex- 
ponent of the quantity by thd exponent of the root ; that iSy 

J. I "» 

Since (a«)"=s«S'X"»=tf»« therefore. 






From the preceding it is obvious that the rules in Arts. 172 
and 194 apply, without any change, to quantities having firao- 
tiona] exponents. 

SZAMPLBt. 

1. Raise uh^ to the 4th power. Ans. u^bK 

2. Eaise ^2x^yK^ to the 3rd, 4th, and 6th powers. 

Ans. -^x^yz^; 16x^yK; GAx^ifHK 

3. Find the square of a—{aaB---^^y. Ans. oa?— 2a(a«— «')». 

4. Find the square of ll+Hl) +(lz:^\ - 

Ans. 1+(1-«|3)*. 

5. Find the cube of a^ar^+er^x. 

Ans. aar»+3fl*ar»+3a-J^a?4-flr»a?». 

6. Find the square roots of 3(5)* J and JI£^!(L^. 

9(343^2)* 

Ans. (135)*; iM. 
36* 

7. Find the cube roots of (27a««)* and (27o»af)*. 

Ans. 3*a*«* or (3£w?*)* ; and (3«p*)*. 
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8, Find the square root of 5jp*— 4«(5ca?)"-}-4^' 

Am. sM—Sc*. 

9. Find the square root of l+JJo— ?+?f!a*+a^ 

Ans. iJ^+a. 
4 

10. Find the cube root of ^a*^|a9&^4-6a^— 85^. 

Ans. ^0-^21^. 

Remark. — In fohring ezamplee 8, 9, and 10, the pnpU is expected to 
combine the rales. Arts. 183 aad 191 » with those for firaetional 
exponents. 

VII. EQUATIONS CONTAINING RADICALS. 

NoTK TO TxACHEM.— This put of the subject of Equations of the 
First Degree conld not he treated tilt after Radicals, as the operations 
necessarily inyolve the formation of powers and the multiplication of 
radicals. 

Art. 916. In the solution of questions containing radicals, 
the method to be pursued will often depend on the judgment of 
the pupil, as many of the questions can be solved in different 
ways, and the shortest processes can only be learned from prac- 
tice. 

1st. When the equation to be solved contains only one radical 
ez]»es8ion, transpose it to one side of the equation and the ra- 
tional terms to the other ; then involve both sides to a power cor- 
responding to the radical sign. 

Ex, Given, lt/(a*+x)-Ht=ssc, to find or. 
Transposing, j^(a'+*)=c+<'^ ; 
Cubing, a*'\-3s=^'^ac^-\^a^c^a* ; 
Whence, x=:c»-f3ac'-|-3a'c. 

2nd. When a radical expression occurs under the radical ngn 
the operation of involution must be repeated. 

Ex. Given Nfo?— iyi-n!»=l — ^^, to finds; 

Squaring, »— ^1— «=:1 — 2J»^; 
15 
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. ■ . ■■ ■ ■ ■ I .- ■ ■ i ■■ I m < 

CftBcelinf x on esch lide and squaring again. 

Canceling 1 on eacb tide, tranapoaing, aquaring* and reducing, 

We find, «=J J. 

8rd. Wh^n there are two or more radical ezpreaaiona, it ia 
generally preferable to make one of them atand alone, before per^ 
forming the proceaa of involution. 

Cx. Given, ijx+9^t/x=l, to find «. 

Transpoaing — «ji, we have J»+9^=sl^Jgs. 

Squaring eaeh aide, a»4*9ssl4^^j^4^ ; 

Canceling x on each aide, tranapoaing and dividing by 2, 

t/xssi ; hence, xslB. 

In aome caaea^ however, it ia preferable, when an equation con- 
taina two radical ezpreaaiona, to retain them both on the aame 
aide. Thus, the equation 

will be cleared of radicala at once, by squaring each aide, the 
value of a being /pllj[' 

IZAMPLIS FOR FRACTICR. 

6. '^i 1+1^(3+ V6i)=:2. Afu. a=6. 

6. si/x+assji-^a. An$, xss S?^ ^ , 

4 

7. V2»-3<H- V2i=8 sfa* Ans. x=2a. 

8. J{13+V[7+^/(3+V*)]H4- An«.as=l. . 

_ 4 

9. j2+»^Jx^-;j==. Ans. «==|. 

10. vs+i+^v«. ^««-— "^ 



'a+2V 



a 
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11. V«+13— ^/a^-ll=2. Aw. aa336. 

12. aj^ji--cjli:==d. Am, — ^ 



13. ^- = jp • An*. a:=i— <,• 

14. ^^f a==VflH^7(SHFO- -Ajw. ar=*!r!f!? 

4a 

g--4 _ 3^/» 



3a?— 1 1^3^—1 

1'7-71^==1+ 2 • A7«.x=3. 

18. V42+^=r2^?+i--^/«. Afw. »=^hl?^ 

2a — b* 



Qo — — 77 - =- r Ans, a?= — . 



21. J-/a4-3— J^/i— 3*=^2V«. -An*. «=:9. 

a? a N (a^^VU^a?' ar4/> a'— 4^^ 

23. */(l+a)'+(l— a)a:+V(l-^)'+(l+«)«==2«- 

Atw. x=8. 

VIII. INEaUALITIBS. 

Art. 31 7. In the discussion of problems it often becomes 
necessary to compare quantities that are unequal, and to operate 
upon them so as to determine the values of the unknown quanti- 
ties, or to establish certain relations between them. 

In most cases the methods of operating on equations apply to 
inequalities; still there are some exceptions, which render it 
expedient to present the principles and rules of operation in one 
view. 
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Art. 918. Def. — In the theory of inequalities, it is con^en. 
ient to consider negative quantities less than zero. Also, in com- 
paring two negative quantities, that is considered the least which 
contains the greatest number of units; thus, 0^—1, and 
— 8>— 5. 

Two inequalities are said to subsist in the same sense when the 
greater quantity stands on the right in both, or on the left in 
both; thus, 

6>3, and 2<5, 
7>4, 8<8. 

are said to subsist in the same sense. 

Two inequalities are said to subsist in a conirary sense, when 
the greater stands on the right in one and on the left in the other ; 
thus, 5>1 and 4<8 are inequalities which subsist in a contrary 
sense. 

Art. 919. Prop. I. — The tame quaniUy, or equal quatiiiiiest 
may he added to or subtracted from both members of an inequalify^ 
and ihe reeuUing inequaUty wiU continue in the same sense. 

Thus, 7^5, and by adding 4 to each member, 

11^0 ; or by subtracting 4 from each member, 
3>1. 
Also, —5^—3, and by adding 4 to each member, 

— ^1^+1 ; or by subtracting 4 from each member, 
-.9<— 7. 
Similarly, if a>&, then 

fl+c>&-|-c, or a--c>ft— c 

It follows from this proposition, that any quantity may he trans^ 
posed from one side of an inequality to ihe other, if at the same time 
its sign he changed. Thus, if 

fl'+ft2>2a5+c^ 

or a'— 2flH-J»>c'. 

Art. 990« Pbop. II. — If two inequtdities exist in the same sense, 
(he corresponding members may he added together, and the resulting 
inequality wiU exist in the same sense. Thus, 

7>6, and 6>4, and 
74.5>6+4, or 12>10. 
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But when two inequalities exist in the same sense, if we suh- 
tract the corresponding members, the resulting inequality will 
sometimes exist in the same sense, at other times in a contrary 
sense. 

First, 7]>3 By subtracting, we find the resulting inequality 
4]>1 exists in the same sense. 

3>2. 

Second, 10^9 In this case, after subtracting, we find the 
S^S resulting inequality exists in a contrary 
2<6 sense. 

In general, if a]>& and c]>(2, then, according to the particular 
values of a, h, c, and d, we may have a — c>^— rf, a — c<^b — d, or 
a — c=& — d. 

Art. 231. Prop. III. — If (he two members of an inequality he 
multiplied or divided by a positive number, the resulting inequality 
vnU exist in the same sense. Thus, 

8>4 and 8x3>4x3, or 24>12. 
Also, 8-f-2>4-5-2, or 4>2. 

This principle enables us to clear an inequality of fractions by 
multiplying both sides by^ the least common multiple of the 
denominators. 

But, if the two members of an inequality be* multiplied or 
divided by a negative number, the resulting inequality will exist 
in a contrary sense. Thus, — 3<; — 1, but — 3X — ^2>— Ix 
—2, or 6>2. 

From this principle we derive 

Art. 923« Prop. IV. — The signs of dUthe terms of both mem" 
hers of an inequality may be changed, if at the sam^ time we establish 
the resulting inequality in a contrary sense, because this is the same as 
multiplying both members by — 1. 

Art. 933. Prop. V. — Both members of a positive inequality 
may be raised to the same power, or have the same root extracted^ and 
' the resulting inequality wiU exist in the same sense. Thus, 

2<3 and 22<32, 2»<3> ; or 4<9, 8<27 ; and so on. 

Also, 25>16, and ^25> ^16, or 5>4 ; and so on. 

But if the signs of both members of an inequality are not pos- 
itive, after raising both members to the same power, or extracting 
the same root, the resulting inequality will sometimes exist in the 
same sense, and at others in a contrary sense. 
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ThM, 8>-2, Mid 3>>(— 2)^ or 9>4. 
But, — 3<— 2, and (— 8)aX— 2)», or 9>4. 

EXAMPLES INVOLVING THE FRINCIPLES OF 
INBaiTALITXBS« 

1. Five times a certain whole number added to 4 is greater 
than twice the number added to 19 ; and 5 times the number 
diminished by 4 is less than 4 times the number increased by 4 
Required the number. 

Let x= the number. 

Then, 5a:+4>2»+19, (1) 

and 6i^-4<4»+4. (2) 

507—207^19—4, from eq. (1) by transposing, 
8o;^15, by reducing, 
or^>5, by dividing both members by S. 
5oi — 4o?<4-4-4, from eq. (2) by transposing, 
«^8, by reducing. 

Hence, the number is greater than 5 and less than 8, conse- 
quently either 6 or 7 will fulfill the conditions. 

2. If 4a!^7<2»+3, and 3o?+1>13-hp, find «. 

Ans. o:s4. 
Z. Find the limit of « in the equation 7a9 — 3^2. 

Am. x^. 

4. Find the limit of « in the equation G+j«<8-f j«. 

Ana. o<86. 

5. Show that fLif+? > the least, and < the greatest of the 

fractions, % % t^ each letter representing a pomtlve i^uantity. 
b a J 

Let G be a quantity greater, and ff a quantity less than any of 
ace 

b'd'f' 



the firactioiM, ?, %, t. Then, 



J_<G.|<G.|<G. 



SQUATIONg. ' ' ITO 

«>6y. c>fy, e>^. *'^>: 



a-H-|-<(*-HH./)0, 



t^ 



and a^^^+c>(H-ii+./)^. 
.-. f±?±J <^G and >7. 

6. It is required to prove that the sum of the squares of any two 
unequal mag^nitudes is always greater than twice their product 

Since the square of every quantity, whether positive or nega- 
tive, is positive, it follows that 

(flH-5)2, or a^— 2a^+&3>0 ; 
Adding, "{-ZcA to each side (Art. 219}, 
a2— 2flH^'+2tf&>0+2fl6, 
or a^'-{^^2ab, whidt was required tof be pfofved* 

Most of the inequalities usually met witb, are made to depend 
ultimately upon this principle. 

7. Which is greater, JE+JTi or 73+3^^2 1 

Ans» the former. 

8. Given i(*4-2)-H«<i<>-*H^ and >i(»+l)+i, to 
find X, Ant. «ss5. 

9. The double ef a certi^n number increased by 7 la Hot 
' greater than 19, awi its triple ^mmtsbed by & le not less tha« 

13. Required the number. Ans, 6. 

10. Show that n'+l is greater than 91^4^, unless nsl. 

11. Show that every fraction -f- the fraction inverted is greater 

than 2 ; that is, that f^-^>2. 
b a 

12. If a?>y, show that »— yX^i- ^^O*- 

13. Show that iL+A>i+l, unless a=b. ,.. / 

14. Show that a*4-ft'-}-c2>aH-«H-*c» unless a=^bsac. ^C 4 (^^y 2 * { 

15. ^ow that the ratio of a»+Z>^, to a*+5* is greater thah^ tie* ^ - -7, 
. ratio of iH-* to a^-^V^. y-^'^^- > ^' ^^ ''* ' ' V • '>*-*^^t*^ * 

?^16. If «2=sa34-i», and ySaBC^-l^,' which is greater,' ay, or^W^f ^ • 

17. Show that dJe>(tf44-H5X«+0:-*Xi+«-^)» «nl«» <^^^^'^""H 

(utj}:^J^ - . .- - - - 
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CHAPTER VII. 

EQUATIONS OF THE SECQND DEGREE. 

Abticlb M4« An Equation of the Second Degree (see Art 
143} ii one in which the greatest exponent of the unknown 
quantity is 2. Thus, 

x^^ui^ and 

a8^-|-&B=sc, are equations of the second degree. 

An equation containing two or more unknown quantities, in 
which the greatest exponent, or the greatest sum of the expo- 
nents of the unknown quantities in one term is 2, is also an 
equation of the second degree. 

Thus, AysBOy «9^-ay=&, a^y...di^.-yaBC, are equations of the 
second degree. 

Equations of the Second Degree are frequently termed QimkI- 
ToXic EqiuUions. 

Art. 99«I. Equations of the second degree, containing only 
one unknown quantity, are divided into two classes ; viz. : incom- 
pkUt and eofiipfefe. 

An incomplete equation of the second degree contains only the 
■econd power of the unknown quantity and known terms. Thus, 

a»+2=47— 4«', and 

are incomplete equations of the second degree. 

A complete equation of the second degree contains the first as 
well as the second power of the unknown quantity, and known 
terms. Thus, 

5«»+7«=34, and 

are complete equations of the second degree. 

RxMAaK.— Incomplete equatloni are tometimei termed Pttre Quadrm- 
fkf ; and complete equations, Affected, or AdfeeUd Quadratiee* 

AST. 996. The general form of an incomplete equation of the 
second degree is ax^=h. 

The general form of a complete equation of the second degree 
la aas^'\-bxssc. 



EQUATIONS OF THE SECOND DEGREE. 177 

Every equation of the second degree containing only one 
unknown quantity may be reduced to one of these forms. For, 
in the case of an incomplete equation, all the terms containing 
a^ may be collected together, and then, if the coefficient of x^ 
contains more than one term, it may be assumed equal to a single 
quantity, as a, and the sum of the known quantities to another 
quantity, h; and the equation then becomes, 
aa;3=&, or gg ^ . h — . 

A complete equation may be reduced in like manner ; for, all 
the terms containing s^ may be reduced to one term, as ax* ; 
and those containing x to one, as &c ; and the known terms to 
one, as c ; the equation then is, 

ax^-\^x=sCy or ag'-f- to c 0. 

Hence, we infer, that every equation of the second degree contain^ 
in§ onb/ one unknoum qwantUyt may be reduced ta an incomplete equa- 
Hon containing two terms, or to a complete equation containing three 
terms. 

Frequent illustrations of these principles will occur hereafter. 

INCOMPLETE SaUATIONS OF THE SECOND DEGREE. 

Art. 927. 1. Let it be required to find the value of a; in the 
equation, 

Clearing of fractions, 4a:»— 36+5a?'=153— 12j? ; 
Transposing and reducing, 21x^=189 ; 
Dividing, «'=9 ; 

Extracting the square root of both members ; 

ap=dd3, that is, a?=4^, or «= — 8. 
Verification. i(+3)»-3+/3(+3)'=12|-(+3)». 
or, 3-5+3|=12|— 9 ; 
3|=3-|. 
Since the square of — ^ is the same as the square of +3, the 
value a;=3— 3, will give the same result as a:=-^. 
2. Given ax*+b=zd+cx^i to find the value of x. 
Transposing, oa?'— cr'=cJ— 6 ; 
Factoring, (a— c)a:^=(i — b ; 

Dividing, a:'==?"^ • 



=-^/S 
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From the preceding exainplety we derive the following 

Rule foe the solutiov of ah htcomflete equatiov or the 
SECOND SEGSEE. — ReduoB (he equation to the form ax'sb. 
Divide hy (he coiJlcUfU of x^, and extract the square root of ho(h 
ftiembers, 

Aet. 939« If we solve the equation axhsdf, we have, 

a 
and se=:±^ ; that is, 

If we sabstitate each of these vahies of « in the eqnatioB «p* 
SSE&, we find, 

and ax ( -^ ) '=*, or flX^=i. 

Since each of these roots or values of «, verifies the equation, 
and since the square root of - can only be +^- > or — ^^- ^ 

therefore we infer, 

1st That every incomplete equation of (fte second degree has two 
rootSi and only two. 
2nd. That these roots are equal in vaiue, hut have contrary sigm. 

NoTi.^- Let the pupil recollect that the term root. In refeieoce to an 
equation, is equivalent to the value of the unknown quantity. 

EXAMPLES FOR PRACTICE. 

1. llx»— 44=5af»+10. An#. «aB±8. 

2. ^(ff»— 12)=:|af»— 1. Aw. «=rt6. • 

3. («+2)2=4a?+5. X Ans.x==±:l. 

4. »«^-(2x'-S)=15^, Alts. «-±V|t. 

5. 8»+!=5^. An*. «==t2f 

X 1 * 
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7. (5»+i)»=756 1+5*. An*. «=dh5 J . 

21 8a?2— 11 3' 
«2— 7« «M-7« «»— 73* 



10. -JL.+--r-=:c. Am. x^±z-Jb^<^^2abc. 



11. «V^+a;'==:l-Hr^ Aw. a!«:±:« 



2' 



The methods of cleaxing tn equation of radicalB have heen 
ahready explained in Art. 216. 



12. x+Ja^+x^ g=. ^^' . . Ans. «=«±^ ^3. 



a 



^g'— a?^_^jp 



13. g+V""^-^^. Afw. =tV5^S^6». 



14- ^./2:^»+*-./2Z:^3==*- ^w- «=±V3. 



a4-^2-a?»^ar-.V2— «^ 



2g^ft 



QUESTIONS P&ODUCINO INCOMPLETE EQUATIONS OF THE * 
SECOND DEQREE. 

Abt. 999. In the solution of problems producing equations 
of the second degree, the equation is found on the same principle 
as in questions producing equations of the first degree. See ^t. 
154. 

1 . What two numbers have the ratio of 2 to 5, and the sum 
of whose squares is 261 1 

Let 2x and 6«=s the numbers. 

Then, 4*2+25 «2=2 9ar3=26 1 ; 

Whence, x^=±9 and xsaB. 

Hence, 2x=s:6 and 5ar=15, the required numbers. 

2. The square of a certain number diminished by 17, is equal 
to 130 diminished by twice the square of the number. Required 
the number. Ans, 7. 
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8. There is a certain number, which being subtracted from 10, 
and the remainder multiplied by the number itself, gives the same 
product as 10 times the remainder left after subtracting 6| from 
the number. Required the number. Ans, 8. 

. 4. What number is that, the third part of whose square bein| 
subtracted from 30, leaves the same remainder as one-fourth ol 
the square increased by 9 ? Am* 6. 

5. There are two numbers whose difference is ^ths of the 
greater, and the difference of their squares is 128 ; find them. 

Aru. 18 and 14. 

6. Divide the number 21 into two such parts, that the squarr 
of the less shall be to that of the greater as 4 to 25. 

Let X and 21 — x= the parts. 
Then, x» : (21-^r)a : : 4 : 25 ; 
or, ( Arith., Art. 209,) 25a:»=4(21-nap)» ; 
Extracting the square root of both sides, 
5a:=2(21— 0?) ; 
Whence, a=6, and 21— «r=16. 

7. Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less, shall be to the quotient of the 
less divided by the greater, as 16 to 9. Ans. 6 and 8. 

8. What number is that which being added to 20 and subtracted 
from 20, the product of the sum and difference shall be 319 ? 

Am. 9. 

9. What two numbers are they, whose product is 126, and 
the quotient of the greater divided by the less, 3 1 1 

Ans. 6 and 21. 

10. The )>roduct of two numbers is p, and their quotient q. 

Required the numbers. Ans. ^-^ and Jr 

\q 

11. The sum of the squares of two numbers is 370, and the 
difference of their squares 208. Required the numbers. 

Ans. 9 and 17. 

12. The sum of the squares of two numbers is c, and the differ- 
ence of their squares, d. Required the numbers. 

Ans. iV2(c-H), and »^/2(3^). 

13. A certain sum of money is lent at 5 per cent, per annum. 
If we multiply the number of dollars in the principal by the 
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number of dollars in the interest for 3 months, the product is 720. 
What is the sum lent ? Ans, $240. 

14. It is required to find three numbers, such that the product 
of the first and second =tf, the product of the first and third =b, 
and the sum of the squares of the second and third =c. 

--^/(•-r)■^/(^)•■^'^/(^)• 

15. The spaces through which a body falls in different periods 
of time, being to each other as the squares of those times, in how 
many seconds will a body fall through 400 feet, the space it falls 
through in one second being 16.1 feet? 

Let xss the required number of seconds, then 

16.1 :400 ::1»:«»; whence, a:=4.97+ sec. 
In what time will a body fall through a hight of 1000 feet ? 

Ans, 7.88+ sec. 

16. What two numbers are as 3 to 5, and the sum of whose 
cubes is 1216 ? 

Let 2x and 6x= the numbers ; 
Then 27a:»+125«»= 152a^==1216, 

whence, x^:=:8, 
and as==y8=2. 
Hence, the numbers are 6 and 10. 

Reu ARK. — This is properly a pure equation of the third degree ; but 
questions producing such equations are generally arranged with those of 
the second degree. 

17. A money safe contains & certain number of drawers. lu 
each drawer there are as many divisions as there are drawers, and 
in each division there are four times as many dollars as there are 
drawers. The whole sum in the safe is $5324 ; what is the 
number of drawers ? Ans. 11. 

18. Two travelers, A and B, set out to meet each other ; A 
leaving the town C at the same time that B left D. They trav- 
eled the direct road from C to D, and on meeting it appeared 
that A had traveled 18 miles more than B ; and that A could 
have gone B's journey in 15| days, but B would have been 28 
days in performing A's journey. What is the distance between 
C and D ? Ans. 126 miles. 

19. Two men, A and B, engageii to work for a certain number 
of days at difTerent rates. At the end of the time, A, who had 
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played 4 of thow days, received 75 BhillingB ; but B, who had 
played 7 of those days, received only 48 ahilllnga. Now had B 
played only 4 days, and A played 7 days, they would have received 
the same sum. For how many days were they enjj^aged ? 

Am. 19 days. 

20. A vintner draws a certain quantity of wine out of a full 

^ vessel that holds 256 gallons ; and then filling the vessel with 

"^ water, draws off the same number of gallons as before, and so 

' 4in for four draughts, when there were only 61 gallons of pure 

wine left. How much wine did he draw each time ? 

.^ Ans. 64, 46, 86, and 27 gallons. 

c6mPI;.ETE BaUATlOMS OF T01S BXCOiq> PSfiSEB. 

,' '" Art. 280. 1. Let it be required to find the value of x in the 
equation, 

y ', ; x5— 6a?+9=4. 

It Is evident, from Art 164, that the first member of this equa- 
tion is a perfect square. By extracting the square root of both 
members, we find 

Whence, a:=3d=2=:3+2=5s5, or 3—2=1. 
Verification. (5)2—6(5)4-9=54, that is, 25-^0+9=4. 
(l)^--6(l)+9=4, that is, 1—6+9=4. 

Hence, x has itoo valuu, +5, and -fl, either of which verifies 
the equation. 

2. Let it be required to find the value of x in Uie equation, 

»9-^a?827. 

If the left member of this equation were a perfect square, we 
might find the value of x by extracting the square root, as in the 
preceding example. To ascertain what is necessary to render 
the first member a perfect square, let us compare it with the 
square of »-««, which is, 

«»— 2aa?+«'. 
We have, «'— 6ar =27. 

From this we see that 2a corresponds to 6 ; hence, a corres- 
ponds to 3, and o^ to 9. Hence, by adding 9, which is the square 
of half the coWcient of x, to each member, the equation becomes 

«2..^a+9a>36« 
Ixtraeting the square root, niy^^srtfi. 
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Whenee, «s=53dd6Bs»-f-9> or -<^, either of which valuee of » 
will verify the equation. 

Akt. 931. We will now proceed to explain the method of 
completing the square. 

Since every complete equation of the second degree (Art. 226) 
may be reduced to the form, 

ax^-l-^csc; if we divide both sides 

by a, we have «^*a:=5. 

a a 

For the sake of simpliclly, let ^=s2p, and ^=9. The equa- 
tion then becomes 

aa+2;MC==j. (i) 

If - is negative, and £. positive, the equation becomes 

afi^2px=q. (2) 

If ~ is positive, and - negative, the equation becomes 
a a 

a^-f2;)a:=— ^. (3) 

Lastly, if - and £. are both negative, the equation becomes 
a a 

a;'— 2|a=— ^. (4) 

Hence, every complete equation of the second degree, may he reduced 
to the form x'4'^px=q, %n which 2p and q may be eiiher positive or 
negative, iviegrdl orfractUnuA quantities. 

We will now proceed to explain the principle by which the 
first member of this equation may always be made a perfect 
square. 

Since the square of a binomial is equal to the square of the 
first term, plus twice the product of the first term by the second, 
plus the square of the second ; if we consider x^-\-^px as the 
first two terms of the square of a binomial, we find x^ is the square 
of the first term ; hence, the first term must be x ; we next 
observe that 2px is the double of the product of the first term by 
the second ; therefore, if we divide 2px by «, the quotient 2^ is 
double the second term. Hence p, which is half the coefficient of 
», is the second term of the binomial ; therefore, its square, p', 
added to 3ir^-\'2px, will render it a perfect square. But, to preserve 
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the equality, we must add the same quantity to both sidee . This 
gives. 

Extracting the square root, «+p==t V^+P' 5 

Transposing, j ; -^ — y _L tJ^+P^* 

It is obvious that in each of the remaining three forms, the 
square may be completed on the same principle ; that is, by tak- 
ing half the coefficient of the first power of x, squaring It, and 
adding it to each member. 

Solving equations (2), (3), and (4), and collecting together the 
four different forms, and the values of x in each, we have the fol- 
lowing table. 

(1) x^^2px=q. «=»-pifcV?f?- 

(2) x^2ia=^ ^ss-H^VH^F- 



(3) a^+2;as=— ^. «=— jtizV— ^+P' 



(4) af»— 2|wc=-^. «=+lH=V— rt-l»'- 

Although the method of finding the values of x is the same in 
each of these forms, it is convenient to distinguish between them. 
See Art 235. 

From the preceding we derive the following 

Rule fob the solution of a complete equation of the sec- 
ond DEGEEE. — 1st. Reduce the equaticnthy dearing of fracticfu 
and transpositioih to the form az''4'^x=c. 

2nd. Divide each side of the equation by the coefficient ofx^, and add 
to each member the square of half the coefficient of the fast power 
ofx. 

3rd. Extract the square root of both sides, and transpose the known 
term to the second member. 

Rkmakkb^— 1st. When the coefficient of «> is negative, as in the 
equation — 3^-\-4nx=n, the pupil may not perceive that it is embraced 
in the four general forms. This difficulty la obviated by multiplying 
both sides of the equation by — 1. 

2nd. Since the sign of the square root of afl, or of (a^f-p)<, is =h» it 
might seem that when 4r2=m>, we should have Jjy — J_jh , that it, -{-x^ 
+in(l), -f.x=— m(2), — 4P=^-m(3), and -^r=— m(4). But it is evi- 
dent that equations (1) and (4) are the same equation, as also (2) and 
(3). Hence, -{-x^ztm, embraces all the values of x. For the same 
reason it is necessary to take only the plus sign of the square root of 
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1. Given 17ap— 2afe=32— 3a:, to find «. 

Transposing, — 2xa+20ar=32 j 
Reducing, «* — 10x= — 16 ; 

Completing the square by adding (y>}'=25 to both sides of 
the equation, 

a:2^10a:+25=— 16+25=9; 
Extracting the root, a^— 5s=:d=3; 
Whence, «=5dt3=8, or 2. 

VerificaHon. 17(8>— 2(8)«==32— 3(8), or +8«+8. 
17(2)— 2(2)2=:32-3(2), or +26=+2e. 

2. Given 3j:'— 2x=65, to find x. 

Dividing by 3, «^— |«=s^« • 
Completing the square, a?'--§«+(i)'==y+(i)'==i»l« 
Extracting the root, op— J=s=h^^. 
Whence, ap=i±ys=-5, ©r — 4|. 

Both of which values verify the equation. 

3. Given 4fl'— 2a;3+2fla?=18afr— 18&', to find x. 

Transposing, — 2a?»+2a«=s— 4a'+18a6— ISJ^ • 

Dividing by —2, «'— ar=2a^— 9fl*-f9i=^ ; 

Completing the square, aP-^ax+t^ssZ^-^gab+Qh^ ; 

Whence, «=?± ( ?f— 36 ) ; 

4. Given x+J(6x-\'10)=3, to find «. 

By transposition, <y (5a;-|-10)=8 — a: ; 

By squaring, 5a:+10=64 — 16ff+a:2 ; 

or, «»— 21a:=— ^4 ; 
16 



IM 
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Completing the.Bqaare, x^*-^lx+(^j )a«lli-d4«=M». 

Extracting the root, x — y ===t: V > 
Whence, a:=^y±:\[^\^=l9, or |==3. 

These two values of x are the roots of the quadratic eq tta t l o n > 
x^ — ^21;c=^4^4 ; but they will not i»oth veriiy the proposed equa- 
tion x-\-^/(px-\'l0)=9, from which the former was derived, for 
the following reasons. Since the square root of a quantity may 
have either the sign -f- ^t -^ prefixed to it, the proposed equation 
might have been a^^{5ff4'^^}=^S because by the operations 
which have been employed, th« some resulting equation, sc' — 21x 
= — 54, would be obtained, whether the sign of the radical part 
be + or — . * 

Hence, in the equation a;^-^(5a;-|--10)=8, t^ value of or is 3 ; 
but in the equation x^^Ji^x+lOysss^^ the vaioe of ffis 18. 

EZAHTlSli fOR PRACTICE. 



6. x^+Ax=QO. 

6. xa— 4ar=60. 

7. aa+16x=— 60. 

8. «»— 16x=— 80. 

9. «'— 6«==d6a4-28. 

10. ?!-mO~12aj«aO. 
10^^ 

11. l?'+8a>-50J=42§|. 

12. 2a;=4+?. 

X 

13. 3x3+10ar==57. 

14. (a?— l)(a?— 2)=1 

15. 4a:2— 3»-5=80. 

16. ^ar'— 1«+2=9. 
110 



17 



=1+1 



18. 3(aj— 2)2=8(a>-2)-|-8. 

19 fi^— '*=:??Z? 

3 i 2 • 



Ans, ar==6, or — 10. 

Ans. a:=10, or — 6. 

Ans, a:=— 6, <ar — 10. 

Ans, VS36, or 10. 

Atu. asssl4, or — 2. 

Ans. a;a&76, or 50. 
Ans. x=20, or —30. 

Ans. x=Q, or — 1 

Ans. «=3, or — 6| 

Ans. a:=J(3d=^/F). 

Ans. x=5, or — 4J. 

Ans. »=4, or — 3|. 

Ans, a:=ll, or — ^10. 

Ans. x=5, or 1|. 

Ans. x=2, or ^|. 
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I8t 



2^+31=1+8. 



20. 

2i. iTx^-f ld«88l848. 

22. *!— i-+l=l. 
3 10^« ^ 

3a>— Jx3=10. 

2jp— l€ _ g+8 _^ 
8-n» a>— 2 
2ar , 2x-^ 



23. 
24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 



Jl 
1 



a?--3 



==8-J. 



-i+3^A' 



«2— 3a? «3+4x 8a:* 



48 



165 ^ 



x+S or+lO 
a?-f4_7-ng^ 4g+7 ^ 
3 «— 3 9 

~l9^'^3+x "9' 
x+1 1+- 

X X 



13 



33. 

34. 

35. 
36. 
37. 



?+?-?=0. 
a X a 

2x(d — x) a 

3a— .2x 4* 

03—63 _ 

c 

x»— (o+6)x4-aJ=0. 



. =2ax — ex'. 



An». «sa=3, or — 2^^ 

Ans. «=9|.|, or —11. 

Ant, 2f=J, ox — J. 

Aiw. x=6zfc:8 V*--!^ 
An*. x=s7, or j. 

An*. x=s6, or ^^. 

Ans. x=ll, or — 13. 

Ans, x=:4y or — 3§. 

Ans, *=5|, or ^5. 

Ans. r=:^21, or 5. 

An*. x=3, or — 8.7. 

Ans, x=^3, or JV^. 
An*. dpssSy or — |. 

An*. x=ldbV(l— «*)• 
Ans. x=3|a, or Ja. 



Cfl— J)x3— (fl+&)x+2fc=0. 



An*. x=s 

c 

An*. x^=a, or &. 

25 



An*. x=l, or 



d-d" 
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38. j«^^— mna4i'58P--«P*=0. Am. x=% or • 

a * 

40. -.^!—_(a*— 6*)*==:- 



An*. xssOf or — 5- 

41. ad»-^aca!^=bcaD-'id. Ans. a=-, or — -. 

c u 

42. ^(..+6)=-^^. A«..x=4,or-21. 
48. ji+sJ(a^^)^jT. Ans. 



.g=hV2fl6-^. 



2 

V4^4^ ^4--jx An..«=4. 

**• 4+Var"" V« 

45. Jl?'-^2jle=x. Ans,x=4. 

46. VH^^^H^^=>/5i. Aiw. a:=>- ?+?=tJV2a»+26>. 

47. (*-<) J^IM^^-*) V«p===0. An*. jc=^, or 5?. 

6 a 

12g 4fl 8<i 

48. V«+*+V*-^g;7^- ^«'- 5' T- 

Art. «8». Hiirooo method op solvihg quadeatics.— When 
an equation is brought to the form ax'-^-bx^c, it may be reduced 
to an equation of the first degree, without dividing by the coeffi- 
cient of «' ; thus avoiding fractions. 

If we multiply every term of the equation aa?2+&r=:c, by four 
times the coefficient of the Jirst term, and add to both sides the 
square of the coefficient of the xamd term, we shall have, 
4a'x«44fl&r-f62=4ac-f62. 

Now the first member of this equation is a perfect square, and 
by extracting the square root of both sides, we have 

2tfx+fc=zbV4ac+^» which is an equation 
of ^efrst degree. This gives the following, called the 
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BSGBSB. — Rediux ^ equation to the form Az'-4-bx=sc. MuUip^ 
both sida by four times the coefficient of z'. Add the square of 
the coefficient of x to each side, and then extract ihe square rooL 
This wHl give an equation of the first degree^ from which the vtdm 
of xis easily found, 

^ 1. Given 2x*-^xsbS, to find x» 

Multiplying both sides by 8> which is fintr times the codfficiant 
of «', we have 16x>— 40«as24. 

Adding to each side 25, yrhich is the siiasre of the coMdenl 
of X, we have 

Extracting the root, 4x— 5=:±7 ; 
Whence, ^==3, or — ^. 

Find the value of the unknown quantity in each «f the follow- 
ing examples by the Hindoo rale* 

2. 3x'-f 5a:=2. Ans. «s=s|, or —2. 

8. x^'\-x=&0. Ans. «=5, or —6. 

4. OP*— «:?=72. Ans. x=9, or —8. 

6. J^+??=13. Ans. a=:9, or U. 

PROBLEMS PBODUCINO OOMPLBTB EQUAHOMS OF THE 8SCOIID 
nEOBBE. 

Abt. 988« 1. A person bought a certain number of sheep for 
40 dollars, and if he had bought 2 more for the same sum they 
would have cost a dollar apiece less; required the number of 
sheep, and the price of each. 

40 

Let X be the number of sheep, then — is the price of one^ 

X 

40 
and —p. is the price of one on the second supposition. 

.% J?L=:1?— 1, by the question. 
x+2 X 

. Solving this equation, we find xss — ^ldb9=:8| or — ^10/ the 
number of sheep ; and — s=:^=5 dollars, the price of each* 

X 

Ai.« 40 40 ^ 

Also, — as- — 



—10 



td6 
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Now erther of ibese V&luefl of x Batisfies the equation, but IJie 
negative value> — 10, does not fulfill the conditions of the qneii- 
tion in an arithmetfcal sense. But, since the subtraction of a 
ne^tive quantity produce's the sam^ result as the addition of a 
positive quantity of the same numerical vahie, the qtrestion may 
be so modified thtX the value, — 10, will be a correct ttnswer to 
ft, the 10 being reckoned posithre. The quesHon diue modified 
if : A j^evsoQ asB* a entail amnber of «he^ for 40 dollars. If 
he had sold 2 fewer for t)ie tane wim he would have received a 
Mkr C|pieo0 wierv fi»r thm i required the number aold. 

RniAmK.— In the preceding, and in many other cases, ib^Msidly fea 
the solntlon of philoeophtedqiiasUmis, %r« delive answen which do not 
corretpond with the conditions. The reason Is that the algebraical 
expression is more general than the common language i and the equa- 
tion, which is a proper representathre of the conditions of the given 
qsesUdn, also axp iu ss ua ottasr omditfomi asad hence, when it is soh^d, 
answers should be obtained, fulfilling n0 the coiniilions expressed by the 
equation. 

2L. Find a number such, that if 17 times the number be dimin- 
ished by Its square, the remainder shall be 70. 

Let X3=s the number. 
Then 174^-«*=70. 
or, »^17a!=— 70. 
Whenoe, «»7> or 10. 

In this case hoA values of 9 -satisfy the question in Its arith* 
metical sense. Thus, 

17x7— ^'^=119— 49=70. 
or, nxlO—lO'rsl'TO— 100=70. 

9. Of a number of bees, after eight-ninths, and the square root 
of half of them, had iown away, there were two remaining; 
"what was the number at first ? 

To avoid radicals, let 2«' represent the number of bees at first ; 



Whence, ap=6, or — l^ ; but the latter value, being /roc/umaZ, 
is excluded by the nature of the question ; the number of bees 
is 2x6*=s=72. 
4. Divide a into two parts, whose product shall be &'. 
Let x= one part, then a — x=ss the other ; 
,•• «(«—«), or ««— «^=6'. 
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Wheace, «=^(adr V«^— *^) J ^^^ ^^> 



a=^(a±V«'— 4*^)» a»d fl— «=|(tf=FV<«'--46^, are the 
parts required, and the two parts are the same, whether the upper 
or lower sign of the radical quantity be used. Thus, if the num- 
ber a is 20, and &8, the parts are 16 and 4, or 4 and 16. 

The forms of these results enable us to determine the limits 
under which the problem ia possible; for it is evident that if 45' 
be greater than a', ^Ja^ — 46' becomes imaginary, and thus the 
two parts are unassignable, according to the principles of arith- 
metic ; that is, no such parts can be found. It is aldo easily seen 
that the extreme possible case will be, when ^a^--Ab^=0, in 
whiclv case «= J«> and a — «=^« ; also, h^=ziaK 

Rkkojc.— Ia the foHowing ibzbii^Isb, that value of tfas unknown 
qnanti^ oidy is given, whiohiBatiifies the eeiuUtiena of the question ia 
an aritlimetical f 



5. What two numbers are those whose sum is 20 and product 
36 ? Ans. 2 and 16. 

6. Divide the number 15 into two such parts that their product 
shall be to the sum of their squares, in ike ratio of 2 to 5. 

Ans. 5 and 10. 

7. Find a number such, that if you subtract it from 10, and 
multiply the remainder by the number itself, the product shall be 
21. Afu. 7or3. 

8. It is required to divide the number 24 into two such parts 
that their product shall be equal to 35 times their difference. 

Ans. 10 and 14. 

9. Divide the number 346 into two such parts that the sum of 
their square roots shall be 26. Ans, IP and 15'. 

Suggestion. — Let 0:= the square root of one of the parts, and 
26 — 0?, the square root of the other part. 

10. What number added to its square root gives 132 1 

Ans. 121. 

11. What number exceeds its square root by 48| ? 

Ans. 56 J. 

12. What two numbers are they, whose sum is 41, and the 
sum of whose squares is 901 ? Ans. 15 and 26. 

13. What two numbers are they, whose difference is 8, and 
the sum of whose squares is 544 1 Ans. 12 and 2b. 



190 RAT*S ALGEBRA, PART SECOND. 

14. A merchant sold a piece of cloth for 24 dollars, and gained 
as much per cent, as the cloth cost him. Required the first cost. 

Aru, 20 dollars. 

15. Two persons, A and B, had a distance of 39 miles to travel, 
and they started at the same time ; hut A, hy trayelingr i of a 
mile an hour more than B, arrived one hour before him ; find 
their rates of traveling. Ans. A 3 j, B 3 miles per hour. 

16. A and B distribute 1200 dollars each among a number 
of persons ; A gives to 40 persons more than B, and B gives 5 
dollars apiece to each person more than A ; find the number of 
persons. Ans. 120 and 60. 

17. From two towns, distant from each other 320 miles, two 
persons, A and B, set out at the same instant to meet each other. 
A traveled 8 miles a day more than B, and the number of days 
in which they met was eqivil to half the number of miles B went 
in a day ; how many miles did each travel per day ? 

Ans. A 24, and B 16 miles. 

18. A set out firom C towards D, and traveled 7 miles a day. 
After he had gone 32 miles, B set out from D towards C, and 
went every day jjf of the whole journey ; and after he had trav- 
eled as many days as he went miles in one day, he met A. Re- 
quired the distance of the places C and D. 

Ans. 76, or 152 miles. 

19. A grazier bought a certain number of oxen for (240 
and after losing 3, sold the remainder for 9^ a head more than 
they cost him, thus gaining $59 by his bargain. What number 
did he buy ? Ans, 16. 

20. Divide the number 100 into two such parts that their pro- 
duct may be equal to the difference of their squares. 

Ans. 38.197, and 61.803 nearly. 

21. Two persons, A and B, jointly invested 9^00 in business, 
each contributing a certain sum ; A let his money remain 5 
months, and B only 2, and each received back f450, capital and 
profit. How much did each advance? 

Ans. A f200, B $300. 

22. It is required to divide each of the numbers 11 and 17 
into two parts, so that the product of the first parts of each may 
be 45, and of the second 48. Ans. 5, 6, and 9, 8. 

23. Divide each of the numbers 21 and 30 into two parts, so 
that the first part of 21 may be three times as great as the firgt 
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part of 30 ; and ^at the sum of thp sqaaxes oi Ihe remaiiiijp|r 
parts may be 585. Arts, 18, 3, and 6, 24. 

24. Divide each of the number? 19 and 29 into two partf, so 
that the difference of the squares of the first parts of each may 
be 72, and the difference of the squares of the remaining parts 
180. Afif. 1^,19, and 11, 18. 

DBScasfiKOir of the oktseal sQ0Anoir of v«b nEcavn 

DEGRBE. 

Abt. 394« The dis«ussio» of th^ ffinisrjfX eqn^ljon of th^ fec- 
ond degree, consists in investi^atiog the pn/trai fjrcpfrHes of th^ 
equation, an4 in interpreting the results, which i^re derived from 
makioif particular supppsitions on tha diffi^r^n^ qumititie? whicti 
it contains. 

The ^epejral form* ^ wUfh ev^fy «omplei9 ^qisitUMi of the «ec 
end degree, containing one unknown quantity, may be Mdnoai 
(Art.2;jl),i9 

•In which 2p and q may be either both positlfa or beA nejptlve, 
or one positive and the other negative. 
Completing the Bqaaxe> W9 hftve 

Now, a;'+2jM?-|-p'=(a?-fp)2. For tM «ke of tinpikity, put 
^-{-p3=sin3, that is, ijq+p^=*^» then 

Transposing, (*-hp)* — w^atO. 

But, since the left member 9f this «%m^^Ma i^-Uffi i$ff<»f^cfi^ of 
two equares^ It may be resolved into two factors (Art. 93); this 
gives* (X'\-p-^fn){Q>j-p — w)=9» 

Now this equation can be satisfied in two ways, and in only two ; 
that is, by making either of the factors equal to 0. If wf mfike 
the second factor equal to zero, we hare ' 

x-\-p — m=0 ; 

Or, by transposing, x= p \ m^s-^-p+^Jq-^^, 

If we make the first factor equal tp zero, we hav;o 

«r-HH-m=sO; 
17 
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Or, by transposing, x=s p m=z^^ — >J<t\-p^- 
Hence, we have 

PsoFERTT 1st. Evtry equation of Me second degree hoi two rooU 
(or values of (he unknown quantity), and only two. 

From the eqution .{*+P-H'*)(*+?'~»»)==^» ^® deriye 
PsoPE&TT 2hd. Every complete equation of ihe second degree, 
reduced to the form x'4-2papssq, «ii«y ie decomposed into two bitfeh 
miat factors, of wkiek the Jlrst term in each is x, and the second, the 
two roots with the signs changed. 

Thus, the two roots of Ae eqnadon, «•— 7a+10=O, are aBs=2, 
andjpssS; hence, »^— 7a?+10=(a!^2X»— 5). 

It IS now evident that the direct method of resolving a quad- 
ratic trinomial into its factors, is, to place it equal to zero, and iJien 
find the roots of the resulting equation. 

In tliis nuumer let the learner solve the examples In Art 94, 
fageSO. 

By reversing the operation, we can readily form an equation 
whose roots shall have any given values. 

Thus, let it he required to f<Mrm an equation whose roots shall 
be — 3 and 4. 

We must have x=— ^, or a^-dadO, 

And x=B^, or »— 4ssO. 

Httnet* (»4-3}(»-4)»0; 

Or, x^— «-^12=330$ 

Or, x ^ y iiu l2, which is an equation whose 

roots are — 8 and -f4. 

1. Find an equatira -wbtiee roots are 4 and 5. 

Ans, «»— 9af=— 20. 

2. Find an equation whose roots are — ^ and -}-|. 

Ans. x^+lx^t. 

8. Find an equation, without fractional coefficients, whose roots 
are | and J. Ans. ISa;^— 22a;=— 8. 

4. Find an equation whose roots are m+n, and mr-^n, 

Ans. x^ — ^2ifix=n'— m'. 

Resuming the equation x^^^px=^, and denoting the two roots 
by si and sf', we have 
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a?'=— p+V7+J5'» 



Adding, a?'+ar"s=s— 2;». But, — 2j» is the 

co^cient of Xy taken with a comtrary ngsk. Hence, we have 

Peopeett 3ed. The sum of the two roots of an equation of the 
second degree, reduced to the form x'-f-2px=q, w eqvuA to Vie coeffi' 
dent of the first power of x, taken with a contrary sign. 

If we take the product of the roots^ we have 



ay^:;-,-p4.^^4^3, 



0?"=— p— ^94-;>2 



P^'^'Ji+f 



x'ai' s^P^ .... — (?-|-p^)=— ^• 

But -^ is the known term of the equation, taken with a Cfm^ 
trary sign. Hence, we have 

Peopeett 4th. The product of the two roots of an equation of 
the second degree, redveid to the form z^2pz=q, is equal to Vte 
known term taken with a contrary sign. 

. Novs.-^ In the preceding demosBtratioae, we have regarded %? and q 
as both positive ; but the same conclasions will be obtained by taking 
them both negative, or one positive and the other negative. 

Aet. 33^* We shall now proceed to determine the essentia^ 
sign of the roots in each of the four different forms, and to com- 
pare the two roots in each form, in regard to their numerical mag- 
nitude. 



To do this, it is necessary first to compare p with iJq-\-p^i and 
also with tj — q-\-p^* 



If we examine tfq+p^, we see that its value must be a quan- 
tity greater than p, since the square root of p^ alone, is p. 



But the value of J — q+P^9 must be less than jp, since it is the 
square root of a quantity less than p^. 

With these principles, a carefUl consideration of the roots, or 
values of a? in each of the four different forms, will render the fol- 
lowing conclusions evident : 
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Ist form x'+2fX:asq. 



The fint root is esseatwllf poaitivie, and th9 second eeteiifia% 

negAiive ; and the firat root is numerically leas than the second. 

2nd fofrm, x^-^-QpsBsssq, 

The first root is essentially poattwet and the second easentially 
negative; and the first root is numerically greater than the 
second. 

3rd form, «»-(-2^w=fe — q. 

Both voets «re essentially BegativOf and the fixit root is niiaeri- 
cally less than the aecond. 

4th forn^ as^ — 2px== — q. 



Botli roots are essentially poeitire, and the fifst root is ftnneri* 
cally greater than ^e second. 
It is ohvious that in each of the forms, the exad numerical 

value of the roots can he found, only when V?+P'» ^ 'J 9\f ^ 
Is a perfect square. 

NoTK. — Questions 5, 6, 7, 8, page 186, are specially adapted to Illus^ 
trate the four different fonns. See, also, Ray's Algebra, Part Ist, 
Art. 217. 

Art. 386* We shall now proceed to show uhen the roots 
become imaginary, and why. 

In the third and fourth ibrms, the radical part is ^ — q+P^» 
Now when q ib greater than jd^ this is essentially negative, and 
we are required to extract the square root xnf a negative quantity, 
which is impossible (Art. 193}. Henee, when q is greater than 
||9, tint iSf toto» &€ kfMm term is n^aUva, and greater &an the 

imaginary. 
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To stiQW why the roots aare imaginary, we muat inquire, into 
what two parts a number muiit be divided, that the product of the 
parts shall be the greatest possible. 

Let 2p represent any number, and let the parts, into which it 
is supposed to be divided, be p-^z, and p-^z. The product of 
these parts id 

Now this product is evidently the greatest, when z^ is the least ; 
that is, when e^=0, or z=0. But when « is 0, the parts are p 
and p. Hence, 

When a number is divided into two equal parts, their product is 
greater than that of am^ other two parts into which the number can be 
divided. Or, as the same principle may be otherwise expressed, 

TTie product of any two unequal numJbers, is less than the square of 
half (heir sum. 

Now it has been shown (Art. 284, Properties Srd and 4th), 
that 2p, the coefficient of the first power of se, is equal to the sum 
of the two roots, and that q is equal to their product. But, when 
q is greater than p^, we have the product of two numbers, greater 
tiian the square of half their sum, which, by the preceding princi- 
ple, is impossible. If, then, any problem furnishes an equation of 
the form x^zt.2px= — q, in which the known term is negative and 
greater than the square of half the coefficient of the first power 
of the unknown quantity, we infer, that the conditions of the 
problem are incompatible with each other. The following is an 
example. 

Let it be required to divide the number 8 into two parts, whose 
product shall be 18. 

Let a? and 8 — a? represent the parts. 
Then, a:(8— vr)=18; or or*— 8ar=— 18; 

Whence, x=^+J^, or 4— V-^- 

These expressions for the values of x, show that the problem is 
impossible. This we also know from the preceding theorem, 
since the number 8 cannot be divided into any two parts whose' 
product will be greater than 16. Thus, the algebraic solution 
renders it manifest that the problem is impossible* 

Art. 3 ST* Examination, of particular cases. 

1st. If, in the third and fourth forms, where q is negative, we 
suppose q==p^, the radical, ^J — 9+jo^ becomes 0, and x=—p, in 
the third form, or -{-p in the fourth form. It is then said, the two 
roots are equal. 



198 KAY'S ALGEBRA, PART SECOND. 

In fact, if we rabBtitute p* for 9, the equation ia the thM form 
becomes «'-f-2pjp4^=0. 

Hence, («+i')'» or, {x-\-pXx-\-p)ssQ. 

In this case, the first member is the jprodvct of ivoo equal factors. 
Hence, the roots of the equation are equal, since either of the 
two factors, being placed equal to zero, gives the same value for 
X, A similar inclusion is obtained by substituting p^ for q in 
the fourth form. 

2nd. If, in the general equation, x^-{-2px=sq, we suppose 9=sO» 
the two values of x reduce to, 

X — " p I p ==0, and xss p p 2 p, 
In fact, the equation is then of the form 

a:2-J-2;MC=0, or a:(a:+2;?)=0, 
whieh can be satisfied only by making 

a?=0, or x+2ps=sO; 
Whence, a;=0, or x= — 2p. 

3rd. If, in the general equation, x^+2px=ssq, we soppose 2pss:0, 
we have x^=qf 

Whence, «==t:^/^. 

In this case, the ttoo vdues of x are equal arid have contrary signs, 
reai, if q is positive, as in the first and second forms, and imagine 
ary, if q is negative, as in the third and fourth forms. 

Under this supposition the equation contains only two terms, 
and belongs to the class treated of Art. 228. 

4th. If we suppose 2p=Q, and ^=0, the equations reduce to 
dp'=20, and give the two values of x, in all the forms, each equal 
toO. 

Art. 338* There remains a singular case to be examined, 
which is sometimes met with in the solution of problems produc- 
ing equations of the second degree. 

To discuss it, take the equation 

ax^-^-hx^ac. 
Solving this equation, the values of x are 



2a 2a 
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Uf now, we suppoB^ osasQ,, these values become. 
— *--ft —2* 



That iB, one value of x is indeterminate and the other iti/iniie 
tArto. 136, 137). 
But if we Quppoee a=szO in the given equation^ we tiavQ 

hx=c, and »=-. 
b 

But a; can have only two values, (Art. 234) ; hence, there is at 
least an apparent contiadictioa ; how can it be i^econciled % 

Let us first examine the value of x==- 



If we multiply botii terms of the second membor of the equa^ 

tion aft==I±!::^£!ii5 by — ^-V^-Koc, we have 
2a 

6»— (ft^-Hoc) -r-4ac 



2a(— 6— V^*-H«5) 2a(r-b^Jb^J^Aacy 
OTr by dbnding both teorms by 2a 

—2c 



Whence, x=^t by making fl=0. 
b 

c 

Hence we see, that the value of «s=-, is feaify -» and arisei 

b 

from having made a factor zero, that was common to the numera-' 

tor and denominator. 

We shall now examine the value of apsa— — =saD . 



By supposing «=0, the equation aa;^-|-&e=:e, reduces to hx=sc, 
an equation of the first degree. 

It is, therefore, impossible that it can have more than one root 
(Art. 170.) Hence, die supposition that it has ttoo, gives one 
value infinite, which is equivalent to saying, the equation has but 
one finite root. 

If we had at the same time 

a=:0, 6=0, csrO, the equation would be 
altogether indeterminate. This is the only case of indetennifia- 
tion presented by the equation of the second degree. 
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AST. 389. We Bhall now tLppij the precedliig priiieiplee in the 
discussion of a problem, which presents most of the circum- 
stances commonly met with, in problems prodndlig equations of 
the second degree. 

PROBLEM OF THE UOHTS. 

It is required to find, in a line B€, wAicfa joins two lights, B and 
C, of different intensities, a point which is illuminated equally 
by each. " 

P i P Z F 

It is a principle In optics that, (he iniensUy af the iame lighi at 
d^erent disUmces, is inver$ely as the square of the distance. 

Let a be the distance BC between the two lights. 

Let h be the intensity of the light B at the distince of one Ibot 

from B. 
Let t be the intensity of the light C at the distance of one loot 

from C. 
Let P be the point required. 
Let BP «», then CP =•— «. 

By the optical principle above stated, since the intensity erf the 
light B at the distance of 1 foot, is &, its intensity at the distance 

of 2,894,. • • . feet, most be ^, ^ _ . . . . ; hence, the 

4 16 

intensity of B, at the distance Of x feet, must be ~. In like man 

aer, the iatennty ^ the light C, at the distance of a— « feet 

must be . ^ , But, by the conditions of the problem, these 

two intensities are equal ; hence, we have for the equation of the 
problem, 

JL== ^ . which easily reduces to ^Jln^^ . 
This gives the following results : 



Whence, *^*""^» or 



ajb , ajc 

1st. X — — :., whence a — a:=— 1= — =r. 

VH-^/c VM->/^ 

^ , ^Jb , — aje 

2nd. «=—= — z.» Whence a— vc = ; ,^ — p. 
^N-i^c ,Jb^Jo 
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We shall now proceed to discass these values. 
I. Let &>c. 

The Jirst value of x, ,^ ,~, U positive and less than. «, for 

^/^ 
- ,- is a proper fraction ; hence, this value gives for the 

point illuminated equally, a point P situated haween B and C. 
We perceive, also, that the point P is nearer to C than B ; for 
since 6>c, we have VH-V^VM-Vci w 2^6>^T+VT 

and .*. fTj, f-^h an*Ji consequently, jI\Jq^' "^^^ ^ 
manifestly correct, for the required point must be nearer the ligin 

of less intensity. The corresponding value of a— «, -ri ~ 
is positive, and evidently less than -, 

The teomi wJue 0/ «» /j;_ n, w positite, and greater thuk tr-^ 

for Jhyjh-Jc, .: J^Zj'>^' '^ JlZJ?"- . 

This value gives a point P', situated on the prolongation of 
BC, and to the right of the two lights. In fact, we suppose that 
the two lights emit rays in all directions ; there will, therefore, 
be a point P', to the right of C, and nearer the light of less inten- 
sity, which is illuminated equally by the two li^ts. 

It is easy to perceive, why the two values thus obtained, are 
expressed by the same equation. If, instead of assuming BP for^« 
the unknown quantity a?, we take BP', then CF=ca^— a, and th# 
equation of the problem is 

x^ ix—ay' 
but (jp— a)^3s(a^-«)'. Heiiee, the new equation is the sane as 
that already found, and, consequently, ought to give BP', as well 
asBP. 



to be, because a?^a, but changing the signs of the equation 



The second value of a — a?, .r^ .- , is negative, as it ought 
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fl— ^ss-rr r., we find x a = =.» and thisyalue of a>-tf, 

Jb—^c Jb—Jc 

represents the distance CP'. 

IL Let Kc- 

P iT F 5 P' 

ajb a 

The first wdve qf x, .^r. .- is positive, and lesa than §1 for 

Jb+sJc>^b+Jb, or >2V6; .'. ^;j^!^^^' '^ 

The corresponding value of a — a?, .r^ i~i i« positive, and 
greater than f . These values of x, and of a — x, show that the 

point P is situated between B and C, but nearer to B than C. 
This is evidently a true result, since, under the present supposi- 
tion, the intensity of the light B is less than that of the light C. 

ajb --ajb 

The second valve of x, -^ .- , or "7= Tr, is essentially neg- 
ative. To interpret this result, we must recollect that if distance 
to the right of a certain point is reckoned positive^ then distance 
to the left is negative (Art. 47); hence, if we consider P" on the 
2e^ of B, as the point illuminated equally, we ought to represent 
the distance BP" by — x, and then the distance CF' would be 
represented by BP"+BC= — a?4*^=^""^' Under this supposi- 
tion, the equation of the problem would be 

— -, that 18, --= .. 



(— vc)* (a— or)' «» (fl— a:)* 

and the solution of this equation, which is the same as that ob- 
tained for P, ought to give the point P". 

— g>/c _ ^Vc 
The corresponding value of a— a?, is .r__ .—~" ,- /-r. It is 

- - - V^ ^. 

positive and greater than «, for Jc^Jo — ,Jb .•. "JTZT/jf 

«>/c' 
and ~J=^ nP^' '^^^^ represents the distances CP", and iB 
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merely the sum of the distances CB and BP". These results are 
manif&stljr correct, and correspond to the circumstances of the 
problem. 

III. Let 5=c. 

The first values of x, and of a — a, reduce to ^, which shows 

that the point illuminated equally, is at the middle of the line 
BC, a result manifestly true, upon the supposition that the inten- 
sities of the two lights are equal. 

The other twovakies are lednced to f^=Qo. (Art. 136). 

This result is manifestly true, for the intensities of the two lights 
being supposed equal, there is no point at any Jinite distance, 
except the point P, which is equally illuminated by both. 

IV. Let h=c, and a=0. 

The first system of values of x and a — a?, become 0. This is 
evidently correct, for when the distance BC becomes 0, the dis- 
tances BP and CP also become 0. 

The second system of values of x and a — x, become 9 ; this is 

the symbol of indeter mi nation (Art. 137). 

This result is also correct, for if the two lights are equal, and 
placed at the same point, every point on either side of them will 
be illuminated equally by each. 

V. Let a=0, b not being =u;. 

In this case, all the values of x and of a — x reduce to 0, which 
shows that there is only one point equally illuminated by each ; 
viz : the point in which the two lights are placed. 

The preceding discussion, afibrds an example of the precision 
with which algebra answers to all the circumstances included in 
the enunciation of a problem. 

Art. 339** Examples for the discussion and illustration of 
principles. 

1. Required a number such, that twice its square, increased by 
8 times the number itself, shall be 90. Ans. 5, or — ^9. 

How may the question be changed, that the negative answer, taken 
positively, shall be correct in an arithmetical sense 7 

2. The difference of two numbers is 4, and their product 21. 
Required the numbers. Ans. -}-3, +7, or — 3 and — 7. 
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8. A man bought a watch, which he afterwaid sold for 16 dol 
tttra. By the sale hia loss per cent, on the fifst coat of the watch, 

was the same ae the number of dollare which he paid for it. 
What did he pay for the watch t 

Ans. 20 dollars, or 80 dollars. 

4. Required a number such, that the square of the number 
increased by 6 times the number, and this sum increased by 7, 
the result shall be 2. Ans. x^ — 1, or — 5. 

What do the Talaes of x show ? How may the qaesUon be changed 
to be possible in an arithmetical sense ? 

5. Divide the number 10 into two such parts, that the product 
shall be 24. Atis. 4 and 6, or 6 and 4. 

Is there more than one solution ? Why ? 

6. Divide the number 10 into two such parts that the product 
shall be 26 . Ans. ^+J^l , and 6— ^--1 . 

What do these results show 7 

7. Divide the number a into two such parts, that their squares 
shall be to each other as 1 to n. 



Ant, 




On 

What are the parts when a=12 and nssai? When a^sslO and nsrl? 
8. The mass of the earth, according to astronomers, is 80 times 
that of the moon, and their mean distance asunder 240000 miles. 
Now the attraction of gravitation being directly as the quantity 
of matter, and inversely as the square of the distance from the 
center of attraction, it is required to find at what point on the 
line passing through the centers of these bodies the forces of 
attraction are equal ? 

Am, 215865.5+ miles from the earth, 
and 24184.5— « « " moon. 
Or, 270210.4+ " « " earth, 
and 30210.4+ << beyond the moon from the 
earth. 

This question inrolves the same principles as tlie Problem of 
the lights, and may be discussed in a similar manner. The 
required results, however, may be obtained directly from the 
values of «, page 200, calling tf=240000, ft=80, and c=l. 
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TRINOMIAL EaUATIONS. 

Art. 840* A trinomial equation is onQ consisting of three 
terms. The gesenl form is Mif^''{4a^hsse, in which all the quan- 
tities are supposed to he known, except 9:. 

Every trinomial equation of the form 

x^^'j;'2paf*=^f that is, every equation of 
three terms contsmisg only iwo i>owers of the «olu»awa quantity* 
and in which one of the exponents is double the other, can be 
solved in the same manner as a complete equation of the second 
degree. Thus, 

let a"=y, then a;'*»==y', and the equation becomes 

Whence (Art. 231), y=*=— prb >/9+p^ ; 

Substituting »» JSwr y, and extracting the #^ root of both sides, 

As an example, let it be required to ^n4. the yjJue of a; in the 
equation x* — 2p3e^;=s;q. 

I,et x^=y, the equation then becomes 
y2--2j3y=;5u 

Whence, y=^+PztJq^^=^^ 

Art. 241. Binomial Sxtrds. — Expressions of the form Adb 
tJBi or i^AzfcVB, like the value of x just found, are called 
Binomial surds ; they are sometioies foond in the solution of 
Trinomial equations of the fourth degree, and as it is sometimes 
possible to reduce them to a more simple form by extractiiig the 
square root, it is necessary to consider them here. 

We shall first show that it is sometimes possible to eirtract the 
square root of Adb^B, or A/AdbV^- 

(2zb^/3■)^^7=h4 VS ; .-. ^7dbW5=2±V3. 

(V2±V3 )^=5d:^VS ; .-. ^5±3V6=V2=fc:V3. 
We shall now pr<u:eed t» show 4hat it ik elwf^ys possible to 
extract the square root of Ad=VJ^> or ^/A±^/B» i^ A'— B is a 
perfect sq^ese. Tjo do this it is necessary to pcove the following 
theoreins. • . . 
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Theosem I. — The square root <^ no quantity can he poffhf 
rational and partly a radical of the second degree. 

For, if possible, let Jxss^tjb ; .*• squaring both Bides, 

x^a^-^-^atJlh^-h ; .% ^6=:^-~_r, that is, an irra^ 

tional quantity is equal to a rational quantity, which is impoesiJbU ; 
hence, the supposition is impossible and the theorem is true. 

Theorem II. — In any equation consisting qf rationed guantities 
and radicals of ike second degree, the rational quantities on each side 
are equal, and also the irrational quantities. 

If x-\'»Jy=ar\-Jh, then «ss«, and Jyssz^b, 
For if X does not =«, let x=a-{'m ; 

that is, the square root of a quantity is partly rational and partly 
irrational, which has been shown by Th. I, to be impossible ; 
hence, x=sa, and Jy:=ijb, 

We shall now proceed to find a formula for extracting the square 
root of A+^. 

Assume */A+^5=V*+Vy» 

A-}-VB=jH-y+2V*y> ^y squaring. 
By Th. U, x+y=A(l) ; and 2^1^=zJB(2) ; 
Squaring equations (1) and (2), we have 
a:3+2*jf4y=rA^ 
4ay =B; 
Subtracting, «2_2a:y+y'=A2— B ; or (j>— y)»=A»— B 

Let A'— B be a perfect square =C^ then C=Ja?^B, 
^ .•. («— y)'=C2, or a>-y=C ; 
But x-\-y=A ; 

Whence, ar=^+5 ; and y=^^. 
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SimUarly. V^V3^^A-VB=±^^=F^^. 

These formulas are easily verified by squaring each side, and 
substituting A^— B for C*. 

EZA1IFLE8 FOR PRACTICE. 

1. Extract the square root of 31-f-10,/6] 

Here A=31, JBz=:l0^6'; .-. A^— B=:Ca=«96 1—000=5:36 1 ; 
and Cs=19, (,4 J C 

.-. A+C=50, A— C=12; .-. ir=25, y=6; ^ '^ r ^ 

2. Reduce ^np-^2m^ — 2tn^Jnp^m^» to its simplest form. 

Here A=:np-\-2m^, and B=4m^(n;^^-m2). 

A' — B= n^p^, and C=7ip, (formula L). 
.-. A+C=2np+2fli2, A— C=2m2 .\ x=Tip+m^, ^z=2m\ 

Formula (L) gives Jx-'^y^±:(^^np+m^-^m). 

Proof. dd(,jjnp+m^^^y=np+2m^---'2m^np+m\ 

3. Find the square root of 11+6 ^2. Ans. Q+j2. 

4. Find the square root of 7 — 4^*3. Ans, 2 — ^"3. 
6* Find the square root of 3ii:2 ^2". An8..»J2ttl. 

6. Find the square root of 134-2^30. Ans. ^lO+V^. 

7. Find the square root of 17+2^50. Ans. 2^3+751 

8. Find the square root of a?— 2^a?— 1. Ans. Jx^l — ^1. 

9. Find the square root of 2a J^. (A=0). 

Ans. JiH+JZT). 
10. Find the square root of «+y+H-2 V^^-Sy^* 

Ans. Jx+y+^T. 






11. Reduce to its simplest form ^6c+26^fc8 — 6^ 4* 



Jbo^2b^. 



r 



bc-^\ ' . i^ ? ' ' ilM. doiJho-^K 



Art. 343. We shall now resume the subject of Trinomial 
Equations. The general form of Trinomial equations is 
a7^-fS;»**:=7 ; but there ere several varieties of this f«rm, of which 
the following are the principal : viz : a?+^«=9 ; ac^-\-fschssq^ 

a;»»-4|w?2=9, a:»«+|?xa=^, «*"4:pff'"=j, (»'-|-l'*+^)'-H^*'"H* 
-H)=r, and (a:»+l«4^)»--+^«'-Hw+?r===A:. 

It is easily seen that some of these Tiffi^tles, if developed, 
would produce very complicated expressions. Yet they may all 
be solved by the general method given above, that is, by plac- 
ing the lowest power of tiie compound term equal to an un- 
known quantity, and then wbstUviing the latter ia the given 
equation, in some cases it is neeeasary to substitute more than 
once, as in the following, which is oaa of the most complicated 
forms : 

Let «'+p*+5==y> t^«* 0p'+p«+9)^=«y^i tad tie equa- 
tion becomes y^-^l^z=k. 
Let y^=Xf the equation then becomes z*-\-iz^k, from which z 



is found =-=*±i/!*!±*i;whencey=-/z:^V^±l*, 
Calling this last expression A, for simplicity^ and we have 

Whence, »=— ^±^A— ^+?. ; 
I . Given, af«-— 6a:»=16^ to find the value of «. 



Assume, 


ap3=y, then x^=zy^y and 




y«— 8y =16; 


Whence, 


y =8, or —2. 


Therefore, 


^:=8, or —2. 


and 


a? —2, or ^V2. 



. y :■ !.- -Ir) 

'' ;e4uations of the second dboree. M9 

:i, *i ltm\ tT*" It ^m.. I I . ... . ■ I — .1 ■ .1 ■ I ..I ■ , 

It will be shown hereafter, (Art. 396), that eTery equation has 
as many roots as l^ere are units in the exponent of l^e highest 
power of the unknown quantity. We do not, therefore, by this 
method, in all cases, obtain all the values of the unknown quas* 
tity. Thus, in the preceding example, there are four lvalues of x 
not determined. 

2. Given bx — 4^jB^3d, to find the value of x. 
Assume, Jx=y, then xs=y^, and 

5y9— 45P=33 ; 
Whence, y=3, or — y ; 

Consequently, «=9, or jV. 



3. Given, Va?+12+ V»+12==6, to find the value of x. 



Assume, j^j^^l2=:y; then Va?+12==y^ and 
Whence, y=2, or —3; 



.'. V^+12=2, or —3; 
Whence, a^4-12=16, or 81; 

and x=^t or 69. 

Or, without introducing a new letter y, we may consider the 
whole expression under the radical as the unknovm quantity, and 
proceed to complete the square thus, 

^7H2+v^+i2+l=6+i=V ; 

Extracting the root, V*+12+2=dbl ; 

VH=i2=— ^±i=+2, or -3. 
a?+12=16, or 81. 
Whence, a;=4, or 69. 

The principle of both operations is the same, but the use of 
the new letter renders the process more easily understood by 
beginners. 



4. Given Sa^+^Sx^+l=:55, to find the value of x. 
Adding 1 to each member, the equation becomes 



3a?>+l+V3aj2+l=56. 
The equation may now be solved like the preceding* 

The values of x are -|-4, —4, +>/21» and —^21. 

18 
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Find di9 valnm of « in etch of tho ioSkmiog examples. 
6. «*— 26x*==^144. Ans. j^-±0 , or db4. 

6. 5««+7x»=6732. Am. «=dd6, or ±i\sj-^140. 

7. 0««— llx>bsi88. ilM. a%=2, or ijl/^=^83. 

8. x»— «*=16600. Aiw. aj=26, or (—124)*. 

9. «*-|-xW056. Am. x=64, or (—33)*. 

10. «-J-6=s^x+5+«. Aiw. «s=4, or —1. 

11. 2V*^— 3aH-li=ar^-3x+8. 

Ant. a^=2, 1, or idzkj'^^Sl. 

12. «^7*+V^^''*4-l®==^- 

An*. xsbO, —2, or i(7=fc jT73). 

13. (»^9)>=.8+ll(«^2). Am. «=rdd5, or it^J 

Am. «==4, 2, or ii—nztjny 

15. a- ( 1+1 ) '-(3*>-Hr)=^. 

Ant. x=3, -51, or |(— l±^/=S6l> 

16. «V ( i-^ ) =^J- ^«*- *=:tVa±| V2). 

AmT. 948. In the preceding escamples tbe form of the trino- 
mial equation, is either given or easily ascertained ; bat it some- 
' times happens that questions are given, in whidi the co mp tm t id 
ierm is not presented to view, hot which may be reduced to the 
form of a trinomial equation by the following method : 

If the greatest exponent of the unknown quantity is not evm, 
it must be made even, by multiplying both members of the equa- 
tion by the unknown quantity. Then extract the square root to 
two or three terms, and if we find a remainder (omitting known 
terms if necessary), which is any muU^ or Bsypart of the root 
already found, the given equation may be reduced to a trinomiaL 
of which the compound term will be the root already found. 

Example. Given, **— 4a*»— 2a»*+12a»==l??*, to find x. 

X 

Multiplying both sides by x, and transposing, we have 
x^— 44B«— 2a'xH'13«>«— 16««==0. 
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Proeeedin^ to extraet the sqimre root, we liave the fi^owing 

OFERATIOV. 

«* 

2«'— 2aa?| — 40**— 2aV 

Remainder — 6a'x2_|_i2a»a>— 16a< ; 

or, — 6a'(a?2— 2ar)— 16fl<. 

Hence, the given equation may be written thus : 
(a?'— 2ar)»— 6a'(«^^2<iar)— 16a<=0. 
Assuming a?^— 2aaj=y, we find y=8a', or —2a' ; then firom 
the equation ar2-^2aa?=8a^ or —2a*, we find 

:B=4a, — ^2a, or adtflj — \- 
2. j:*— 2a:»— 2a?»4-3a?=108. 

An*. x=4, —3, or i(l±>/— 35). 
3'. ap<— 2a:»+a?=:3a. An*. «=3, —2, or 2(lit>/— 1^- 

4. s^^^x^-^Wx-^^sQ. Ant. xs^l, 2, or 8. 

6. af«--6«»-f-5a:'+12a?«60. 

iltw. a:=5, —2, or ^(3itV^^^). 

6. 0?*— 8a:»+10a?34.24as=:— 5. Atu, af=5, —1, or 2d=V5. . 

7. 4a:<+?=4a:»+33. Ans. ar=:2, — |, or i(ldbV^^^)- 

2 * 

Ans. «=4, 3, or iC7d=^/65). 

SmULTANEOUS EQUATIONS OT THE SECOND DEQKEE CON- 
TAINING TWO OR MOBE UNKNOWN aUANTITIES. 

Art. 84L4* Equations of the second degree, containing two or 
more unknown quantities, may be divided into two classes. 
1st. Pure Equations. 
2nd. Adfected Equations. 

The first class embraces those equations that may be solved 
without completing the square ; the second, those in the solution 
of which it is necessary to complete the square. The same 
equations, however, may Aometimes be solved by botii methods. 
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Aml 945. PtTBB Bquatioot.— Pure equatuws may in general 
be reduced to the solution of one of the following forma, or paira 
of equations. 

a•)*^^|. (^o'^l (3.)S+?SJ. 

We shall explain the general method of solution in each of 
these cases. 
1. To solve x+y=a (1), and xy=^ (2), we must find aj— y. 
Squaring Eq. (1), x^+2xy+y^=a^ ; 
Multiplying Eq. (2) by 4, 4ay =4& ; 
Subtracting, a?'— 2a;y-|^'=fl'— 46, 
or, («— y)2=:a2— 46 ; 

Whence, a?— y=dbV«' — ** > 

But, a4-y=a ; 



Adding and dividing by 2, arssjailV*'""^*' 
Subtracting and dividing by 2, y=2tf=FW<*' — ^• 
The pair of equations (2) is solved in the same manner, except 
that in finding x-\-y we must add 4 times the second equation 
to the square of the first. 

The pair of equations (3) is solved merely by adding and sub- 
tracting, then dividing by 2 and extracting tiie square root. 

EXAMPLES IK PURE EaUATIONS. 

1. Given, aP+y^=d (1), and a^^-y=a (2), to find x and y. 
Squaring Eq. (2), x^+2xy+y^:=a^ ; 

But, x^ +y^=J (1). 

Subtracting, 2ay=a2— </, (3). 

Take (3) from (1) ; «'— 2ay+y'=2<J— «', 



.«. a?— y=dbv23--a^. 
Whence, a:=5fld=2V2dPo^ y=h(f^ij2d^^. 
2. Given, a^a+ay+y '=9 1(1), and a:+^'j^4-y=13(2), to find 

X andy. 
Divide Eq. (1) by (2), x—Jxy+y= T, (3). 

But, a?+J^'^y=13. (2). 

By subtracting, 2^xysS, (4). 
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*^^^ " ' ' iiiii . . — . Ill I i n iiii i»>i— j >i Ml 

By adding, a4-y=10. (5) 

Squaring, (5), ajH-2ay4-y'=100: 

Squaring, (4), 4ay = 36; ,♦ 

But, x+yssdO, whence, xssd or 1, and^ssl or 9. 
Equations of higher degrees than the second, that ean he 
solved hy simple methods, are usually classed with )>ure equations 
of the second degree. 

3. Given, a?*-fy*=6, and «*4-y*=128, to find x and y. 

In all cases of fractional exponents, it renders the operations 
more simple to learners, to make such substitutions as will render 

the exponents int^oL In this example. Jet «*»?, and y'=sQ; 
then ar=P*, and y^=Cl*. The given equations then become, 
P+Q=6 (1), 

P»+Q«=126 (2). 

Dividing Eq. (2) by (1), P^— PQ+<12~21; 
Squaring Eq. (1), P2+2PQ-fQ2=36 ; 

Subtracting, 3PQ=15, .-. PCl==5. 

Having P+Qs^* and PQ;=c5, by the method explained in 
form (1), we readily find P=5 or 1, and Q,=:l or 5. 
Whence, «=625 or 1, and y=l or 3125. 

4. Given, (a?— y)(a?2— y3)=160 (1), 

(a4-y)(«2-j-y2)=580 (2), to find « and y* 

ar*— a'y— 0^2+^*=^®^ (1), by multiplying. 

a4-l-a;2y-|-jCy2^yl=580 (2), « '♦ 

2aPy+2mf^=A20 (3), by subtracting. 

Add (3) to (2), «»+3a^+3a;y2^=3i000. 

Extract cube root, a:-|-y=10. 

From (3), a?y(ar-fy)=210; .% ay=21. 

From a:+y=10, and «y=21, we readily find «=s=7 or 8, and 
^=s3, or 7. 

Let the following examples be solved by the preceding or simi- 
lar methods. 

5. »— y=2, " Ans. «=16, or — ^13; 
a^»+y2=394. y=18, or —16. 

6. «»-H^'=13. . Ans. J!=:zb3; 

ay = 6. . y^dt^' 



•14 
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7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 

17. 

18. 

19. 

20. 
21. 



2«+y=7, 
4aa+y»=26. 

«— y=« 9. 

#4^« 11, 

j,l^.y»«^7* 

a:ay--y'«=16. 
ar34-j»==:84, 
«»-y=24. 
a»-fy=152, 
**— «y+y^=l9. 
a»-fy«+«j=a808, 

»4^ « 16. 
«"— y'=7«y, 
a.-y« 2. 

,l-^*=37. 

a-l^-ylssia. 
x*+^« 5 

a.i+y*« 4, 
xJ-|-y^s=28- 
aj»4ys=851, 

1^ SB 14. 

»+y=4, 

ar*4y=82. 






Aiw. 



il«#. «m2, or J 

yaaS, or 4 

Ant. xsssQ 

y^ 

Jkiif. «ss7, or 4 

y»4, or 7 

'Ant. «ss4 

y«2 

An*. a=sd=7 

Afu» «=5, or 8 

y=3, or 6, 

An*. atsl2, or 4 

y== 4, or 12 

Aim. «=4, or —2 

y=f , or —4 

Aw. x=s=d=3, or d=l 

y=d=l, or ±3 

Afu. 4P=16, or 9 

ye= 9, or 16 

Am, as=16, or 81 
y=s27, or 8 

Ans. acass 8, or 27 
y=27, or 8 

Ans. x=si9f or 1 
y=l, or 9 

Ans. jp=7, or 2 
y=2, or 7 

Ans. x=Q, or 1 
y=l, or 3. 

(a-fc-4)(g+ft--c) 
2(6+c— «) * 

3^=^\/ 2(11+0-6) 

N 2(<H*6-.c) 
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A»t; •46» AoFECTXD Equatiohs.— The most g^nend form 
of an eqnfttios of the secoBd degree, containing two Jtakaamn 
quantities, is, 

By arranging the terms according to the powers of x, and divid- 
ing by the coeflScient of the first term, two equations of the sec- 
ond degree containing two unknown quantities, nlky be reduced 
to the following forme : 

^M^ V+^ >+cy^+d y+e ===0 (1), 
aj»+(a'y+y>H-cyrKy+«'«C> (2). 

To find the values of either of the unknown quantities, we 
must eliminate the other. We shall now show that this operation 
produces an equation of the fourth degree. 

By subtracting the second equation from the first, and mak« 
ing a^^=a'\ h — b'^^h", &c., we have 

Whence, a:= _cV+<^^y-4-g" ^ 

a y+b 

Substituting this value of x in the first equation, we get 

and multiplying by (a"y+2>")^ 
(^cY-\^''y+el'-<ay+by(p^'y+r)(cY'{^'y^^'}^^ 

an equation of ihe fourth degree. 

Hence, i^ general, the solution of two equations of the second 
degree^ containing two unknown quantities, depends upon the solution 
of an equation of (he fourth degree, containing one unknown 
quantity. 

Abt. 347. There are, however, two cases in which two equa^ 
tions of the second degree, containing two unknown quantities, 
may always be solved as equations of the second degree ; viz : 

Case I. — When one of the equations, containing two unknown 
quantities, rises only to ihe first degree, and the other to the sec- 
ond degree, the values of the unknown quantities may be found 
by the solution of an equation of the second degree. 

Given, ar4-^=c (1), 

dx^-]-exy'\~fy^-\-gx-\'hy=k (2), to find » and jr» 
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Here equation (1) is evidentlj the general equation of the fint 
degree between x and y, and equation (2) the general equation of 
the second degree between x and y. 

From eq. (1), we have xssstZzH ; and substituting this yalue of 

X in equation (2), and multiplying every term by a', we have 

d(c^---2bcy'i^y)+aey(c^y}+ay7/^+agi<^ 
an equation of the second degree, from which the value of y may 
be found by the rule (Art. 231). Having the value of y, that of 

X may be found from the equation x=s^ ^ , 

Case II. — When both equations of the second degree are 
homogeneotu, that is, have the sum of the indices of the unknown 
quantities the same in every term which contains unknown quan- 
tities, they may be solved by an equation of the second degree. 

Given, ax^-bxy^cy^^=d (1), 

<i^x^+yxy+c'y^=d^ (2), to find x and y. 
Let y=tx, where Ms a third unknown quantity, termed an 
auxiliary quantity. Substituting this value of a; in the two equa* 
tions, we have 

at3-fite2+c(2a?»=ir2(a+5H-c<')=^ (3), 

fl'a?'+6'te>-fc'<2ar2=a:2(a'-f6'H-c'0=cr (4), 

d 
Prom eq. (3) we find g'— ^^^^r 

and from eq. (4) x^=' a''^'t-\^V ' 

d d' . 



a+bt+ci^ a'+b*t+cV 
or, d(a'+b't+c't^)^=dXa+bt+ct^, 

an equation of the second degree, from which the value of t may 
be found, (Art 231), and thenCe x from the equation 

^2g_ — >_^ — . , and thence y from the equa- 
a-^bt-\~ct^ 

tion ysssix. 

Art. 3#$* When two equations of the second degree are synt' 
metrical with respect to the two unknown quantities, that is, when 
the two unknown quantities are similarly involved, they may fre- 
quently be solved by substituting for the unknown quantities, the 
sum and diflference of two others. 
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Example. Givra af-)-yssa (1), 

ir»+y»=:6 (2), to find a? and y 

liBt xsiss-^-z, and y=A9^-z^ then <=s~. 

By Bttbatituting the Talue of nJi, and reducing, we find 

2 

^2 80a • 

From this equation, by completing the square, we find 

Art. 349* An artifice that is often used with advantage, con- 
sists in adding such a number to both members of an equation, as 
will render the side containing the unknown quantities, a trino- 
mial equation that can be resolved by completing the square* 
(Art 240). The following is an example : 

2. Giyen. 5;+g+?+l!=^ (1). 

and dp>4-y33ss20 (2), to find « and y. 

Since, { f+5? ) =^4-24-?^ ; add 2 to each side of 

\y xf y' «* 

eq. (1), and then \ to complete the square. 

Whence, f44?=:d:3— 4=f or— J. 
y X * '^ 

Let ?+?=« ; then, ^I^L', or ??=• 5 
y X ^ xy xy * 

whence, xyssS, and 2aw3sl6 

X9 
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From the equation x^-^-yhmOO^ and 2a?y=sl6, we readilj find 
«!»d=4» and y^±li. 

By taking f-fi^^— |, two other values of 9 and y may be 

found. 

AsT. 950. Another artifice ooneiata in considering the sum, 
difference, product, or quotient of the two unknown quantities, as 
a sinffle unknown ^uim/tfy, and first finding its ralue. Thus in 
example following, the value of xy should be found firom the 

first equation ; and in example 10, that of -, 

y 

Other unknown auxUufHei may also sometimes be employed 
with advantage, but their use, as well as that of various other 
expedients that may be emj>k)yed, can only be learned by experi- 
ence, while much will always depend on the judgment and tact 
of the operator. 

BXAMPLB8 FOB PBACTICB. 

Non.^«-I& some ef the examplee all the TaloM of the unknown 
quantitief aie not given ; thoM omitted are geneiaHy Imaginary. 

' '8. «»+y»+aH-y=330, Am. x^l6, or —16; 

apt-yJ-fsr—yrslSO. y= 9, or —10. 

4. «44jf«14, Ans. a&=:2, or — 46; 

V y'+4«-%+ll- y«3, or 16. 

>- ^ ^ • ^---5. 2y -5a: «=14, "^ - /{ i^ +- / iln». «== 2, or 1 J 1 

8«>+2(y-.ll)»=:14. * y=10, or 8J, 

6. » yr-2 , y. ^ jL -* '-' Ans. x=s5, or | ; 

?-y«lA- . . y==8,or-U 

y X ^ * 

-: 'V 7. »«»+ ay=19, JArt.247,J An*. a=:d=2, or db^V^ 

A J -: 4y»-f8«y=54. iCaae 11.) y=±3, or =f3V3 

8. x^+xy =10, Ans. a=d:2, or dbS^S 



. c. »'» 



r •- 



ay+V=24. ' Jl^d=3, or =1=4^2 

I 9, 4jy=:96— «y, An$. a=2, 4, or 3it^2l 

, . i «-f-y=6. y=4,2, or 3=fV21 
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11. «y=180— «ay, V 
,-^.33^=11. 

12. a?+y+V*+y=12, 
x2+y»=41. 

13. »+lK-a:»+y»=18, 



-i^ 



•^ ; 



^^v V •• 



Atu. 0=5, or 6 

Ans. x=5, or 4 
y=4, or 6 

Aw. «=3, 2, or — 3d=V3^ 
«ys6. i-Ji[V ^ iA y-^^<^y»2,8, or — Sq=^3 
14. a'-fSx-fyrsfeTB-^-Saiy,/, ,-.*^ v^ ^K^ns. «=4, or 16 
yj4-8y+«=44. t^yc</Wcv (/>/ tA/ y=5, or —7 

1 1 ^--^'i- 



15 






17. «»4-y«-»-ji=78, /^'-'j ■» ■» / 

7 ay— (a?+y)=64. 

20. a:a-f4(ar3+3y+5)i=55--3y,''^' 
61?— 7y=16. 



Alu. «s=' 



«d=V26— a» 
2 



21. 



V*+y« 17 






4Jx+y 



Ans, xss^, at 16 

y=2, or 1 

• '' An*. «=9, or 3 

y^ssS, or 9 

; T Aw. a:=E5, or 8^ 

y==2, or 3J 

Ans. «= 6, or —43 
y=12, or — 9 

"'' Alw. «=5, or — ffy3 
y=^, or -Vj? 

, Ans. «=e:6, or 3 

i*" ^==2, or 1. 



atESTIONS PRODUCING SIMCJLTANEOUS EQUATIONS OF THE 

SECOND DEGKEB, INVOLVING TWO OE MORE UNKNOWN 

aUANTTriES. 

Abt. 5151. 1. There are two ntimbers, whose sum multiplied 
by the less, is equal to 4 times the greater, but whose sum multi- 
plied by the greater is equal to 9 times the less. What are the 
numbers ? Ans, 3.6, and 2.4. 

2. There is a number consisting of two digits, which being 
multiplied by the digit in tens place, the product is 46; but if 
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the Bum of the digits be multiplied by the same digit, the pro- 
duct is ODly 10. Required the number. Ans. 23. 

3. Whftt two numbers are those whose difference multiplied by 
the difference of their squares, will produce 32, and whose sum 
multiplied by the sura of their squares, is 2721 Ans, 6 and 3 . 

4. The product of two numbers is 10, and the sum of their 
-' ' cubes 133. Required the numbers. Ans. 2 and 5. 

5. If the sum of two numbers be multiplied by the greater, 
and that product be divided by the less, the quotient wilTbe 24; 
but if their sum be multiplied by the less, and that product be 
divided by the greater, the quotient will be 6. Required the 
numbers. Ans. 4 and 8. 

Note.— The preceding problems may be solved by pore equations. 

6. The difference of two numbers is 15, and half their product 
is equal to the cube of the less number ; find them. 

Ans, 18 and 3. 

7. The product of two numbers is 24, and their sum multiplied 
by their difference is 20; find them. Ans. 4 and 6. 

8. What two numbers are those whose sum multiplied by the 
greater is 120, and whose difference multiplied by the less is 161 

Ans. 2 and 10. 

9. What two numbers are those whose sum added to the sum 
of their squares is 42, and whose product is 151 

Ans. 3 and 5. 

10. Find two oumbers such, that their product added to their 
sum shall be 47, and their sum taken from the sum of their 
squares shall leave 62. Ans. 5 and 7. 

11. Find two numbers such, that their sum, their product, and 
the difference of their squares shall be all equal to each other. 

Ans. i+hJS, and i+i^bl 

' ^ 12. Find two numbers whose product is eqtial to the difference 

* * of their squares, and the sum of their squares equal to the differ- 

V" enCQOf theipcub^s. "' Ans.^^Jd, and K^+V^)* 

/ 1^3. 'A grocer sold 80 pounds of mace and 100 pounds of 

cloves for 65 dollars ; but he sold 60 pounds more of cloves for 

-" 20 dollars than he did of mace for 10 dollars. Required the 

price of a pound of each. Ans. Mace 50 cts, cloves 25 cts. 

14. A and B gained by trading 100 dollars. Half of A's stock 
waa less than B's by 100 dollars, and A's gain was three twen« 
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tieth'8 of B's stock. Supposing the gains in proportion to the 
stock, required the stock and gain of each. 

Aw, A's stock (600, B's 8400; 

A's gain #60, B's #40. o. 

15. The product of two numbers added to their sum is 28; "^^/^ ' - 
and 5 times their sum taken from the sum of their squares leaves 

8 . Required the numbers. Am, 2' and 7. 

16. There are three numbers, the difference of whose differ- / . 
ences is 5; their sum is 44, and continued product 1950; find 

the numbers. Am, 25, 13, 6. 

17. Divide the number 26 into three such parts that their - 
squares shall have equal differences, and that the sum of those \ 
squares shall be 300. Am, 14, 10, 2. 
^18. The number of men in both fronts of two columns of 
troops, A and B, where each consistea of as many ranks as it bad 
men in front, was 84; but when the columns changed ground, 
and A was drawn up with the front that B had, and B with the 
front that A had, then the number of ranks in both columns was 
91. Required the number of men in each column. 

Am, 2304, and 1296. 

Abt. 352» FoBMTJLJB — Geiteaal Solutions. — A general so- 
lution to a problem producing an equation of the second degree, 
like one of the first degree, gives rise to a formula (Art. 162), 
which expressed in ordinary language, furnishes a rvk. We shall 
illustrate the subject by a few examples. 

1. Two men, A and B, bought 300 (a) acres of land for 600 
(&) dollars, of which A paid 300 (c) dollars, and B 300 (5— c) 
dollars. For certain reasons they agreed to divide the land so 
that B. should pay 75 cents (<2 doUars) per acre more than A. 
How much land did each man get, and what did he pay per acre 1 

Gevesal soLUTioir. Let xs= cost of A's land per acre, 

then x-\-^hs cost of B's land per acre ; 

also, -= acres A got, and rTj= acres B got. 

c I — c 
•*' i+i+?=^' *^y *^® problem. 

Clearing of fractions and reducing, 
h — ad cd 

h-Hid Q>-^aS)'iJih^a^'^+4tacd 
^— a *+ 4a3 4a» 
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2a ^ 2a » 



or, x=^{^(6— flrf)a-|-4cai+d--aJf. 

This fonnula g^vet the following rale for finding the ammmt 
paid per acre, by him who paid least per acre : 

Rule. — Find ike cost of ihe whole number of acres at ihe djfferenoe 
between the prices per acre of the different pieces of land; subtract 
this from the amount paid for ihe whole land; square this remain- 
der and add to it the cost of (he whole number of acres at the dif- 
ference between the prices per acre, multiplied by four times (he sum 
of money paid by him who paid least per acre ; extract the square 
root of this sum, add to the square root thus found, the remainder 
that was squared, and divide (he sum by twice the whde number of 
acres; the quotient wiU be (he amount paid per acre by him who 
paid least per acre. Having (his, every other requirement in the 
question is easily found. 

For the particular case the results are, 

A paid 1(2.443 per acre, and got 122.8 acres nearly. 

B paid $1 .603 per acre, and got 177.2 acres nearly. 

2. Investigate a formula for finding two numbers, x and y, of 
which the sum of the squares is s, and difference .of the squares d. 

An*. a;= J ^2(5+3); y=J^2(»^— 5). 

3. Investigate a formula for finding two numbers, x andy, of 
which the difference is d, and the product j». 

Ans. x=l(d+^l^^)i 

4. Investigate a formula for finding a number, x, of which the 
sum of the number and its square root is s. 

Ans. xs^s+^—JJ+l. 

5. The same when the difference of the number x, and its 
square root is d. Ans. xssd-^-^+Jd^. 

6. Given x+y=^, and xy^^p, to find the value of x^+y*, 
»*+y*i *^d x^-^-y*, in terms of s and j?. 

Ans. x^+y^=^^-^2p ; 
x»+y*:=zs*^Sps; 
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Let the stadent express each of the preceding formula in the 
form of a Rule, and exemplify its use, hy forming examples with 
particular numbers, and then solving them. 

Non. — In the great Ttriety of equations that occur, which may bo 
solved as equations of the second degree, it is not to be supposed litat 
Rules can be given for every operation neeoasary for their solution. 
The artifices by which algebraic calculations are abridged, are numerous, 
and their successful application can be learned only by practice. In the 
following article, which is intended only ibr advanced students, we shall 
exhibit some of these artifices. 

Abt. 993* Special solxttiovs amd bxwvlxs. — If an equa- 
tion can be placed under the form 

in which X represents an expression involving x, the unknown 
quantity ; since the equation will be aatiefied by making either 
factor =0, we have a;-|-assO, and XxnO. liierefore, xu ■ a ^ 
is one solution of the equation, and the other vahiee of x will be 
found by solving the equation X=0. Hence, whenever an equa- 
tion is simplified by division, or the omission of a factor, if the 
divisor or factor contains the unknown quantity, one solution, at 
least, of the equation will be found by putting that divisor or 
factor equal to 0. Thus, the equation «>— ^^-^d;-f-4:=s0y may 
be placed under the form (« — 2)(«3-f^"^)=0» Hence, * — ^2=0, 
or ac=:4~^, and from the other factor we find xss-|-l, or — 2. 

The difficulty to be overcome in applying this artifice, coneists 
in finding the factors of the given equation, or in transforming it 
00 that it can be readily separated into factors. 

2 
Ex. 1. Given, a>— l=s2+-7i> to find x. 

Since, a>-l«(^lS+lXV^l) and 2+4r=:4^( V^+l }, 

V* 

.-. V«+1=0, and «=(— 1)»=:1. 

— 2 — 

Also, tjx — l=-p, by dividing by 0jX'-\-l. 
»jx 

Whence, i/x=2, or — ^1; and «=4, or 1. 
2. «'— 3;e=:2. (Add 2x to each side.) An$. a;=— 1, or 2. 
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i 

^•''-8VH-(Tr«i.po«.|and^l.) ' ^ 

Aim. as=— i or 4(1±V10)- 
4. 2«*-«»=l/ Ant. ap=5l, or J(— l^^Z^. 

6. «»-«a»-HB+2=0. Ant. *=x2, or i(l±V5). 

~ ^, , ; . 6. *«=«64H.9. Ant. «=«8, or i(-^=fcV=5). ^ 

^7xt— 22«!(»— 8)+7(«»— 3). »*— 2 is a diyisor. 



An artifice that ia frequently employed, conaiato in adding to 
•ech aide of the equation, auch a number or quanti^ aa will ren- 
der both aides perfect squarea. 

9. Given, ««lHi^', to find x. 

Clearing of fractiona, »^— 6a=a:12-f8 ^x. 

Add x-f 4 to each aide, and extract the square root 

From which we easily find x^9, 4, or J(-«:t^Zj7). 
11. 1?^+1?— 49=9+-. Add 1 to each side, 'f /^ 



•. i 



i^ n^i 



Ana. as=2,— f, or 4(-3drV98) 



17a:» 



12. ««+iZ?-— 34«=16. Aim. af=d:3, —8, or —J. 

Transpose 34x, and add f ^ j to each side. 

18. ^ ( 1+1 ) '-<3x>+x)=70. A^ 

Aim. «=:3, — Si, or J(— ldr\/— 251). 

Q 

Divide by 9^ and add J^ to each side. 
4ar 
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to each side. Ans. 9, — 4, or — 9. 

3ar'^ * 3a: 9x^^ 

Multiply both. Bides by 3, transpose — ._ and --^ and add 1 

to each side to complete the square. 

Ans. x=Qy — V» or i(— 2d:V— 266). 

We shall now present a few solutions giving examples of other 
artifices. 

16. ^+^ =:a ; to find or. 

ii+xy 

l+a?*==n»(14^y==a(l+4J^^-6x2+4ar»-Hc<), 
(1— tfXl+a?*)=4a(a+a:»)+6flx>, 

dividing by «», (1— «) ( «»+^ ) =4a ( a:+i J +6fl, 
Complete the squaro, and find the value of op-)--* which » 



2gzbV2(l+g)^ call this 2j>, and we then find x^p±:^p^'^l . 



17. af+»=y*», and ^+y=a:«, to find a: and y. 
From 1st equation yssx'nr* 
«* 2nd « y==»4^; 

.•. *ir=«H-y, and -njr=__-. ; 
4a «+y 

(«+y)'=4tf', or jp-f-y=2fl ; 
but jB^ssy^, since »-]-y=2a, 
d:=:y3^ and y24-y=2a. 
Whence, y==3(— ldiV8fl+l), and a:=2(4a+l=FV8fl+l). 



//v 



1 
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- - "^ ' ; 

When two unknown quantities are found in an equation, in the 

form of x+y and xy,*lt is generally expedient to put their sum 
?-tyT=*> "»<1 ^eir product a:y=;». j-^-..i-4^^, /' + V<^A^" -^^^ 

18. Given («+y)(^+i)=i8ay (I), '^ --^ • A ; ^* {i^ 

(ar'+y')(x'yM-l)=208ar2y» (2), to find or and y. ' 
Let a?-|-y=*» and xy=jf, then . <^ « ' - ^ /^ • V^r' 

<H-l)=i8p (1), ;, -2, , 

and (.»— 2j»)(p»4.1)=a08p» (2). ; - ■ ^ i i 

From the square of (1) take (2), and after dividing by 2^, we 
have «2-h)'+l=58j». (8), ^, , ^^ 

but 2»(p+l)=36|j for (2), ^< 

and 2pa= 2p. 

' ^ **'" Adding, (i-hp+l)'=96j», V,J'/ 

.w'but iH-i=^; * 

.> x i • which, s^=^,J^p, or ij^p* 

feat, H-l=». =3V6p, or ^'Qp, , y ' "^ V^ -^ "^ 

.J Whence, ;^26rfcV^^» or 2=fcV3i . "Z^'t^^- 

^ and*=it3Vj6(26rfcV"675)J, or zb3Vf6(2zbV3)}- . '../ 
Having a^-f-y, and ocy, the values of x and y are easily found 
(Art. 246) ; two of the values are x=^±AJZ, y==2=f:^3'. ( -^\ f ;/ . < 

A similar substitution may be used in solving the following ' . v 

example : • "^ '^ -^"^^'^ <. 

19. 2(*+y)»+l=(*»-l-y3)(ay+«'+y«) (1), ' "" .' ' . ,^ 

»+*=3 . (2).' • '-' 

.-_';■' Uw. «=2, y=l. 

20. l+«»=o(14-«)t. Am. a^l+2a±>/12°— 3 

,. 2(1-*) 



21. f _! /«^«-2=-i. 



An5. a?=J|ldiVl--8«±V2=fc2(l--8tf)*+8a|. 

22. a4-y+«y(a:+y)-|-«2y3--85^ ^^. a;s=e^ or 1. 

«y+(*+^)'+«3<*+y)==9'7- S^^li or 6. 
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V ' ' /^ ' I* . a — r— ri ^ ^ *■; • '-^ . 

A r '^ ^..^^ 24. (a;'+iXx'+l)(a:+l)=30a:». Ans. a:=K3±>/5).vV :* : 

' ^ 25. ar>+y3=35, ^ Aw. «==3^^,K)r IdzW^J'' ' '- 

iJ V ^ 4 r :^ . > ajs^a— x3. y=2, 3, or 1=fW22.;, (-. . i' 

^ -"3^ 9fi *y*— II Ans x=: I 5 2fl6o(ac+&c->fl6) > . - - 

r ^ ^ , ^ , f • iH^ * ^ (iab+ac--bc%ab+bo-'-ac)S ' 

' . ^«=:>, v= / 5 2flftc(a6+&c-^c) > 

^ -. ayg,^ ^_ / 5 2abc(al>+ac^'hc) j [^ . 

jr+2f * N ((ac-l-6c — ab)(db-\-bc — acp ' . -'' 

' . ■ ' 27.*(««+l)y=(y'+l)a;', ^'' • ' 

(/+T)a»9(x'+l)y». 



An5.:p=i|^V3+3+^?/3-l}; 



CHAPTER VIII- 
BATIO, PROPORTIOIS^, AND PROGEESSIONS. 

Abt. 354. Two quantities of the same kind, may be compared . 
in two ways : 

Ist. By considering how nvuch &e one exceeds the other. 
2nd. By considering hou) many times tiie one is coniained in the 
other. . 

The first method is termed comparison by DiffereTtce ; the sec- 
ond, comparison by Quotient The first is sometimes called Arith' 
metkal ratio, the second, Geometriad ratUh 

If we compare 2 and 6, we find that 2 is four less than 6, or 
hat 2 is contained in 6 three times. 
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AIbo, the arithmedcal ratio of a to 5 is d— «, the geometrical 

ratio of a to 6 is -. The tenn Ratio, unless it is otherwise 
a 

stated, always signifies geometrical ratio. 

Art. 95ft« Ratio is the quotient which arises from dividing one 
quantity by another of the same kind. Thus, the ratio of 2 to 6 
is 3, and the ratio of a to ma is m. 

AsT. 956« When two numbers, as 2 and 6, are compared, the 
Jlrsi is called the antecedent, and the second the consequent. An 
antecedent and consequent, when spoken of as one, are called a 
couplet. When spoken of as two, they are called the terms of 
the ratio. Thus, 2 and 6 together form a couplet, of which 2 is 
ih^ first term, and 6 the second term. 

Art. 357. Ratio is expressed in two ways : 
1st. In the form of a fraction, of which the antecedeni is the 
denominator, and the consequent the numeraior. Thus, the ratio 

of 2 to 6 is expressed by | ; the ratio of a to 6, by - . 

2nd. By placing two points vertically between the terms of 
the ratio. Thus, the ratio of 2 to 6, is written 2:6; the ratio 
of a to 6, axh, &c. 

Abt. 95S« The ratio of two quantities, may be either a whole 
number, a common fraction, or an inierminaie decimal. 

Thus, the ratio of 2 to 6 is %, or 3. 
The ratio of 10 to 4 is y^, or |. 

The ratio of 2 to ^5 is ^, or ^•^^+, or 1.118+. 
2 « 

We see, from this, that the ratio of two quantities cannot al- 
ways be expressed exactly, except by symbols ; but, by taking a 
sufficient number of decimal places, it may be found to any 
required degree of exactness. 

Abt. 950. Since the ratio of two numbers is expressed by a 
fraction, of which the antecedent is the denominator, and the con- 
sequent the numerator, it follows, that whatever is true with 
regard to a fraction, is true with regard to the terms of a ratio. 
Hence, 

1st. To muttij^y the consequent, or divide the antecedent of a ratio 
by any number, mvUipUes the ratio by that number. (Arith., Pari 
Srd, Arts. 142, 145.) 
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2nd. 7b divide Oie canseguerU, or to multiply the antecedent of a 
ratio by any number, divides the ratio by that number. (Arith., Part 
3rd., ArU. 143, 144.) 

3rd. To multiply, or divide, both the antecedent and consequent of 
a ratio by any number, does not alter (he ratio. (Art. 1 18.) 

Art, 360* When the terms of a ratio are eqaal to each other, 
the ratio is said to be a ratio of equality. When the second term 
is greater than the first, the ratio is said to be a ratio of greater 
inequality, and when it is less, the ratio is said to be a ratio of 
less inequality. 

Thus, the ratio of 2 to 2 is a ratio of equality. 

The ratio of 2 to 3 is a ratio of greater inequality. 

The ratio of 3 to 2 is a ratio of less inequality. 

Hence, a ratio of equality may be expressed by 1 ; a ratio of 
greater inequality, by a number greater than 1 ; and a ratio of 
less inequality, by a number less than 1. 

Art. 361. When the corresponding terms of two or more 
ratios are multiplied together, the ratios are said to be com' 
pounded, and the result is termed a compound ratio. Thus, the 

ratio of a to &, compounded with the ratio of c to (2 is -X'-=-- 
» a c ac 

A ratio compounded of two equal ratios is called a duplicate rath. 

Thus, the duplicate ratio of - is _x -=-;:. 
a a a a^ 

A ratio compounded of three equal ratios is called a triplicate 

ratio. Thus, the triplicate ratio of - is ^X-X-=- . 

a a a a a* 

The ratio of the square roots of two quantities is called a sub- 

dupHicaie ratio. Thus, the subduplicate ratio of 4 to is | ; and 

the subduplicate ratio of a to 6 is -7=. 

The ratio of the cube roots of two quantities is called a sitbtrip- 
licate ratio. Thus, the subtriplicate ratio of 8 to 27 is | ; and 

the subtriplicate ratio of a to & is ■^. 

Art. 369« Ratios may be compared with eacl^other by reduc« 
ing the fractions which represent them to a common denominator. 
Thus, to ascertain whether the ratio of 2 to 7 is less or greater 
than the ratio of 3 to 10, we have the two fractions |, and V^, 
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which being reduced to a common denominator are V ^^^ V > 
and B(nce the first is greater than the second, we conclude that 
the ratio of 2 to 7 is greater than the ratio of 3 to 10. 

FBOPORTION. 

Abt. 96S« Proportion Is an equality of ratios. That is, 
vhen two raiict tart equal, their terme are eaid to he preportUmal, 
Thus, if the ratio of a to 6, is equal to the ratio of c tod, that is, 

if -=-, then a, b, e, d, form a proportion, and we say that a is to 

a c 

heMcietod. 

Proportion is written in two ways : 

1st By placing a double colon between the ratioi ; thus, 

a:h::c:d, 
2nd. By placing the sign of equality between the ratios ; thus, 

artbsssc :d. 
The first method is the one commonly used. 

From the preceding definition, it follows, that when four quan- 
tities are in proportion, the second, divided by the first, must give 
the same quotient as the fourth divided by the third. This is the 
primary teei of the proportionality of four quantities. Thus, if 
3,5,6, 10, are the four terms of a proportion, so that 3 : 5 : : 6 : 10, 
we must have |=y. 

If these fractions are equal to each other, the proportion is 
true ; if they are not equal to each other, it is faUe. Thus, let it 
be required to determine whether 3 : 8 : : 2 : 5. The ratios are 
I and f , or V and V ; hence, the proportion is false. 

Rkxark.— In common language the words raiw and pr^pwriion are 
sometimes confounded with each other. Thns, two quantities are said 
to be in the proportion of 2 to 3, instead of in the ratio of 2 to 3. A 
ratio subsists Iwtween two quantities, a proportion only between fiur» 
It requires two equal ratioe to form a proportion. 

AsT. 964» Each of the four quantities in a proportion is called 
a term. The first and last terms are called the extremes ; and the 
second and third terms, the means. 

The terms of a proportion may be either monomials or polyno- 
mials. 

Art. 96ft» Of four quantities in proportion, the first and third 
are called the aiUeoedenls, and the second and fourth, the conee^ 
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qmnis (Art 257) ; and the l&st is said to be a fourth proportional 
to the other three taken in their order. 

Art. 366. Three quantities are in proportion when the first 
has the same ratio to the second, that the second has to the third. 
In this case the middle term is called 9, mean proportional between 
the other two. Thus, if we have ^e proportion 
a:b : lb,: c, 

then h is called a mean proportional between a and c ; and c is 
called a third proportional to a and b. 

When several quantities have the same ratio between each two 
that are consecutive, they are said to form a corUintied proportion, 

Abt. 967. Pbopositiok I. — In every proportion, the product of 
the means is equal to the product of the extremes. 

Let a:b::c:d. 

Since this is a true propc»rtion, the ratio of the first term to the 
second, is equal to the ratio of the«|j|ird term to the fourth (Art 
263). Therefore, we must have 

b d 



Multiplying both sides of this equality by oc, to clear it of frac- 
tions, we have — =_; 
a 

••or, bess^ad. 

Illustration by numbers. 2 : 6 : 5 : 15 ; and 6x5=2x15. 

From the equation bc=€id, we find i=-, c=— , 5=—, and 

a b c 

«=s--. Hence, if any three terms of a proportion are given, the 
a 

fourth may be found. 

Ex. 1 . The first three terms of a proportion are ar+y* 3s^ — y\ 
and x—y ; what is the fourth 1 Ans, x* — ^2a:y4-y'. 

2. The first, third, and fourth terms of a proportion are 
(m — »)', m^ — w', and m^n ; required the second. 

Ans, m — n. 

Remark. — This proposition famishes a more convenient test of the 
proportionality of four quantities, than the method given in Art 263. 
Thus, to asce^in whether 2 : 3 : : 5 : 8, it is merely necessary fo com- 
pare the product of the means and extremes ; and since 3X5 is not 
equal to 2X8, we infer that 2, 3, 5, and 8, are not in proportion. 
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Abt. 368« PRorosmoH II. Conversely, If <fte prodtid nf ti» 
qtuirUities is eqtud to the product of two Mers^ two tf ihem may 6t 
made-ihe meant, and the other two the extremes of aproportion. 
Let bc=sad. 
Dividing each of these equals by oe, we have 
bc^ai 
ac ae 

b d 
or -=". 

a c 

That is, (Art. 263), a:b::c:d. 

By dividing each of the equals by ed, we may prove that 

a :c: :b:d* 
lUust. 3X12^:4X9, and 3 :4 : : 9 : 12 ; also, 3 :9 : : 4 :12. 

Abt. 360. Psofositioh III. If three qiumtiHes are in prcpor^ 
Hon, ihe product of (he extremes is equal to the square of the mean. 

If Mf^ ::b:e, 

then (Art. 267), ac=hb=^. 

It follows from Art. 268, that the converse of this proposition 
is also true. Thus, if aessib^, 

then, aibiibic. 

That is, if the product of the first and third of three quantities is 
equal to <Ae square of the second, theflrst is totheseoond, as the second 
to the third. .• 

Note. — It is recommended to the teacher to require the pupils to 
illustrale all the propositions by nnmbers. , (See Ray's Algebra, Part 
1st., Proportion.) 

Abt. 370, P&ofositioh IV. — If four quantiHes are inpropor^ 
Hon, they wiU be in proportion by Altebkatioh ; that is, the first 
mil be to the third, as the second to the fourth. 

Let a:b::c:d. 

Then, (Art 263), - =-. 

a c 

Multiply both sides by c, zl=d ; 
a 

divide both sides by b, £ =., 

a b 

That is (Art. 263), a:c::b:d. 

NoTCw— This proposition is true, only when the four quantities are of 
the same kind. 
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Akt. 97 £• PBOPOflixioir V. — If jmur quantiiies are in propor- 
tion, (hof vsiU le in proportion by Ihvsekoh ; Ihai is,the oocond viU 
he to the first, as the fourth to the third. 

Let a:b::c:d. 

Then (Art. 263), 1=^; 

a c 

dividing 1 by each sidei -■=:- ; 

a 



That is, (Art. 263), h:a::d:c. 

AaT. 979. Peopositioic VI. — If two sets of proportions hxoe 
an antecedent and consequent in the one, equal to an antecedent and 
consequent in the other, Me remaining terms toiU he propoHumdl. 

Let a:h::c:d (1), 

and aihzztif (2); 

then will e:d: lexf, 

h d b f 

From the let proportion _=_, from the 2nd, -.=^. 
a c a e 

Hence, .^^=1 ; which gives cid::e :/. 

c e 

Abt. 973. PsoFosinoir Yih^^If fofur quantities are in pnh 
portion, they toiU be in proportion by Comfosition ; that is, the sum 
of the first and second wiU be to the second, as the sum of the third and 
fourth is to the fourth. 

Let aib ::c:d. 

Then will a+b:b: :c+d:d. 

From the Ist proportion, bcs^ad, (Art. 267) ; 
bd=bd; 
Adding the two equations together, bc-\-bd;ssa^^^-hd ; 
factoring, &(c+<l)=<?(a-f-i) ; 

lividing each side by c+d te=^(?±?) j 

c+d 

by a+b JL^A. 
a+b c-HJ' 

This gives, c+ft ibx: c+<l : d. 

NoTS. — In a similar manner let the stadent prove that the sum of the 
first and second of two quantities is to the/r0^, as the sum of the third 
and fourth is to the tUrd, 
20 
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Art. 974. Pbopositioh VIII. — If fimr quantUies are in pro^ 
portion, they wiU he in proportion by Division ; HuU is, the differenoe 
of the first and second will be to the second^ as &e d^erence of the 
third and fourth is to fhefourih* 

Let ailiic'.d (1), 

then will a — h : ( : : c — d : d. 

From the let proportion, bc=uid (Art. 267). 
bd==bdi 
subtracting, bo—bdsstad^-hd ; 

factoring, ^o— c{)=i(a— &)• 

Dinding each side by o—ily b=:^ — i; 

c— <i 

This gives o-^ :b:: o—il : d. 

NoTE^— In a similar manner, let the aladent prove that the diference 
of the fint and second ii to ib» first, as the difference of the third and 
fourth is to the third. 

Art. 375. Propositioit IX — If four qwmHHes are inpropor^ 
turn, the sum of the first and second wiU be to their difference, as the 
ewn of ihe third and fourth is to their difference. 

Let aibwcid (1), 

then will a-{4> : Or-b : : c-\-d : o— <i 

From the 1st, by Composition, (Art. 273), 

II+6 lb 1 1 c+rf : d ; 

By Altematlon« a-f-& : c-^ :\b:d\ 

thi. gives, f±^=f. 

a-\-o o 

From the Ist, by Division, 

a — b :b\: c — d : d ; 

by Alternation, a — b : o— cf iibxdi 

this gives. ^=A; hence, 4^=^. 

a — b b a+& fl— 6 

That is, a+6 : c-\-d : : a— d : o— <J, 

or by Alternation, a+6 : a — 6 : : t-\-d : c— ^. 
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Aet. liVO. PfiOFosiTioir X. — If four quanUHes are inpropor- 
lion, like jmoers or roots of those quantities wiU also be in proportion. 



Let 


a:b::c:dt 


then will 


tf«:6»»::c":<^. 


From the iBt, 


a c 


to the »* power. 




That is, 


tf" :&*•:: c» : (i*, 



where n may be either a whole number or a fraction. 

Aet. aw. Peopositioh XL — If ttoo sets of quantities are in 
proportion, the prodvcts of the corresponding terms vnU also he in 
proportion. 

Let a:b:ic:d, (1), 

and m:n::r:s (2), 

then will am :bn: :cr ids. 

For from the 1 at, -=~; 

a c 

and from the 2nd, — =-. Multiplying these equals 

m r 

together. t X ^^^x'-, or ^=* ,• 

a m c r am cr 

this gives am :bn: :cr ids, 

Aet. 978. Peopositiok XII. — In any number of proportions 
having the same ratio, any antecedent is to its consequent, as the sum 
of aU the antecedents is to the sum of dUthe consequents. 

Let aib I :c:d : :m in, Sic. 

Then aibi i a-|-c+«i : b-\-d-{-n. 

Since aibiic id, we have bc=ad (Art. 267). 
Since a : 5 : : m : n, we have bm=^n 

ab=ab. The sum of these equal* 
ities gives db-^bc-\'bm=db-\-ad-]-an. 

Factoring, ft(a-|-<:+^)=^(H'^^)« 

Dividing by a+c+m, b=^^tt^^ 

a'\^-\-m 

Dividing both sides by a, ^--H:^+5 
a a-}-c-|-m* 

This gives a;bii a-^-c+m 1 6+<i-|-n. 
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RKHA&K.-^In most of the preceding demoMftntioaf, the eoncliMileii 

has been deriTod directly from the equality 9f raiio9. In eeyenl ceseea 

however, it m&y be derived more easily from Art. 268f Proposition II ; 

but the method here given is considered the most satisfactory, as it keeps 

■ before the student, the princ^ on which proportion depends. 

• EXERoms or ratio aitd fboportsoh. 

1. Which is the greater ratio, that of 3 to 4, or 3^ to 4^ 1 

Ans, last. 

2. Compound the duplicate ratio of 2 to 3; the tripIicaJte ratio 
of 3 to 4; and the subduplicate ratio of 64 to 36. 

An$. 1 to 4. 

3. What quantity must be added to each of the terms of the 

> ratio m : n, that it may become ec[Ui^ to p:q'i Aru. ^ . ^? , 

. . ^ - ^ ^i } - • , V " ^ •♦••*' , / « P"^ 

. 4. If the hCtio of a to & is 2f , what is" the ratio of 2a to 5, 
and^f8flt9 4^t ^- . y^ ' « ? Am. 1 j, and 3f. 

'^ i/^. If the^raftio of "a to 7^ is 5^, .what is th^ ratio of ^p to b, and 
of 6fl to 46? . . ^' > \ '^ . ' I ^«M. I. ftnd^l'jT^/ 
' 6. If the ratio of a to 6 is if, what is tjhe ratio of a-\'b to 5u 
and of 6— a to a ?.,>,.*• ^ Ans, f , and j. 

7. If the ratio of ^ to n is f , what is the ratio of m — n.to 6m, 
., -. and also, tp 5n 1 ,*. ■ . . , * '^y ^ / .' •^^* I4,*an^6f . *" "" , ^ 

' ' fe. If the ratio* of fli to ^m-\^ is 2|, what is the ratio of m to 
•^ nt >vvei- -^^l^ Am. 5 to 1. 

^ 9. If the ratio of m to » is 3 2, what is the ratio of 12fn to 
m-f-n, and of 12n to n — 2fn. Ans. |, and 39. 

10. If the ratio of 5y — 8* to 7* — by is 6, what is the ratio of 
a? to y 1 y - ^ »'>^ -i ; ; ;'/; // Ans. 7 to 11. 

11. What is the proportion dedudble from the equation 
db=a^ — Of'. Ans. a : a-\-x : : a — x : b. 

12. What is the proportion deducible from the equation 
x2_j-y»=s:2aa: % Ans. x:y::y: 2a-~a. 

13. Four given numbers are represented by a,b,c,d; what 
quantity added to each will make them proportionals ? 

An.. *^«* 



a — 6 — c+ci' 

14. If four numbers are proportionals, show that there is no 
number which, being added to each, will leave the resulting four 
numbers proportionals. 



,/ ^r ^- / ---£ /. (^?>>?, P»«ye»Ti«r.. iW ^ 

^ 15. Find x in tenoB of y from the fHXiportionf « :y : : a' : &*, 

toc ^ and fl : 6 : : Vc+* • ?/^+^. cZ^*^ A^-y Am. «=^. 

ft, / 16. Prove that equd multiplea of two quantities «re to each ,j 
^'J'-^^Stheraethe '^^^ J^ 'f'r^x\^\u . ' 

/. -^ ~ tf 17. Prove that like parts of two qua^^ lure^ each^other as * 
t^^JL^ jc- ^® quantities themselves. ^ j^ X'^^-'C Jt'f. .^;/ 
^ili. ^ ;*^ 18. Prove that in any proportion, if liiere be taken equal muJ-"^ ' - 
y^dU ^ tiples of the antecedents, and equal multiples of the eonseqiieiittii ^ ^, 
rT ^T the resulting Quantities and the antecedents will be preportional. i^ . L >,/ 

o««.^/ '^V ' ^* " ^ -^ • • c • ^» F^® *^** tna:mb::nc:tidt and also that*. ^ - (i 
T^L/^-^»w:n6: :«ic :7irf, in and » being any multipliaf. y, ^/^ J m^J ^ 

>vfc'?fXBO, If a:6::c:(?, prove tlutt 1! : 1 : :i:-; and idso that t^ ' *^ 



--> 



•K^ ' f^ **'# 11 a : ft : : c : rf, prove that - :-::_;-; «M uso that i 

J g^j^\* Prove that the quotients ofihe anrespolRHng terms ofy ' e 
'^ - 1«^ tvJ^proportions are proportional. ^ V. j^ j a . ', i . tfC r' J / 

'7jp^A^>^2. Prove that if two sets of proportions have their anteee- {h^T^ ' 
^ l^>-t v^ents; proportional their consequents wiU also be proportional.^/ '> ^ .'. ^'v 

. , '"*^T^Tgf. Prove that if the ant^ceiJentancl conseque'oft of a ratio be-/ - _/ 



. ^ • -. [• '"^creased or diminished by like parts of each, the resulting qnan-- '. 

^f * J fitioa Anil tVia nnfonAilAnt nnil <«nna«kniiAnf urill TtA nrnnnrtinniil. ^ v T 



V^ titles 4nd the antecedent and consequent will be proportional. ' y' ^^ * 
>*• c /^ ' '^ /i a:h:: J2ar—c : i^c. ^^Tp> /v V A ih-r*}^^<;. 



%.-'^ ^yW 



. V* 



L.v^ 'W ^ >v*': ' , v*-v vv 6 > ^ •^, 



;^-^ ,^*r^'^ABT. 479. iThe pre9^ng exercises /are i(esigned merely^to '^ 
j^^^-make the student acquainted with the principles of ntio and ppo-^^ ^ r> 

^"'^"'^ portion. The folbwing are intended as exercises in the appllcap- l* - 
2. (y^ytion of the principles of proportion to thp solution of problepi^ * 

^v^ 2^ Jri:iJ ^sh\k\Unum^T*f& Into t^ fa^ii/^Ttfeat'&e sum of ;* ^^^ \ 

their CiubeS| as 35 to 1^. (- r* f^ 



1^ 



^ion of the principles of proportion to thp solution of prol 

^-^ l.'I&sblfe'lL^numT^^^ Into t^ fa^ii/^Ttfeat'&e i 
ytheir cubes may be to the difference pf theii 

fiO^ 0? and y denote the required factors $ 



^^ x and y denote the required factors $ then «^t3s24y af&d 

' c.^'- ^ ' .-. (Art.'275), 2x» :25f» : :54 :16; ^ ^/ >- ^ M _: ,f>- t . . 
^'./•-T^- 6r/ «»:y»::27:8; . ..,/; \^ ' '/ -.^^ 

^ or,(Art276), x:y::3:2. ' ' '^^'^'' ^^ ^'^' 

From which y=i«; then substituting the value 9f |f in the 
equation aryss24, we find x — J, 6; hence, y==b4. 
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)tnA$^' 



B^solTing this equation into a proportion, we have 

^/J^a— s/^Zi : VH^+V*^ : : 1 :2; 
.-. (Art276), 2VH^:2j{/3;=l::3:l; 
or, tJ»+l:tflD^i:Z:li 

or, (Art 276), *+! s*— 1 • -27 : 1; 

(Art. 276), 2x:2::28:26; 

whence, 52«=56, or opsly^. 

3. dH-y :a^— y ::3 :1, Aw* J6=4, 
«^--^*s56. y=2. 

4. «— ^ :« : : 5 :6, Aiw. ;pss24, 
apy3s:384. y=4. 

6. »-{-y:«::7 :5, An».a:=zhl5, 

6. (jM-y)* : ix-^y I'. 64 : 1, /^ •''■^ ^ /- '^^''JAw. «=d=9. 



9. ^^ ^l A«. «==±a(i±^^). 

10. It 18 required to find two numbers whose product is 320, and 
the difference of whose cubes is to the cube of their difference, 
as 61 is to 1. ^ Aw. 20 and 16. 

'» * Art.* 980* Harhovical Pbopoetiok. — Three or four quanti- 
ties are said to be in hamumical proportion, when the first has the 
same ratio to the last, that the differe^K^e betweeen the first and 
second has to the difference between the last, and the last except 
one. Thus, a, b, c, are in harmonical proportion when a:c: , 
«— ^ : 6— « ; and a, b, c, d, are in harmonical proportion when 
a:di:a^-i>:c — d, 

1. Let it be required to find a third harmonical proportional dr 
to two given numbers a and b, ^,f j *••>•'* - ^ , 
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We have, a:xi: a — b : b — « ; 

' . . (Art. 267), a(fr-«)==a<a--6) ; 



whence, 



ab "J '^ S." 



2a— 6* , ^ 

2. Find a third harmonical proportional to 3 and 5. Ans. 15. 
S. Find a fourth harmonical proportional x, to three given num* 

hers, a, &, and c. ^ \y /,c^ - ^ ! (P - y Ans, gas ^^^ , 

VARIATIOK. 

Art. 391* Variatum, or as it is sometimes termed. General 
Proportion, is merely an abridged form of common Proportion. 

Variable quantities are such as admit of various values in the 
same computation. Constant, or invariable quantities have only 
one fixed value. 

.One quantity is said to vary direcUy as another, when the two 
quantities depend upon each other in such a manner, that if one 
be changed tiie other is changed in the same proportion. 

Thus, if A and B are two variable quantities, mutually de- 
pendent on each other, in such a way, that if A be changed to 
any other value a, B must be changed to another value b, such 
that A : a : : B : 6, then A is said to vary direcUy as B. 

This relation is expressed thus, A aB, the symbol a being 
used instead of varies, or varies as. 

From this it will be seen that variation is merely an abridg* 
ment of Proportion, and that four quantities are understood, 
although only ttoo are expressed. 

Note. — When it Is simply stated that one quantity varies as another, 
it is always meant that the one varies directly as the other. 

Art. 9S3« There are four different kinds of Variation, which 
are distinguished as follows : 

(1). AaB. Here A is said to vary direcUy as B. 

Ex. If a man works for a certain sum per day, the amount of 
his wages varies as the number of days in which he works. ^ 

(2). Aoc -^ Here A is said to vary inversdy as B. 
B 

Ex. If a man has to perform a journey of a certain number of 
miles, the time in which he performs it will vary inversely as the 
rate of traveling. Thus, if he doMes his speed, he will perform 
the journey in half the time. 
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(8). AaBC. Here A is said to vary as B and C jmnify*, 
£z. The wages to be received by a workman will vary jointly 
as the number of days he works, and the loopes per dajf. 

(4). Aa^^ Here A is said to vary direcUy as B, and inverMtiy 
C* 

as a 

Ex. The base of a triangle varies as the area direcUy^ and the 

altitade ifwersdy. 

Let the pupil give other examples of each kind of Variation. 

In the following articles, A, B, C, represent corresponding 
values of any variable quantities, and a, 6, c, any other corres- 
ponding values of the same quantities. 

Aet. 98a» If one quantUy vary as a second^ and thai second as a 
ihird, ihefirsi varies as the third. 

Let AaB, and BocC, then shall AaC. For A:a::B:^ 
and BihiiCic, therefore, (Art. 272), A:<i::C:c; that is, 
AocC. 

In a similar manner it may be proved that if AaB, and 

BocL that Aal. 
C C 

Art. 384. If each of two quantities vary as a thirds (heir sitm, 
or their difference, or the square root of their product, wiU vary as 
the third. 

Let AaC, and BaC, then A=hBaC ; also, ^ABaC. 

By the supposition, A:a::C:c::B:6; 
.'. A : a : : B : 6 ; 
alternately, (Art. 270), A : B ; : a : 6 ; 
by Composition or Division, A±B : B : : adbft ' h ; 
alternately, AiB : tfdb& : : B : 6 : ; C : c ; 

that is, AdiBaC. 

Again, A : a : : C : c ; 

and B:5::C:c; 

.-. (Art. 277), AB:a&::C2:c»; 

and, (Art. 276), ,JAB : J^i : C : c ; 

that is, JABccC. 

Art. S8^« If one quantity vary as another, it xdUI also vary as 
any multiple, or any pari of the other. 
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Let AocB, and m b« aof coaattat quantity, ^a nnca 

A : a : :B ih, A : a I mB : mb,w A : a : t^ t t, (Art 260, Svd) ; 

m m 

that i8> AocmB, or oc^ 

171' 

Art. 986. Xf one quantity vary as another, any power or root qf 
the fanner wiU vary as tie same fewer or rootef ike Mer. 

Let AocB, then AiaaBib, and (Art 276), A"* : tf» ; : B» : ^; 
that is, A'*aB'>, where n may be integral or fractional. 

Art. 99Y« If one pumtity vary as anMer, and eaA of ihem he 
mttUiplied or divided by any quantity, variable or invariai^, the 
products, or quotients, will vary as each other. 

Let A vary as B, and let T be any other quantity. Then, by 
the supposition, A : a : : B : 6 ; 

.-. AT: at iiBT : bt ; that is, ATaBT. 

Also, ^:f::|!*; that is, ^oc^. 
T t T I T T 

Art. 2SS. Jf one qaantUy ^mry asiwa Mere jointly, eUher of 
ihe latter varies as the first direcUy, and the other inversely. 

Let VocPT, then (Art 287), Y « ^, or PaT, and simi- 
larly, Toc^. 

Art. 9S9. If A vary asB,Ais equal to B mviUvplied by seme 
constant quantity. 

Siaoe, by supposition, A : « « : B : ^» tiierefore* A^pb^B ; but a 

and b are supposed to be constant, being certain corresponding 

Talues of A and B. Hence, if we denote ? by m^ we have 

h 

A=mB. 

It is evident that if we know any corresponding values of A 

and B, that the constant quantity m may be found. 

Art. 990. In general the simplest method of treating varui^ 
tions, is to convert them into equatiens* 

Ex. 1. Given, that yoc the sum of two quantities, one of whiek 
varies as «, and the other as d^, to fiad the corraipoiidiaf 
equation. 

21 
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BecauM one pnrt oc«, let this «m», 

and the other " a**, " " =:««' ; 

y=m«4-f ^ where m and n are two un- 
known invariable quantldes which can only be fcAind when we 
know two pairs of corresponding values of x and y. 

2. U ysssr+s, where rocx and soc., and if, when x=sl, 

X 

yssd, and when «as2, ^=s9, what is the equation between x 
sndy? 

Let rssmXf and <s? .*. ysamx^!t 

But if «=»1, y=s6, .'. 6s3m-fn ; 
andif a=2, ysaO, .•. 9=2m4-? 

Q 

Hence, msB4; n=s2, and v=s4aH-.. 



EXAMPLES FOR PRACTICE. 

8. tf |fa» ; and when «s2, ys=4a ; find the equation be- 
tween « and y. J " "^^^^ * ^' ^" Aw. y=2fl«. 

4. If va . ;' Imd when x=i, y=^; find the equation between 

X '* 

» and y* , '^^^ y=-. 



&» 



6. If y^aca^—<^ ; and when «es^a'— 6^ y=-. ; find the 

.* * 'i , I f o 

equation between « and y.ju ' Ans, y^-.^a^-^x'. 

' 6 J If y is equal to the sum of two quantities, dn^ of which 
varies as x, and the other varies inversely as 3c^ ; and when a:=l, 
y&s6, and when xas2, y=5; find the equation between x and y. 

' "»v. • . . '^ • - ^ An*. y=2»4-_.. 

. * * . , ' / ' . . , r Xr .. 

7. Given thaty is equal to the sum of three quantities, of 
which the 1st is invariable, the second varies as x, and the third 

- varies tts xK Also when «=sl, 2, 3, y»6, 1 1 , 18, respectively ; 
find y in terms of x. Am, y^Z-\'2x+x^. 



8. Giyen that soct^i ^hen / is coDBtant ; and soCf, when < 
•is constant ; also, Ssss/, when ^=cl . Find the equation between 
/,5,and^yt:)v. v^"^ ^^^ if'^w ^' /-•;;. An*. *=J//2. h^ - ; 

9. If y=r-|-5 where rao?, and sozjx; and if when xss^^ ' f' 



ys=s5, and when 



I a?=9, y=10; findy ii^ terms of x, ^ 






ixw ?j z^'*^^-/ *>tr>. 



Z*' '^ifl.^iven^that xa — , and yoc— ; also, when «=«, ars^cj,^^ 
finf the eqrfaibn betwe^ a? and/r. ' Am, aTr^cr^x.^y"^*^ t 

'^ ARITHMETICAL PROGRESSION. <iL -C-- ^ - ^ 

Art. 991* Quantities are said to be in Arithmeticai Progris^' " C. 
n(m,when they increase or decrease by a Commtm Difference^^"^^^. . ^y?^** 

Thus, 1, 3, 5, 7, 9, &c., a, a+d, a+2J, &c., a, a — d, « — 2d, i 

&.C., are quantities respectively in Arithmetical Progression. 

The series is said to be increasing or decreasing, according as d 
is positive or negative. 

Art. 292. To investigate a rule for finding' any term of an 
arithmetical progression, take the following series, in which the first 
line denotes the number of each term, the second an increasing 
arithmetical series, and the third a decreasing arithmetical series.* 

12 3 4 5 

fl, a-\-d, a-\-2d, a+^J, a-^d, &c., 
a, a— d, a — 2d, Or-Qd, a— 4c?, &c. 

It is manifest that the coefficient of d in any term is less by 
unity than the number of that term in the series ,* therefore, the 
n^term =tf-f-(n — l)d. 

If we designate the n** term by I, we have 

Z=a+(7i — \)d, when the series is increasing, 
and lz=ia — (« — V)d, when the series is decreasing. 

Hence, we have the following 

Rule, for finding any term of an arithmetical series.— 
Multiply the common difference hy the number of terms less ongf 
and add the product to the first term when the series is increasing, 
but subtract it from the first term when the series is decreasing. 

The equation l=a^(n — l)d, contains four variable quantities, 
any one of which may be found when the other three are knowa* 
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Abt. !MS« Haviog ^ven the first term a, the cominoB difer- 
^ence d, and the namber of terns n, to find S, the awn «f the 

series. 

If we take any arithmetical series* as the following, and write 
the same series under it In an inverted order, we have 
S=n 1+8 + 6+ 7+ 9+11, 
8=^11+9 +7+5+8+1. • 
Adding, 28=12+12+12+12+12+12. 
s:12x the number of terms. 
=12X6=72. 
Whence, 8=^ of 72=36, the sum of the series. 

To render this method general, let U= the last term, and ¥^te 
the series both in a direct and inverted order. 

Then, S=a+{a+i)+(a+2d)+(a+9i) . . . +Z, 
and «==| + (^-^+(Z— 2<0+(J-«d). . . +«. 
By adding the corresponding terms, we have 

2S=(i+«)+(^+fl)+(Z+a)+(^f«), . . +Q+a), 

=:(^-<z) taken as many times as there are terms n in 
the series. 
Hence, 2S=G+a)»; 

This formula gives the following 

Rule, for jirdivg the sum of av abitemetical series. — 
MvUijiy half the sum of (he ttoo extremes, hy the number of 
terms. 

From the preceding it appears, that the sum of ihe extremm is 
equal to the sum of any other two terms equally distant from this 
extremes. 

Art. 394. The equations 2=s+(nr— ly, 
and S=(4»+0j 

fDRiish the means of solving this general problem : Knowing any 
fftree of the five quantities, a, d, Z, n, S, which enter into an arith- 
meticcd series, to determine ihe other two. 

The following table contains the results of the solution of all 
the different cases. These jRmnuIn should be verified by the 
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No. 



1. 

2. 



6. 
6. 

7. 

8. 



9. 
10. 
11. 
12, 



13. 
14. 

15. 
16. 



17. 
18. 
19. 
20. 



Givea. 



a, d^ n 
a, d, S 
a, n, S 

d, 91, S 



ay n, Z 



a, n, Z 
a, n, S 

n, Z, S 



a, J, I 
a, d, S 
«, I, S 



d, n,B 
d,h S 
n, Z, S 



Required. 



Vonnola. 



n^ 2 ' 



S=inj2<»+(»— lyj, 
2 ^ 2i 

S=in|2i-(n-iy}. 



._2(S— an) 
«Cn— 1) ' 



2a— I— a 
j_ 2(ni-S ) 
n(ro — 1) ' 



«=?=e+i. 



_zbJ(2fl-^'+8<?S~-2a-f<l 



2(2 



^_2l+ddz^(2l+d)^—S^ 



2d 



. -ly, 

S (n— l)i 



a=ld±^Q+li)^^i&. 



a=?S. 



EXAMPLES FOR PRACTICE. 

1. Find the 15« term of the seriea 3, 7, 11, &c. Aw, 59. 

2. Find the 20** term of the series 5, 1, —3, &c. 









'■ / .. 



C. 'I 



Aw.— 71. 
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n^-iv 



3. Find the 8* term of the eeries |» /^i J, &c. Ans. y*j. 

4. Find the 30** term of the series —27, —20, —13, &c. 

Ans. 176. 
6. Find the n* term of l-|-34^-f.7. . . . Ans. 2i^-l. 
and of 2+2j+2f+. . . . An*. l(ii+d). 
andof 13+12j+12i+. . . '. Am. J(40— n).-> 
Find the sum of 

6. 1+2+3+4 &c., to 50 terms, (See Formula 6). 

Ans. 1275. 

T^- 7+V+y+» &^c., to 16 terms. Ans. 142. 

8. 12+8+4+, &c., to 20 terms. Ans. —620. 

9. 2+2i+2f+, &c., to n terms, A»#. |(n+ll)- 
^ ^ 10. 13+12f +12 J+, &c., to n terms, A«. ^(79— n). 

1 1 . ^|— V""' ^'> ^ * *®"°"- -^^^- T^ (13— 7n). 



12. ^+3^-^^+, &c., to n terms. 



Ans. JL ^na-(!?±l)?i 
a+* < 2 $ 



/^^ 


^ 


, - 


*>7 


>-' 


"■^y ' 



a+* 

13. ?ld+'!Z^+?r:?+, &c., to n terms. Ans. !!:zl 

n n n 2 * 

14. If a falling body descends lOy'i; feet the first second, 
three times this distance the next, five times the next, and so on, 
how far will it fall the 30 th second, and how far altogether in 
half a minute ? Ans. 948 j^, and 14475 ft. 

15. Two hundred Atones being placed on the ground in a 
straight line, at the distance of 2 feet from each other ; how far 
will a person travel who shall bring them separately to a basket, 
which is placed 20 yards from the first stone, if he starts from the 
ib^t where the basket stands ? Ans. 19 miles, 4 fur., 640 ft. 

)^ ' 16. Insert 3 arithmetical means between 2 and 14. 

To solve this problem generally, let it be required to insert m 
arithmetical means between a and b. 

Since the required terms, and those which are given, form an 
arithmetical series, if we insert m terms between a and h, we 



j^3^ — S t ^ f,. ^^ ^^^"^ ^ "-{H^ 

^ shall have a series consisting of (m-|-2) terms. Then to find i, 
^ the common difference, substitute m^2 instead of n in Formula 

I Jl 0» page ^45, and we have rf=Jr?.= ^"^ =rjzg There- 
^ ^ *^ ^ «^1 in+2^1 m+r 

X^ % '^ fore, /Ae commpft difference (d) wiU be equal to the d^ermee of ih$ 

-^i^ exhremes (6— cr) divided hf the number of terms plus one. 
y^ ') In the particular example we find dasZ; hence, the terms are 
-i_ Ci 5, 8, and 11. a^^:j , ^cr/f-, /^ ^4 i^- f ~^ ^J 

T^ 17. Insert 4AR. means between 3 and 18. ' '''*"^ 

-I J ^^/ ^ ^ -/ '^v .-/ ^, .^^^ Am. 6, 9, 12, 15. 

i ^cS 18. Insert 9AR, means between 1 and. — ^1, i" 

^ 19. How many terms of the series 19, 17, 15, &c., iTmoant 
t^ -C to 91? - An*. 13, or 7. 

^^ ^'s^ Explain t^isreralt. ^ ■^{.''tr^-^t/ . '^ • ; /• - - "* -u . ■/. 

-:^ 20. How^many terms of the series .034, .0344, .0348, Ac., 
V ; * -"^ amount to 2.7481^ tv - ^ . V^y w ^ ii^Ans. 60. 

><^ 21. The sum of the first two terms of an arithmetical 'pro- ^ '•' 
' , gression is 4, and the fifth term is 9; find the series. 

x-^ C4. ."^^ ' ri I / 4f». 1,3, 5,7,0, dto. 

^ 22. The first two terms of an arit^eU<5al progreisie« being 
\ together =:18, and the next three terms =sl2, how maoy terms ^ 

'' must be taken to make 281 • "J '' " / "• -4r7M. 4, or 7. • \. 

^ 28. The n* term of an arithmetical serii^ \i 4(3ii — 1), find ' 
^> the first term, the common difference* and the sum of n terms. 



-ir* 



-^ ^ r^ ' . . -/ - ^ Ai^.\.\. and -|(3n+l). 

; ^ ' 24. ^In the series 1 , 3, 5, &c., the sxmi of 9r terms : the sum^ 

'^ i of r terms : : a? : 1 : determine the value of of. Am* 4t. 

: ^ /r25. Piria tlie ralio*"of the latter half of 2» terms of any AR. 

^ ^ series, to the sum of 3n terms of the same series. Ans^ 3. 

^^ 26. The sum of n arithmetical means between 1 and 19 : 

"^ '^ sum of the first nr^2 of them : : 5 : 3; required n. Ans. 8. 

• 27. A traveler sets out for a certain placQ;, and travels 1 mile 

J ^^. the first day, 2 the second, and so on. In 5 days afterward 

"" '» another sets out, and travels 12 miles a day. How long and how 

^ far must he travel to overtake the firsti 

Ans, 3 days or 10 days, and travel 86 miles, or 120 miles. 
x^ Explain these results. :>;4. 1^ . '. r * * 






- ♦- -n'^'i /' « ^ ->v^/ ^ 



/^ oJ^^ tffibaiAmaCA|4. PROGRESSION. ' 

/»*>^- — Tyj:*^! -'J^jC 

Art. !M9« a Geometrical Progression is a series of terms, 
each of which is derived from the preceding, by multiplying it by 
ft eoBstant quantit^^ termed the raUo» , 

Thus, 1, 2, 4, 8, 10, &c., is an increasing 

geometrical progression, whose common ratio is 2. 

54, 18, 6, 2, &c., is a decreasing geometrical 
progression, whose common ratio is j. 

In general, a, ar, ar^^ or*, d&c., is a geometrical progression, 
whose common ratio is r, and which is an inereaHng series when 
r is^rcdrfir than 1 ; but a decreasing series when r is less than 1. 

It is evident that in ang given geomeirieal mries^ the common 
ratio wHl he fosmd by dividing any term by the term next preceding* 

Rkmakk. — An Arithmetical Progreision may be dsllned to bs a ssries 
in which the diftreees betw^a any two coaseoutire terms is the same ; 
and a GeMnetrical Progression a series in which the ra^ of any two 
consecutive terms is the same. Hence, a geometrical progression is a 
eonmnued frepoftion- (Art S06.) 

AST. 996* Tb And the last term of a geometrical progression. 

Let m denote tlie first term, r the common ratio, 2 the 9i^ term, 
and S the sum of n terms ; then the respective twms of the sertee 
will be 

1, 9, . 8, 4, 5 • . . . «— 3, i»— 2, It— 1, fi^ 
tf, OTy as^f iOf^f ar^w • • • af^^i^^ nf*"', tfr*""', tfr*^'« 

That is, the Mponent of r, in the seconi term is t, in the third 
term 2, in the /our(& term 3, and so on ; hence, the n^ term of 
the series will be la^af^^ ; that is, any term of a geometrical 
series is equal to the proditd of the first term, by the ratio raised to a 
powers mAoss exponent is one less than the number of terms. 

Ex. Let it be reqwed to find the 6^ term of the geometrical 
progression whose first term is 7, Jind common ratio 2. 

2»=^X2X2X2X2=82; and 7 X 32=224, the 6« term 

Art. 20ir. Tb find the sum of all the terms of a geometrical 
progression. 

If we multiply any geometrical series by the ratio, the product 
will be a new series, of which every term, except the last, will 
have a corresponding term in the first series. 
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Thoib talce the seiies, 1, 3> 9, 27, 81, futd represent its sum 
by S ; then 

8=1+3+9+27+81. 

Multiplying eaeh term by the ratio S, we have 

38= 3+9+27+81+243. 

The terms of the two series are identical, except thejfirst terra 
of the first series, and the last term of the second series. If, 
then, we miblract the first equation from the second, all the other 
terms will disappear, and we shall have 

38—8=243—1; 

whence, S=sl21, 

To generalize thi» method, let a, or, or', or', &€«, be any 
geometrical series, and 8 its sum i then, ^ 

B=ar^ar-^r^-\'ar* , • . . +ar*"^+af"~*. 
Multiplying this equation by r, we have 

rS^ gr+g r'+ar» +ar^ ^'{<u^. 

8ubtracting, rS — S=ar"--a ; 

or, S(r-l)=fl(f-— 1) ; 

whence, S= . "7 . 

r — 1 

Since, fcasar"""*, we have rh=ar^ ; 

therefore, S= --= — -. 

r — 1 r — 1 

This formula gives the following 

Rule, for findikg the sum of a geometrical series .— 
MuUipLy the last term hy the ratio, from the product sttbtract the 
first term,and divide the remainder hy Vie ratio,less one. 

Ex. Find the sum of 6 terms of the progression 3, 12, 48f 

The kst term ==3 X4«=3 X 1024=3072. 

8=?!r:?=?22?><±:^4095. Ans. 
r— 1 4—1 

Art. 298. If the ratio r is less than 1, the progression is de- 
creasing, and the last term I, or at^'^, is less than a. In order 

that both terms of the fraction tl^H^, or ^H^Hz^ may be positive, 

r — 1 r — 1 
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the fiigfnfi of the terms mty be changed, (Art. 124), end we have 

8=?^, or ss ^ ^ . Therefore, the sum of the series, when 
1 — r 1 — r 

the progression is decreasing, is found by the same rule, as when 
it is increasing, except that the product of the last term by the 
ratio, is to be subtracted from the first term, and the ratio sub- 
tracted from unity. 

Akt. 999. The formula &ss^l3!2^ by separating the numer*- 

1 T 

tor into two parts, may be placed under the form 
g_^ a ar^ 

Now when r is less than 1, it must be a proper fraction, which 
may be represented by ? ; then r*= (?) ==?.. 

Since p is less than q, the higher the power to which the frac- 
tion is raised, the less will be the numerator compared with the 
denominator ; that is, the less will be the value of the fraction ; 

therefore, when n becomes very large^ the value of ?-, or r*, will 

qn 

be very smdU; and when n becomes infinitely greai^ the value of 
^, or r", will be infiniUity email; that is, 0. But, when the 

numerator of a fraction is zero (Art 135) its value is 0. This 

reduces the value of S to -^ . 
1 — r 

Hence, when the number of terms ^of a decreasing geometrical 
aeries is infinite^ the last term is zero^ and the sum is equal to the first 
term divided by one minus the ratio, 

Ex. Find the sum of the infinite series l+2.+i+J+> &^« 

Here a=l, r=i,'and S=-?L=-i— =2. Ans, 
1 — ^ 1 — i 

That the sum of an infinite number of terms of a geometrical 
progression may be finite, will easily appear from the following 
illustration : 

Take a straight line, AK, and bisect it in B ; bisect BK in C ; 
CK in D, and so on continually ; then will 

B CD 

A ^-^ ^ ' K 

AK=AB+BC+CD+, &c., in infinitum, =AB+3|AB+^AB, 
&c., in infinitum, =2AB, which agrees with the example. 



i 
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Art. 300. The two equatiooB, Z=af*-», and 8^^^^"""^, fur- 

r — 1 
nish this general problem : Bhowing any three of the five quantities 
a, r, n, I, and 8, of a geometrical progression^ to determine the other 
two. The following table contains all the values of each unknown 
quantity, or the equations from which it may be derived. 



No. 


Uiven. 


Required. 


J lormulaB. 




1. 

2. 
3. 

' 4. 


a, r, n 

a, r» s 

a, », S 
r, n, S 


z 


Z=ar«-S 
j_fl+(r-l)S 




r 
,_(r-.l)Sr«-i 




»-»— 1 • 




5. 
6. 

7. 
8. 


tf, r, n 
a, r, I 

a, n, I 
r, n, I 


•s 


r — 1 

^ r 1' 




9. 

10. 

11. 
15. 


r,n, I 
r, n, S 

r, Z, S 
n. Z, S 


a 






V^l ' 
fl=rZ— (r— 1)S, 
a(S— a)"-^— Z(S— 0"'^=0. 




13. 

14. 
15. 

16. 


a, n, S 
a, Z, S 


r 


a a 

a— I 

r»— S r->+ ' =0. 


' 


17. 
18. 
19. 
20. 


«, r, I 
a, r, S 

fl, z, s 

r, /, S 


» 


„_foS'.t-to^.a,^ 




log, r 
^Jtog. [a+(r— 1)S]— %. a 


' 


log.r 


„ Josr.i_fo?.[Zr-(r-l)S],^ 


%.r +' 
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RuAftE.— To detomilie the tbIu* of ftha uMkaowa ^autitjr ia Noa. 
3, 12y 14» md 16, may require the solution of an equation higher than 
the second degree. The yalnee of n in the laet foar Not. are ob- 
tained from the solution of an exponential eqaatioa (see Art 389). 
Although the method of sokring theee cqaationt has not been given, it 
was deemed proper to eomplete the table lor the conTonience of refer* 
enoe. The pupil stiould be required to verify all the valaeo ezeept these 
here referred to. ^ 

BXAHPLE0 FOR FRACTieS. . 

1. Find the 8<* term of the series 5^ 10, 20, &«. Am. 640. 

2. Find the 7^ term of the series 54, 27, 13^, dtc. 

Afw.|T. 

3. Find the 6<* term of the series 3|i 2|, 1^, &c Ans. j. 

4. Find the 7* term of the series —21 14, —9 J, &c. 

Ans. ^^il 

3«-a 

6. Find the n* term of the series 4, j, |, &c. -*»«• ^^y 

Find the sum 

6. Of 14-3+9+, dtc., to 9 terms. Ans. 9841. 

7. Of 1+4+16+, &c., to 8 terms. Ans, 21845. 

8. Of 8+20+50+, &c., to 7 terms. Afu. 3249|. 

9. Of 5+20+80+, &c., to 8 terms. Ans, 109225. 

10. Of 1+3+9+, &c., to n terms. Ans. ^(3-— 1). 

11. Of 1— 2+4— 8+, &c., to n terms. Ans, i(l=F2*). 

12. Of a^-y+?^ — S!^+, dtc., to n terms. 

13. The first term is 4, the last term 12500, and the numbei 
of terms 6. Required the ratio and the sum of all the terms. 

*"* )- .1 iln*. Ratio =5; Sum =15624. 

14. Find the geometrical progression, when the sum of the first 
and second terms is 9, and the sura of the first and third 15. 

Ans. 3+6+12+, &c., 13-J— 4^+1^— , &c. 

Find the sum of an infinite number of terms of each of the 
following series : 
16. Of I+J+J+, &c. Ans. f 
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16. Of 9+6+4+, &c. Aas. 27. 

m. Of 6+2+§+, &c. Ans, 9. 

18. Of f-^+l— ,&«. Ans, J. 

19. Of 100+40+16+, &c* Ajm. 166|. 

20. Of fl+H-^+^+» &« / . ^^^ -A- 

2i; Of i+2«+2«»+^«+, Ac ^vAw. p:? r. 

22. The sum of an infinite geometric aeriea is 3, and the sum 
of its first two terms is 2| ; find the series. 

A««. 2+1+1+ . . or 4— l-j.}-^. • . 

23. Find a geometric mean between 4 and 16. A'm. 8. 
Let a=4, 0=16^ and m the required mean ; then a\m\\m\c\ 

whence m=^Jac. 

24. The first term of a geometric series is 3, the last term 96, 
and the number of terms 6; find the ratio, and the intermediate 
terms. 

Byformulal3,page251, wefind rss"-*/-, which in this case 

becomes r=^32=2; hence, the intermediate terms are 6, 12, 
24,48. 

If it be required to insert m geometrical means between two 
numbers a and 6, we have n, the whole number of terms, sam+2; 



hence, n — l=m+l, and rsa'^+j' /_ 






25. Insert two geometric ^netas betweela \%^ and 2. ^ x ^ "^ ^- 



^6^ Insert seven geometric means between 2 and 13122. 

Ans, 6, 18, 54, 162, 486, 1458, 4374. 

Art. 301. To find the value of Circvlaiing DecimaiSf that ifl, 
decimals in which one or more figures are continually repeated. 

Circulating decimals are quantides !n geometrical progression, 
where the common ratio is y^, y J^, xx?t)^, &c., according aa one, 
two, or three figures recur; thus the circulating decimal 

558131 k equal to VV„+(^^^+^^+^+.&c.); 

and the part within the biacket is a geometrical series, of which 



254 RAT'8 ALOSBEA, PART 8BC0ND. 

m 

1 SI 

the common ratio is -—=y|^^ ; we have, therefore, fl=^Z-; 

^ihxf 5 fZIf^i^i-^^^^Mj! ; wd the wim of the whole 
series =T%+iili^=SU8-iSSJ. 
This operation may he performed more simplj, as follows : 

Let S=.253131. . • . Multiply hy 100, in order to remove 
the decimal point to the commencement of the first period of 
decimals, we have 

100S=:25.3131 . . . . 

Again, multipljring hy 100 to remove the decimal point to the 
commencement of the second period of decimals, we have 
10000S»2531.3131. . . . 
Stthtracting the preceding equation from the last, we get 
, ' 99008=2506; .-. S=||8J. 

1. Find the value of .636363. . . . Ans. ^j. 

2. Find the value of .54123123. . . . Ans. -|§S§|f 



HARMONICAL PR06EESSIOK. 

Art. SOS. Three or more quantities are saia to be in Har- 
monical Progression, when their reciprocals are in arithmetical 
progression. 

Thus, 1,|, J,4,&c.; and i, ?, |, f , &c. 
are in harmonical progression, because their reciprocals 

1, 3, 5, 7, &c. ; and 4, 3^, 3, 2^, &c. 
are in arithmetical progression. 

Art. SOS. Peofosition. — If three quantities are in harmonical 
progression, the first term is to the thirds as the difference of the first 
and second, is to the difference of the second and third. 

For if a, &, c, are in harmonical progression, ., i, i, are in 

a h c 
arithmetical progression, 

.*. - — ^-=- — -. Hence, multiplying by abCf 
a c o 

lie— Jcsssofr-wic ; or c(a— 5)=sa(d— c). 
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■ ' • .... 

Dmding both sides by a—h, and by a, we have 

-— ; 

a a — 

this gives a:c: : a — 6 : b — c. 

Therefore, a Harmonical Progression is a series of quantities in 

harmonical proportion (Art. 280) ; or such that if any three con- 

seeutive terms be taken, the first is to the third, as the difference 

Nof the. first and second is to the difference of the second and 

third. 

From this proposition it follows, that all problems with respect 
to numbers in harmonical progression, may be solved by inverting 
them, and considering the reciprocals as quantities in arithmeti- 
cal progression. This renders it unnecessary to give any special 
rules for the solution of problems in harmonical progression. 

EXAMPLES FOR PRACTICE. 

1. Given the first two terms of a harmonical progression, a 
and h, to find the n*^ term. 

Let I be the »* term, then (Art. 302), i and i are the first 

a b 

two terms of an arithmetical progression, and it is required to 
find -, the w** term. 

fc:l— 1=?Z?, and ?L=:l+(7^-l)rf, (Art. 292) ; 
b a ab la 

la ab ab 

whence, Z= ?i 

(n— l)a— (n— 2)6* 

By means of this formula, when any two successive terms of a 
harmonical progression are given, any other term may be found. 

2. Insert m harmonic means between a and b. 

Here, if d be the common difi[erence of the reciprocals of the 
terms, we have 

l=l+(n--l),i, and rf=- «-ft _ «-& . 



b a in-'l)ab im+l)ab 

whence the arithmetical progression is found ; and by inverting 
its terms, the harmonicals are also found. 









J 



A 
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,3. Insert two hanKmae aieaiw betwesn Z and 13. i. i ^ i 
' *" .' / ' An*. 4^* aid 6. 

,. r 4. Insert two harmonic meaaa between 2 and J. 

' - \«,>»* Atu. s and y. 

5. The first term of a hannonio aeries ia i, and the 6^ •^'^ ; 
^d Ihe iotermediata terma. Am. i»^»i» j^. 

a. a, b, Cf are in arithmetieal pro^reaakm, and h^ Cf d^ ne m 
harmonieal progressiott ; prove that a:b::cid.^ ^ 

• ' ; ' . • - "'' ' '■ : " \y '' 

PROBLEMS Of ARITHMETICAL Al^D GEOBIETRTCAL PRO- 
. , , GJUsksiON. *. 

Art. 304. The sum of ^yo numbers in arithmetical jM-ogrea- 
aion is 35, and the sum of their squares 335; find the numbers. 

. , Aw. 1,4,7,10,13. 
Let » — 2y, »— y, x, x-^-y, «+%> ^ ^® numbers. 

2. There are four numbers in aridunetlc progression, and the 
sum of the squares of the extremes is 66, and of the means 52; 
find them. Ans. 2, 4, 6, 8. 

Let X — 8y, »— y, a:+y, of+^y* ^e ^^ numbers. 

SuoaisnoN.— When the number of terms in an arithmetic progreieioa 
if odd, the common difference shonld be called y,and the middle term x; 
bat when the number of terms is even, the common difference must be 
3y, and the two middle terms x — y, and x-i-y* 

3. TMe sum of 3 ni&mbers in arithmetical progression is 30, 
and the sum of their squares 300 : find them. Ans. 8, 10, 12. 

4. \rh^e'are 4 numDers m arithmetical progression, their sum 
is 26, and their product 880; find them. Ans, 2, 5, 8, 11. 

5. There |fre S.iiumbers in geometrical progression, whose sum 
is 31 ; and the sum of the Ist and 2nd : sum of 1st and 3rd : : 
8 : 13; find them. t . Ans, 1, S, 26. 

6. The Bum of the squares of three numbers in arithmetic pro- 
gression is 83 ; and the square of the mean is greater by 4 tiian 
the product of the extremes. Required tixe numbers. 

^ . 'v - ^ I Am- 8, 5, 7 

7. Find 4 numbers in arithmetical progression, sodi that the 
product of the extremes =27; of the means =35. 

v--;/ ' > ■, ^/ . /. Am.3,5,7,0. 

8. There are 3 numbers in arithmetical progression, whose 
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■ • — 'w-'^'i — y /^♦■' j . : — ^ — T-% ■ 

■um is 18; but if you multiply the first term by 2, the second by 
3, and the third by 6, the products will be in geometrical pro« 
gression; find them. y^. ^ V ^^ ' - ?i-. -Atm. 3, 6, 9. 

0. The sum of the 4'* powers of three successive natural num- 
bers is 962; find them^ ,^ , ^^ . ... Aiw. 3,4,5. ^, / 

' ..: 1./: 1. 'f' S._*'crj,L^^ / 



10. The product of fcmr saceessiviT natural' numbers is. 840; . , , 
nndthem. ,i . /i ,^ »- Ans. 4,5,6,7.'*"*'' ' ^V 

11. Ther product of four numbers in arithmetical progresirion 

is 280, and the sum of their squares 166; find them. \ 

n^- C • , V -.'? ^^ , >^^ 1 V ^ - ^ f.' . -A"*- 1» ^» "^^ 1®' \ 

12. llie sum ^f 9 numl^ers in arithmetical progression is 45, 
and the sum of their squares 285 ; find them. 



^ J V«- Atw. l,2,3,&c.,to9. 

13i The sum of? numbers in arithmetical progression is 35, 



yj;^ 



and the sum of their cubes 1295; find them. 

^ ^ J ;4'7 ^- - . , ^. . . Atw. 2, 3, &c., to 8. 

14. Prove this wheAthe arithmetical mean of two numbers 
is to the geometric mean : : 5 : 4; that one of them is 4 times 
the other, i "^ , v ■'/!*". / r-. 

15. The sum of S numbers in geometrical progression is 7; 

^ and ^,Bum of their reciprocals is | ; find them. Am, 1, 2, 4. ^ ^ / ./ 
X,- /^ /1 6> There are 4 numbers in geometrical progression, the sum ^ 
^ of the first and third is 10, and the sum of the seccmd and fourth 
is 30; find them. ^ ^ * , ' ^ An*. 1*3, 9,27. 

17. There are 4 numbers in geonietricar prog^einioii, me sunS , 
of the extremes is 35, the sup of the means is 30; find them. - . " - 
T^ . v/ , : , ^ t J IL- k^ Hv .■,. . .. .< ^'»- 8, 12. 18. 27. , . ^; : ^ ♦ ' 

^ ^18. lliere are 4 numbers in arithmetical progression, which / 
being increased by 2, 4, 8, and 15 respectively, the suiqb are in 
geometrical progression ; find them. Am, 6, 8, lO, 12. 

'*^^/'l9.^4'aere are 3 numbers in geometrical progression whose 
continued product is 64, and the sum of their cubes 584; find 
them. Am. 2, 4, 8. 

Suggestion. — In solving difficult problems In geometrical progression, 
instead of denoting the terms by ar, xy^ xy^, &c., it is sometimes prefer- 
able to express them by ether forms. Thas, three terms may be ex- 
pressed by X, kjxy^ y, or, a?*, xy, y« ; four terms by — , ar, y, ?L ; five 

y X 

terms by _, x^, xy, y*, ?L; six terms by ^, ?., x,y, ?L, 1l. la all 
y X y* y * «* 

these cases the product of the first and third of any three consecativs 

terms, is equal to the square of the middle term. 



J 3"" - V i. 



V 
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CHAPTER IX. 

PERMUTATIONS, COMBINATIONS, AND 
BINOMIAL THEOREM. 

Art. S09* The different orders in which quantities can be 
arranged, are called their PermtiUUions, Quantities may be ar< 
ranged in sets of one and one, two and two, three and three, and 
so on. Thus, if we have three quantities, a, b, c, we may arrange 
them in sets of one, of two, or of three, thus : 

Of one a, h, c. 

Of two oft, oe ; la, he; ca, cb. 

Of three abe, acb ; bac, bca ; cab, eba. 

RxMAaE. — Somo writen, confine the term permutationM to the class 
where the qaantities are taken dl together, and give the title of «r* 
ranffemmtt, or variatiani, to thoie gronps of one and one, two and two, 
three and three, &Ai,, in which the number of quantities in each group is 
(cm than the whole number of quantities. 

Art. 3<NI* To find the number of permntatlons that can be 
formed oat of n letters, taken eingly, taken two together, three 
together. . . . and r together. 

Let a,b,c,d, » . . . k, be the n letters ; and let P, denote 
the whole number of permutations where the letters are taken 
^v^glyi Pf the whole number of permutations taken 2 to> 
gether .... and P, the whole number of permutations taken 
r together. 

The number of permutations of n letters taken singly, or one 
and one, is evidently equal to the number of letters, that is n ; 
therefore, 

P,=n. 
The number of permutations of n letters, taken two together, 
is n(7»— 1). For since there are n quantities 

a, by c, d, • • • • k, 
if we remove a, there will remain (« — 1) quantities, 
b, c, d, . . . . k. 
Writing a before each of these (»— 1) quantities, we shall 
have 

obi ac, ad .... ok. 
That is, («— 1) permutations in which a stands jifr»<. 
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In the same manner there are (n — 1) permutations in which h 
stands first, and so of each of the remaining letters c,d, . .A:. 
And since there are n letters, there are n(n — 1) permutations 
taken <ii^ together ; that is, 

Hence, ike number of permutations of n letters taken two together, 
is equal to the number of. letters, mvltiplied by ike number less one. 

For example, if n=s4, the number of permutations of the four 
letters, a, b, c, d, taken two together, is 4X(4 — 1)=4X3=12. 
Thus, ab, ac, ad, \\ ba, be, bd, \\ ca, cb, cd, \\ da, db, dc. 

The number of permutations of n letters, taken three together, 
is n(n — l)(7i — ^2). For if we take (n — 1) letters 

b, c, d, . . . . k, the number of permuta- 
tions taken two together, by the last paragraph, is w 

Let a be placed before each of these permutations ; then there 
are (n — ^l)(n— 2) permutations of n letters, taken ikree together, 
in which a stands first. Proceeding in the same manner with b, 
there are (n — l)(n — 2) permutations in which b stands first; and 
so for each of Uie n letters. Hence, the whole number of per- 
mutations of n letters, taken three together, is n(n — l)(n — 2); 
that is, 

P,==»(7^-l)(7^— 2). 

Hence, the number of permutations qfn letters taken three together, 
is equal to the number of letters, muUipiied by the number less one, 
multiplied by the numher less two. 

For example, if n=4, the number of permutations of the four 
letters, a, b, c, d, taken three together, is 4(4— 1)(4— 2)=4x3 X2 
=24. Thus, 

abe, dbd, acb,'acd, adb, ode, bac, bad, bca, bed, bda, bdel cab, cad, 
cba, cbd, cda, cdb, dab, dac, dba, dbc, dca, deb. 

By following the same method, we can prove that the number 
of permutations of n letters taken /our together, is 

P^=n(7&— 1)(7^— 2Xn— 3). 

By examining each of the preceding results, we see that the 
negative number in the last factor is less by unity, than the num- 
ber of letters in each permutation. Thus, 

nr^i^. 

. .. ; n(»— 2— 1). 
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pj=:n(n^lXii-S)= ii(»— l)(f*-4^). 

Hence, from atuHogyt we conclude, that the number of 
tations of n things taken r together, is 

P,s=ii(n^lX»-«) (»-»^^). 

Art. 306a, CoroUary, If oS the letters be taken together, 
then r becomes equal to n, and the last factor becomes 1 ; that is, 

P.=n(n^lXii--2) («-H^), 

or P.=»(n— l)(n--5) . ^ 1, 

Or, inverting the order of the factors, 

P.«1X2X3 (fir-iyn. 

Hence, the number of permuiatioiu cf n IMen Uiktm n togtOmr^ 
is equal to the product of the naturai numbers from \ up ton, 

Ex. The V^nnutations of three letters, «,&, e, taken throe 
together, is 1x2x3=6. 

Aht. 30Y, If the sa/mt letter occur p times, the number of 
permutations in n letters, taken ofi together, is 

1X2X3 (n-^iyn 

1X2X3 . . . p 

Suppose these p letters to be all difTerent. Then for any par- 
ticular position of the other letters, these p quantities, taken p 
together, will form (1x2x3 . . . p) permutations from their 
interchange with each other ; and when these letters are aiikey 
these permutations are all reduced to one. And as this is true for 
every position of the other letters, there will be altogether 
(1X2x3 ' * ' p) times fewer permutations when they are alike 
than when they are all different. 

Thus, in the letters A, I, D, there are lX2x3»6 permutac 
tions taken all together^ but if I becomes D, then three of these 
permutations become identical with the remaining three, and the 
whole number of permutations of the letters ADD taken all 

together, is 1X2x3^3 

* 1X2 

Aet. Z07a, Corollary, In like manner, if the same letter oc- 
cur p times, another letter q times, a third latter r times, and so 
on, the number of permutations taken aU together, is 

1X2X3 (nr^l )n 

(1X2 . . rt(lX2 . . 9X1X2 . . r)X,&c- 



s 
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For hf the last irtide, if f lettfirs be alike, there will be 
(1 X2 X3 ' ' 'P) fewer permutatiom than when they are all differ- 
ent ; also if q other letters be alike» but different from the first, 
there will be (1X^3X3 • • 9} times fewer permutations, and so 
on; hence, there will be altogether (1X^X3 . . . p)(lx2 
X3 • • • 9)) &c*} times fewer permntations than when the letters 
are all different, and consequently the general expression will be 
OS announced. 

Aet. SW» CoMBiiTATioNS. — The CambinaHom of quantities 
sre the different collections that can be formed out of them, with- 
out reference to the order in which they are placed. Thus, ab^ aCt 
he, are the combinations of the letters a, h, 6, taken two together ; 
ab and ba, though different permutations, forming the same com- 
bination. 

Pbofositioh.-^ To find Ihe number of combinations that can bt 
formed oviof n letters, taken singly, taken two together, three together, 
ajid r together. 

Let Cj denote the number of combinations of n things taken 
singly; C^ the number of combinations taken two together, 
and C, the number of combinations taken r together. 

The number of combinations of n letters taken singly is evi- 
dently n ; that is, 

The number of fermutations of n letters, taken two together, to 
n(fh — ^1) ; but each combination, as ab, admits of (1 X2) permutai- 
tions, ab, ba ; therefore there are (1 X^) timee as muiy permuta- 
tions as combinations. Hence, 

' 1x2 • 

Again, in n letters taken three together, the number of permu- 
tations is n(?i— l)(n— 2) ; 1)ut each combination of three letters, 
as abc, admits of 1x2x3 permutations; therefore, there are 
1 X2x3 times as many permutations as eombinationa. Hence, 

C =^!(?T^X^"^) 
* 1X2X3 • 

And in the same manner it appears that in n letters, the num- 
ber of combinations, each of which contains r of them, is 

^_ n(n^l)(n^2) . . . [n-^r-l)] 
"" 1X2X3 f • 
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Ex. Tho aomber of conbinatioiis of 6 lottersy takeo Iftnar 
together, is 0X4x8^^^ 

* 1X2X3 

Akt. 84NI. The number cf eombmoHime cf n tkinge taken r Uh 
geUnBTt ie the tame at ike number of com b ma t imu cf n (hinge idkem 
• looeiher* 



The truth of thie propoeitioii ie erident from the foUowiog eon- 
eideratioii : if out of n things r be tsken, (fi — r) things will al- 
wmys be left ; and for eyeiy different parcel containing r things, 
there will be a different one left containing (» — r) ; therefore, the 
number of parcels containing r things, most be equal to the nam* 
ber containing (» — r). 

For example, in the letters a&eie, for each combination of three 
letters, there is a different one of two letters. Thus, 

abCi Mi ofte, aed^ aee^ ade^ bcif bot^ bde, cde. 
de, OS, ed, be, bd, be, ae, ad, ac, ab. 
Hence, in finding the number of combinations taken r together, 
when r>J», the shorter method is to find the number taken 
(»— r) together. 

BXAVFLES POR FRACTICB. 

1. How manj permutations of two letters each, can be fcnrmed 
out of the letters a, b, c,d,e\ How many of three 1 How many 
of four 1 Ant. (1) 20. (2) 60. (3) 120. 

2. How many combinations of two letters each, can be formed 
out of the letters a, h, e, i, e 1 How many of three ? How many 
of four 1 How many of d:ve ? 

An*. (1)10. (2)10. (3)5. (4)1. 

8. In how many ways, taken all together, may the letters in 
the word NOT be written ? In the word HOME. 

Ane, 6, and 24. 

4. How often can 6 persons change their places at dinner so 
as not to sit twice in the same order ? Ant, 720. 

5. In how many different ways, taken all together, can the 
seven prismatic colors be arranged ? Arht. 5040. 

6. In how many different ways can six letters be arranged 
when taken singly, two by two, three by three, and so on, till 
they are all taken I Ant, 1956. 

8uooKtTiO!i.F— Take the sum of the different permutatloiu. 
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7. How many different products can be formed with any two 
of the figures 3,4,5,6? ^ Arts, 6. 

8. How many different products can be formed with any three 
of the figures 1, 3, 5, 7, 9? Ans. 10. 

0. The number of permutations of n things taken four to* 
gether =s six times the number taken three together ; find n. 

Ans, n=9. 

10. The number of permutations of 15 things taken r together 
:=■ ten times the number taken (r — 1) together ; find r. 

Ans. rs=6. 

11. How many different sums of money can be formed with a 
cent, a tiiree cent piece, a half dime, and a dime 1 

SuGGBSTiON.— Take tho sum of the different combinations of four 
things taken singly, two together, three together, and four together. 

Ans. 15. 

12. With the addition of a twenty-five cent piece, and a half 
dollar, to the coins in the last example, how many different sums 
of money may be formed 1 Ans. 63. 

13 . At an election, where every voter may vote for any num- 
ber of candidates not greater than the number to be elected, there 
are 4 candidates and only 3 persons to be chosen ; in how many 
ways may a man vote ? Ans. 14. 

14. Of the combinations of 5 letters, 0, h, c, d, e, taken three 
together, in how many will a occur 1 

SuGOESTioN. — First find the combinations of ybur letters taken two 
together ? 

Ans.Q. 

15. On how many nights may a different guard be posted of 4 
men out of 161 and on how many of these will any particular 
man be on guard 1 Ans. 1820, and 455. 

16. The number of combinations of n quantities /ot^r together, 
is to the number hoo together, as 15 to 2; find n. Ans. n=12. 

17. How many changes may be rung with 5 bells out of 8, and 
how many with the whole peal ? Ans, 6720, and 40320. 

18. Find the number of permutations taken aU together, that 
can be made out of the letters of the word Algebra. (See Art. 
307.) An*. 2520. 

19. In how many ways can we write the term a'J^c' 1 
SvGGimoN. — There are 3 a'f 4 b*8, and 2 c*8. (See Art 307a.) 

An5. 1260. 
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20. In how man J termB in the preceding example, will a* stand 
fint? 

SoeoxrnoN. — The nambar will be equal to tha pematatloat Uk»m all 
togethar, of the letten in 6«e*. 

Ans, 15. 

21. In the pemmtationa formed ont of a* (, e, d^ «»/, y» taken 
all together, how manj begin with ab 1 How many with abc ? 
How many with abed 1 Am. (1)120« (2)24. (3)6. 

22. Out of 17 conaonants and 5 Towela, how many words can 
be formed, having two conaonants and one vowel in each 1 

. ^ . , Ana. 4080. 

23. Find the number of conAinations that can be formed out 
of the letters of the word <<Abto<M»t,» taken 8 together. 

.22. 



BINOMIAL THBORBMy 
WHEH THE SXPONEHT IS A POSITIVE IHTE6EB. 

Aet. 810. We have already explained (Art. 172) the method 
of finding any power of a binomial, by repeated multiplication ; 
and we ahall now proceed from the theory of Combinations (Art 
808), to derive a general rule, which is called the Binomial Theo- 
rem, and sometimes Sir Isaac NewUm^s Theorem, from the name 
of the inventor. 

In its most general form the Binomial Theorem teaches the 
method of developing into a series any binomial whose index is 
either integral or fractional, positive or negative ; that is, quanti- 
ties of the form 

ia+x)% (fl+«)-", ^a+x)% (a+x)-^ 
where a or x may be either plus or minus. 

The following investigation applies only to the case where the 
exponent is positive and integral, Uie other cases will be considered 
hereafter. (See Art. 319.) 
By actual multiplication it appears that 

(aH-a)(a:+6)=«'+«ja:+flJ. 

In like manner («+«)(«+2')(a?-H0 * "" * 
+cl +hc 
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Alw, («+aX«+&X*+cX*+^ 






+ ad 
+ d +hc 






«-{-a&oJ. 



An examination of either of these producta, shows that it is com- 
posed of a series of descending powers of «, and of certain eoeffi- 
cientSy formed according to the following law : 

1st. The ea^ionerU of the highest power of « is the stme as tha 
number of binomial factors, and the other exponents of « decrease 
by 1 in each succeeding term. 

2nd. The eoefficieni of the first term is 1 ; of the second, the 
sum of the quantities a, 6, c, dLC.; of the third, the sum of the pro- 
ducts of every two of the quantities Ofh^e, &c, ; of the fourth, the 
sum of the products of every three» and so on ; and of the last, 
the product of all the n quantities a, b, c, &c. 

Suppose, then, this law to hold for the product of n binomial 

factors «+fl, x-\-b, x-^c, «+*; so that («+«){«+4) 

(x+c) (a?-l-A:)=a"+Aar-*+BjB»-»+Ca*-»+ .... +K, 

where Assa+H-M" • • • • +*• 
'B^ab+ac+ad+ 

C=aic+aW+ 

&c. = &e 

K=abcd k. 

If we multiply both sides of this equation by a new factor «-(-( 
we have 

(x+aXx+h)(x+c) ..... (x+k)(x+l) 

+ 1\ +Ai\ m — +ia 

Here A+Z =tf+H-c+ . . . • +*+/; 

B+Afc=flH-«H-«' • • . 4-«H-« . . . +«. 

' - &C. s: &e ■ 

EI ^abcd . . . . kL 

It is evident the same law still holds ; that is, 

1st. The exponeni of the highest power of x is the same as the 
number of binomial factors ; and the other exponeata of « decreaso 
by 1 in each saeeeeding term, 
SJ3 
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2mL Th« coMideBt of the iini term is 1. 

A'\4, the coefficient of the eeooad term, ie the snm of the aee- 
ond terms, a, ft, c, .... i, aiid 2 of the biDomial factors. 

B4-A2, the eoMcieiit of the third term, is the eom of the pro- 
docte of the Mcood terms of the binomial foctovs taken teo to* 
gether ; for bj hypothesis, B is the smn of the prodocts of n 
binomial factors, taken two together, and A2 is the prodact of the 
second terms of the preceding n binomials bj the second term I 
of the new binomial ; therefore, B+Al is the prodnct of the 
second terms of aU the binomial factors taken two together. 

S% the last term, is the prodact of oS the second terms of the 
f^-l bittomisl factors. 

Hence, if the law holds when » binomial factors are multiplied 
together, it will hold when n+l factors are mnltiplied together ; 
hot it has been shown bj actoal multiplication to hold up to 4 
factors ; therefore it is true for 4+lf that is 5; and if for 5, then 
also for 5-4*1 9 that is 6; and so on generally, for any number 
whaterer. 

Now let ft, e, J, &c., each =a, 

then A=ga | g | g- | g | , dec., to n terms ssm 



Bsa'>f^'-|-&c*> =«' taken as many times as ^ nCn^Da^ 
is equal to the No. of combinations of n things^ = — - ^^ . 
taken two together, which is (Art. 308), ) 

C=sa'4-''4'* ^^> =a' take^ as many 1 
times as is equal to the No. of combin Aions I ^jn(n — 1 )(«^2)a* 
of the things taken three together, which is j 1 • 2 • 3^ * 

(Art. 308), J 

K=<Ma .... to fi factors =g". 

Also, (4^^-o)(«+ft)(a^^-c ) («-H) becomes 

(*+fl)(«-H»){aH-fl) (af+fl)=(a4-ii)« 

1*2 1*2*3 

+ +a». ' 

By changing xtoa and g to or, we have 

(g4^)-=:a"4^«>-ix+?(?r::l)a»-v+ 

n(i^lXi.~2) 
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Let a=l, then since every power of 1 is 1» 

Cw^ 1 . — It is obvious that the sum of the exponents of a and x 
in each term =n. 

Cor. 2. — If either term of the binomial is negative, every odd 
power of that term will be negative (Art. 193) ; therefore the 
signs of the t^ms in which the odd powers are found will be 
negative. 

... a-^y=i-^.^!L^V^ "y )y V +. to. 

Cor, 3. — The general term of the series is 

n(ft^l)(w-.2) (^t-r+2) ^^.,^,^, j 

For the 1st term is a», ^ 6 i -^^ f-rW*-' 

2nd « « 7W»-»a:, 

3rd « " ?^?ziV-V, 

1-2 

4th •< « n(7i— l)(n--»2) ^^.,^,^ 

&C..&C. ^^ i^nu^ 

Here it is evident the coefficient of any term is formed of the 

product of the factors ?, ^^» ?II-, &c., in number one less 
12 3 

than the number which denotes the place of the term ; therefore, 

the coefficient of the r* term will be 

n(w— l)(n~2) [n-.(r— 2)] 

1-2-3 (r— 1) • 

Also, the exponent of x is the stfme as the denominator of the 
last factor of the coefficient ; and the exponent of a is equal to n 
minus the exponent of x, (Cor. 1) ; therefore, the whole r^ term 
is, 

n(^t— l)(yi-2) (n^+2) ^^,^,^, . Jrv>^ 

1-2-3 ...... (r— 1) 

This is called (^ genwdl iemif because by making r=2, 3, 4^ 
du;., all the others can be deduced from it. 

Ex. Required the 5^ term of (a^^y. 
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Here r=5, and n=^; 

.% term required ===!LL?lil*(ii)»(--«)<«36flV. 
1 • 2 "3 • 4 

Cor. 4. — If n be a positive integer, and f=:ii-f-2, then 
(n — r-fS) becomes 0, and the (n+S) term yanishes ; therefore, 
the series consisti of (fi+l) terms altogether ; that is, in raising 
a binomial to any giwn foiosr, tte number cf terms is was greaiar 
ikan ihs exponent of ihepcwer to wkich tike Unomial is to be raisstL 

Cor, 5. — When the index of the binomial is a positive integer, 
the coefficients of the terms taken in an inverse order from the 
end of the series, are equal to the coefficients of the correspond- 
ing terms taken in a direct order from the beginning. 

If we compare the expansion of (a4^)**, and (a^-)-^)" we have 

Since the binomials are the same, the series resulting from 
their expansion must be the same, except that the order' of the 
terms will be inverted. It is clearly seen that the coefficients 
of the correspondixig terms are equal. 

Hence, in expanding a binomial, whose index is a positive inte- 
ger, the latter half of the expansion may be taken from the first 
half. 

Ex. Expand (a— ^)*. 

Here the number of terms (fH-1) is equal to 6; therefore, it 
will only be necessary to calculate the coefficients of the first 
three, thus : 

1*2 

Cfor, 6. — The sum of the coefficients of any expanded bino- 
mial whose index is n, and where both terms are positive, is 
always equal to 2*". 

For if «==a=l, then (jc+a)"=(l+l)*=2» 

■^r^ 1-2 ^ l*2-8 * 1-2-8-4 ^' 
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TbxiB, the coefficients of 

fl^ =14-1=2=2', 
(fl-Hp)'=l+2+l =4=2«, 
(a+jc)»=l+3+3+l=:8=2», 
(a-{-ar/=l+4+6+4+l=16=2S 

Aet. 311. In the application of the Binomial Theorem, it is 
convenient to observe, that if the coefficient of any term be mvUi" 
plied by the exponent of the first letter of the binomial in that term, 
and the product be divided by the number of the term, the quotient 
wiU be Vie coeffiderU of ihe next term. Thus, in raising a— ^ to the 
1^ power, the terms without the coefficients, are 

a^, a^x, a^x\ aV, a»»*, a'**, ax^, x* ; 
and the coefficients are 

, IXT 7X6 21x5 36X4 35x^ 21x2 7X1 
^' "T"' "2"' ""3-' —T' ^5^' ng-' ~7"- 

And since the signs of the terms are alternately plus and 
minus, (Art. 310, Cor. 2), we have 

(a— a?)^=a'— ■7a«a?+21fl«a:2— 35aV+35aV— 21aV 
4-7ffla:«'— a:^ 

Art. 31 3. If the terms of the given binomial are affected 
with coefficients, or exponents, they must be raised to the re- 
quired powers, by the rule for the involution of monomials (Art. 
172). Thus, 

(2a'— 3&»)<=(2a3)4 4^2fl>)»(3i«>fll|(2ii9)2(35»)a, 
1 1 * « 

* ' ^ ' ?(2a5)(8i«)»+il|l|l?(36»)*. 



1 • 2 • 3 '^ ' • 1 • 2 • 3 • 4^ 

=b16««— 4x8a«x8i*+6X4«^XM«— 4x2««X27ft»+816i' 

=16a«— 96a«6»+216a*J«— 216fl'J*-f81i". 

Art. 313. By means of the Binomial Theorem we can raise 
any polynomial to any power. Thus, let it be required to raise 
a b \ c to the third power. 

Let ar~b=m, then (fl--*+c)»=(m+c)»==m«+3m^+3»Mj'-fc*. 

Substituting for m its equal a — b, we find 

(a— 2r+c)»=(fl-^)8-f3(fl-.*)3c+3(fl--J)c2+c». 



n^Mi JLi i "^^^ * ^? ><i^ /Ai^i^A, **^^^^-^ 

f^xAA^ jbem>97^tlfe powers of a — 6> and perfonning the operations 
indicated, we finally obtain 

BXAMFLE8 FOR PRACTICS. 

1. Expand (a-f*)S (a— J)% (2a^-3y)S and (5— 4ar)*. 
(1) Aw. a»+8a^6+28«**'+56a»6«4-70a^6<+56fl>6»+28aV 

(3) Am. a'— 7a«*+21a»i^-35«<t»+35a»A«— 21a»6»+7a6« 

(8) Aw. 82a*— 240«<y+720ar»2^«— 1080«y+810ay< 
— 243y». 

(4) Aw. 625— 2000a4-2400»^— 1280«>+256x«. 

)^ < 2. Require^ the coefficient of a* in the expansion of (x^-^)^'. 
2.W,%>ji tittle. ^c.-V. >c, /V .^t,/A^.QwCc c?;i^gg^l;\ _ 
/r v»//»t ^ ^'^^^^ ^® ^* ^'°^ ®^ ***® expansion of (c'— <P)". ' -^ ^ 
'' /^0.'V\C^.\- cCj'^^i.i.-t'Kr Aw.496c>*d«. 



a 



SmacnrnoN^— (Seg Cor. 3; Art 310.) Instead of a, x, n, and r, sub- 
stitute c>,r-^> 12, and 5. 



4. Find the 7<* jfenh of (a»+3a6)». Aw. 61236a»ft«. 

6. Find the 5» term of (3o^— 7«»)». Aw. 13613670a8ar». 

6. Find the 6« ter^^qf (fla:-|-*y)»«. Aw. 252fl«ft»ar»y». 

7. Find the ^aaie'^enn qC/C«"'+**?Vi ^^^^ ®24a«»»jp»". 

8. Find the' two miadle terms ojT (a4-*)". 

Aw. 1716aV, and>1716a«ar'. 

9. Find the 8» term of (l+a:)». Aw. 330a:^ 
10. Find the 6* term of («— y)". Aw. — 142606«2y . 

^^^p.y^ll. Expand (Sao— 2W)*. Aw. 243a»c« 

.^ ^^^' ""— 810«VW+1080aV62rf»— 720tfVW+240ac6<(i^— 326»d». 

12. Expand (a+2fr-c)». A7w. a»+6a'H-12fl6^-f8ft> .. 

— 3a»o— 12a6c— 1262c+3flc2-f6Ac^*--c». 

13. Prove that the sum of the coefficients of the odd terms of 
(a-4-»)"j is eaual to the sum of the coefficients of the even terms. 

V 
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CHAPTER X. 

Ikdktxriiikatb Coxffiqixnts: Bihomxal Tbx- 
obxm, gxnxral d x if o k8t bat z ox : sumxa- 

TIOK AXD InTXRFOLATIOX OF Sx»IXS. 
INDBTEBMINATB COSfFICIBNTS. 

Abt. 814. The method of dereloping^ algebraic expresBioiia 

into Beries, by assaming a series with unknown coefficients, and 
then, by equating the coefficients of the like powers of «, finding 
the values of the assumed coefficients, is termed the method of 
liMwrninaU CoifficierUs, It depends on the following 

THEOBEM. 

If A+Bx+Cx»+Dx»+, &c., =A'4.B'a?+C V+D'a:»4., &c., 
for every possible value of a: (A, B, A', B', &c., not containing a;) ; 
then shall A=A', B=B', C=C', &c. ; that is, the coefficients of 
the terms involving the same powers <^ xinihe two series, are respect- 
ively equal. 

For, by transposing all the terms into the first member, we 
have A— A'4.(B--B>+(C— C>H-(D— DV+i &c., =0. 

If A — ^A' is not equal to 0, let it be equal to some qoanti^p ; 
then we have (B--B')«+(C— C>'+(D— D')«»+, &c., =>-ji. 

Now since A and A' are constant quantities, their difi^erence, 
p, must be constant ; but — ^>=(B — ^B')x-f-(C — C')«'+, &c., a 
quantity which may evidently have various values, depending on 
the difierent values of the variable x ; therefore, p must be varia- 
ble ; that is, we have proved the same quantity (p) to be both 
fixed and vorto^, which is tmpomUe. Therefore, there is no 
possUde quantity (p) which can express the difference A — ^A' ; or, 
;|| other words 

A— A'=0 .-. A=A'. 

Hence, (B— B>+(C— C')x2+(I>— l>V+> &c., =0. 
By dividing each side by «, we have 

B— B'+(C— C>+(D— D>«+,&c,aiO. I 
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By a process of reasoning, exactly similar to that used in the 
ease of A — A', we may ahow that B=B'. And so on for the 
remaining coefficients of the like powers of x. 

Cor, — If we have an equation of the form 

A+B»4-C«»+D«»+Eap«+, &c., =0, which is true 
for any valve uhaievar rf x, then A^)» BsaO, C=K), dtc ; that is^ 
ascH coejieieni u mpmraidiy equal to ten>. 

For the right hand member may evidently be pnt wider the 
form 0-H)4b-(-0j:H~^**+» ^* » ^^ comparing the coefficients 
of the like powers ofx, we have AaO, BsO, CasO, dec. 

RxiUlUK. — As the vslnss af the cofiffieieati ununed in at fint on- 
knowiiy this method might mora properly be termed, the method of 
» or tho method of wdbiomieofiffideiktB. 



A&T- Sift* Let it be required to develope into a sense 

a+lfx 
without a resort to division. 

It is obvious that the series will consist of the powers of x 
multiplied by certain undetermined coefficients, depending on 
either a or 6, or both of them, and that x may not enter into the 

first term ; therefore} let us assume ^^sA+Bx-f-Cx^Ds* 

Multiply both sides by the denominator o-f&r, and arrange the 
terms according to the powers of « ; we thus obtain 

+A6| +B*| +C*1 

But by the preceding thewem, the coefficients of the same 
powers of « in each term are equal to each other ; therefore, 
ascAa ; hence, Aaosl; 

Bii+AfcBO; « B=»--; 
a 

D»+CteO; « D=— ?^, &c. 

Substituting these values of the coefficients in the assunm 
series, we find 

« =l-.*x+^a:2_6^^,^^^ &c., the same m 
a+to a a^ a* a* 

would be obtained by actual division. ^ 



INDETfiRMIKATE COEFFICIENTS. 273 

Rbmabx>-*- Lest the learner may not see that the left member a, is of 
the same form as the assumed series on the right, it is proper to observe 
that a is the same as a'\-Ox'\-0s^^:fi-\', &c. 

Art. 316. A series with indeterminate coefficients, is gener- 
ally assumed to proceed according to the ascending integral and 
positive powers of x, beginning with x^ ; but in many series this 
is not the case ; the error in the assumption will then be shown,, 
either by an impossible result, or by the coefficients of those 
terms which do not exist in the actual series, being found equal to 
zero. 

Thus, if it be required to dev^lope . , and we assume the 

ox — X* 

series to be A+Ba^^-C«'-^-Da:'-^-Ear^+, &c., we have, after 
clearing of fractions, 

l=3Aar4-(3B— A)a:2^(3C_B)«»+, &c. ; 
from which, by equating the coefficients of the same powers of x, 
1=0; 
8A=0, &c. 

But the first equation, 1 =0, is absurd, from which we infer 
that the expression cannot be developed tinder the assumed form. 

But -JL_=?: X^— , and if we put J— =A4- Ba:+ Ca?'+Dx» 
ox— cc' X 3— tx o— a? 

^, &c. ; after clearing of fractions, and equating the coefficients 

of the like powers of x, we find A=|, B=g, C=2t» ^=gV» ^^" 

that is, the development contains a term affected with a negative 
exponent. Hence, at the outset we ought to have assumed 

;-}—=iAx-^+B+Cx+Dx^+, &c. 

OX'—X* 

gain, if we assume 
^"^' =A+B«+Gr»+Da:»+E«<+F««+G««+,&c.; 



we shall find the true series to be . 

1— 2a?+3a^-5««-f8a?«— , d&c, 
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the coefficients B, D, F, &c., of the odd powers of « hecoming 
sero. We might, therefore, hvre assumed 
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Ex. Extract the sqaire root of a*-4-«^ 

Assume ^ia^+a*)=A+Bx+Cx^+Dx^+Es!*+, &c. 

Squaring both sides so as to obtain quantities of the same 
form, we find 

a>+a?««A'+2AB»+2AC|a:»4.2AD|a?»+2AB|«<+, dtc 
+B'| +2BC| +2BD 

From which, by equating the corresponding coefficients, we 
get 

A'ssa', 2AB=K), 2AC+B*sfi 2AD4.2BC=M), dec. 

From which we find A=sa, B=0, C=i_, D=0, Es=— L, 
&c. 

Hence, V(a'+«»)«ii+|l-.^+, &c. 

Art. 819* Decomposztiov of bational practiovs. — Frac- 
tions whose denominators can be separated into certain factors, 
may often be decomposed into other fractions whose denomina- 
tors shall consist of one or more of these factors. We shall 
illustrate the method of operation by an example. 

Decompose — ^HI into two other fractions whose denom 

inators riiall be the factors of x'^^x+S. 

Since a;^---6«+8=(a>— 2}(x— 4), (Art 234, Prop. 2nd)« 
assume 

5a?— 14 ^ A . B 
ar9— 6a;+8 a— 2 »— 4* 
Reducing the fractions to a common denominator, 4B| 

we have 5x-14 _ A(a^)+B(av-2) . 

x3«6a!+8 (a?-2Xa>-4) ' 

or 5«— 1 4= A(a?— 4)+B(»— 2)s=(A+B)«^-4 A— 2B. 

Now since this equation is true for any value whatever of », 
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■ ■ / ^ ^/ < ff J /4. ^i>fv. -M i./ fi it V A> ^ f^ -- m 

we may equate the coefficients of the corresponamg terms, 

(Art. Zl4,j ; this gives sa^^/Zi^^ g t ^ 

A+BM; — 4A— 2B==— 14; whence, A=s2, and 8=4.^' ^4^"^ v • 3 

• . 5g^l4 ^ !^ t 3 0/ Jo^^ e^ tli. l}j 



EXAUPLES FOR PRACTICE. 



By the method of Indeterminate Coefficients show that, . , 

^1 — x=\ — - — V- — — -— , sc. 



/ 2 2-4 2 -4 -6, ,2 -4 -6 -8 ,. . 



8. va4*+«'+*'+,&c.)*=i+|+2^'+^?^g*M-6yr, '. ; 

10. ??Z*=_L+A ^Vr,Cl<, 

11. _±hl_=J L ^Vr ^J'' 

x2— 7a?4-12 af-4 a?— 3* 

ift «' - 4 _ 1 , 1 / f, ;j.M' 

^^* (a.5— l)(;r— 2) 3(»— 2) 2(aj— 1)^ 6(a:+iy^" 

A\ -», iri3. -i— = ?^ ^ — ^ > ' 'A'^."/ - fv; ; . ,. ;• . 

^ '^^^ a?<— «< 4a3(a^-a) 4a3(a?+a) 2a2Ca;2-|-flfa)- 

14 -JL=1 5 1 — 1 4, ^»— '^ _ ^+2 j» 
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— TTtr- 



8. ^Ja^'^ssih' 



«' «* ap* Sjc* 

"2^ 8fl» 16a» l28a' 



9. v.^^v;Ki+^-i5+3^-,^,+.^.).-^'*'^y^ 



.c<.-^>i 



899. To find the approximate roots of numbers by the 
tinomial Theorem. 

Let N represent any proposed number whose n*^ root is 
required, take a such that a* is the nearest perfect t^ power to N, 
so that N=tf"±6i h being small compared with a , and -|- or — , 
according as N> or <«** ; 

then ySasa ( lzh\ ) n =, by writing ^ for 6 in the general 

formula ; 

* n «» n 2» Va»/ n* 8n 3» Va"/ * 

Of this series a few terms only, when b is small with regard 
to a", will give the required root to a considerable degree of 
accuracy. 

Ex. Required the approximate cube root of 128. 



Here V 128=^1/ 5*-\-S=:5fJl+^ ; 

Rc, ,1 8 1 1/ 3 \a, 1 5/ 3 \» ,. 

"^^^+3 125""8-3li25;+p- §1125/ ■"'••• ^' 

-.r..! Ill 1 -«^_L.2» 2» 1 2' 

"^■^6''""6»'^3 -6"'"" ^■'Tcr "i(r*"^3 • io>"" ' ' • 

—5+0.04-^.00032+0.0000042— . . . 
=5.0396842. 

Art. 833. In the preceding example, since the series con- 
tinues to infinity, we obtain only an approximate value for the 
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required root, and as the denominators increase more rapidly than 
the numerators, a few terms only need be taken for practical pur- 
peaes^ still it may be required to find what is the limit in the 
error occasioned by neglecting the remaining terms of the series. 
To do this let R be the true root, and as the terms are alternately 
positive and negative, let 

R =sa — &-|-e — <^-|-e— /-[-^ — ly^k — i-J-, dtc, and let 

R"=«»— 6-l-c— eH-«-^+^- 

Then since the terms continually decrease, a — &, c — d, «— /, 
^ -^, &c., are all positive, and therefore R', which contains three 
only of those differences, will be less than R. For the same rea- 
son all the pairs of terms after ff, as — A-f-A:, — Z+m, &c., will be 
all negative, and R" will be ffveater than R ; therefore, the true 
value of the series lies between R' and R", or ^ 

a — h-^-c^- d - ] e / , 

Hence, the error committed by the omission of any number of the 
terms of a converging series^ is less than the first term of the omitted 
part of the series. 

Thus, in the preceding example, if we had stopped at the sec- 
ond term, the error would have been less than .0000042. 

15. Find the 5« root of 35. Ans. 2.036172+. 
Here N=35=32+3=2» ( 1+5 ) . 

16. The student may solye the fpllowinff examples :/ ^ ; _ ^-^^ ,, .. 
(1). VIO =V9+i \' .43216227 . ,, I'pnitBjM 6.q006l.. , 
(2). V30 =V27+3 '^^4b72;3 .^."^^-ue^o oicfQil/ '' "^^ J! 
(3). 9/24 =V27— 3 ^ ==2,B8U9\^)Vtr^%ol5Mb6u^ 

(4). V260=</256+4 =4.01553 ... true to 0.00001.' '-% ^ 

(5). V108=»/ 128— 20=1 .95204 ... true to 0.00001. 

Remark. — Instead of eztractiog the nth root by the formula in Art 
322, the operatioii may be performed by the general formula of the pre- 
ceding article, the number whose root is to be extracted being divided 
into any two parts whatever. The advantage of the formula in Art 
322 consists in the rapid convergence of its terms. Thus in finding the 
4th root of 260 true to five places of decimals, it is only necessary to 
take two terms of the series. 
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THE DIFPERENTIAL BfETHOD OF SERIES. 

Abt. 894* A Serin cobbIbU of a number of termB, each of 
which is deriyod from one or more of the preceding termB,accoRl- 
ing to some determinate 2aio. (Art 134.) 

The use of the differential method is, 1st, to find the successive 
differences of the terms of a series ; 2nd, any particular term of 
the series ; or, drd, the sum of a finite number of its terms. 

If, in any series, we take the first term from the second, the 
second from the third, the third from the fourth, and so on,, the 
new series thus formed is called the Fvni order of differences. 

If we proceed with this new series in the same manner, we 
shall obtain another series termed the Second order of differences. 

In a similar manner we find the thirds fowr% du:., orders of 
differences. 

Thus, if we have the series 

1 , 8 , 27 , 64 , 126 , 216, . . 
Che 1st order of differences is 7 , 19 , 37 , 61 ,91 , ... 

« 2nd « « •• «' 12 , 18 , 24 , 30 , 

« 3rd « «* « « ,6,6,6, 

Art. 895* Psoblem 1. — To find the first term of any order qf 
differences. 

Let the series be a, &, c, J, e, 

then the respective orders of differences are, 

1st order, h—a , c— * , d — c , e — J, .... 

2nd order, c— 25rH > *— Sc+ft » *— 2<H-c, 

3rd order, <i— 3c+36— a, e— 3<l+3c— 6, 

4th order, e— 4i+6c — 464-fl. 

Here each difference pointed off by commas, though a com- 
pound quantity, is cfilled a term. Thus the first term in the 1st 
order is h — a ; in the second order c — ^2fr-J-a, &c. 

If we denote the first tefms in the 1st, 2nd, 3rd, 4th, &c., 
orders of differences by Di, Df, Dg, D4, ^c, and invert the 
order of the letters so that a shall stand first, we have 

D,=«— 26+c; 

D5=— o-f 86— 3(H-<i ; 
D^=a— 4&+6c--4<M-c ; 

&«., =s . . . . d^. 



SEEIES-^DIPRRXNTUL MSTBCH). 



Here the coefficients of a» h, e, i, 4se., in the f^ order of dUflbr- 
ences are evidently the coefficients of the terms of a trinomial 
raised to the nf^ power ; and their signs are alternately positive 
and negative ; hence, when n is even, the first term of the fi^ 
ordet of differonces is 

J:)c^-<»-l)(*--8)^, ftc, when » i. odd. 
2 1*2*3 

Cor. It is evident from the coefficients that when n=l» the 
value of D. has only hoo terms, for then n — 1=0; when 9=2| 
this value has only three terms, for then n^-2=0, and so on. 

Ex. 1 . Find the first term of the focffth ordjSr of diffinreneei of 
the series 1», 2», 3», 4», 5», .... or 1,8,27,64, dLC 

Here n=34, hence take ^re terms of the first vahie of D., tnd 
iir=l, &=8, c=27, if=64, e=sl26, and D^ss 

^ ^1X2^ 1X2X3^ ^1X2X3X4 

1—32+162— 256+125=:0, Ans. 

Rkmamc. — It is evident the first term of any particular cider of dif- 
ferences may be found by continued subtraction. It is important, how- 
ever, that the learner should be acquainted with the general law as 
expressed in the above series. 



EZAUPLE8 FOR PRACTICE. 

2. Find the first term of the second order of differences of the 
series l^ 2', 3», 4^ .... or 1,4,9,16,25. . . . Ans. 2. 

3. What is the first term of the third order of differences of 
the series 1, 3, 6, 10, 15, &c. 1 Ane, 0. 

4. Required the first term of the fifth order of differences of 
the series 1, 3, 3^ 3', 3^ Slc. Aw, 32. 

5. Find the first term of the fifth order of difibrraces of the 
series l^h hh t?> ^* ^^' ""Vs* 

Art. S96. Peoblebc II.— 2V Jind ihe v^ km qf ik0 mrm 

a, (, c, i2, By &c. 

From the preceding article we have seen that 
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D|gB ' • I ^; whence (aB«4~^i > 

©4=0— iH-«o— 4*f«; " €=a44D,+6D,-HD,+D4. 



It ie evident from inirpection that the coiffieUnis of the first 
lenna of the different orders of differences, in the value of any 
term of the series, as of e the fifth term, are the coefficienU of the 
terms of a binomial invohred to a power whose exponent is one 
less than the number denoting the place of the term ; that is, the 
coefficients of the n^ term of the series, are the coefficients of 
the (»'— 1) power of a binomial. Hence, writing n — ^1 instead 
of n, in the coifficiente of the n** power of o-j-fr, (Art 319), the 
N^ term of the series is 

Ex. 1. Find the^l2'* term of the series 1, 3, 6, 10, 15, 21, . . 

1 , 3 , 6 , 10 , 15, 

2,3,4 , 5, hence D,ss2; 

1,1.1, « D,=l; 

0,0, « D,=0; 

and the succeeding orders of differences are also evidently 0; 
hence 12<* term 

=HK«-i)D.+(Ji=J>^)^^^^ 

=sl+22+55«78. Ans. 
2. Find the n** term of the series 2, 6, 12, 20, 30 

2 , 6 , 12 , 20 , 30, . . . . 
4,6,8 10, hence Dis=4 

2,2,2 " D,=2 

0,0, « D,=0 

hence n« term =sb24<ii— l)4+^!!zi2^!!z£ix2==»»+». An*. 

1 • * 

From the formula «*+n, or n(n+l), any term of the Scries 
is readily found ; thus the 20<» term =20(20+1)^=420. 

It is also evident that the n^ term of a series can be found 
exactly only when some order of diffnrences is zero. 
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y E X A M P L E S , F O A, PRACTICE. 

3. Find the 15* term, and the n* term of the series 1, 2^, 3^ 
4^ . . . . or, 1, 4, 9, 16, ... . Aiw. 225, and n\ 

4. Find the 12* tem of the series 1, 5, 15, 35, 70, 126, &c. 

■" ^' 6. Find the »* term of the series 1, 8, 6, 10, &c. " i. 5) 

0. Find the n<* term of the series 1, 4, 10, 20, 35, 56, &c. 

An,. Kn+l)(^+2)^ 
2X3 

7. Find the 9* term of the series 2 • 5 • 7, 4 • 7 • 9, 6 • 9 • 11, 
8-ll-13,&c. Aw. 8694. 

8. What is the n* term of the series 1 X2, 3X4, 5x6, &c. 1 

An*. 4n2 — ^2n. 

Art. 327. Problem III. — To find (he sum of n terms of the 
series a, b, c, d, e, &c. 

Assume the series 0, a, tf+6, o+H^^* a+i+c-jni, .... 
Sahtracting each term from the next succeeding, we have 
a, hf c, df e, &c., 

which is the series whose sum it is proposed to find. Hence, the 
sum of n terms of the proposed series, whidi it is now required 
to find, is the (n+l)*^ term of the assumed series. 

It is evident the n'* order of diflferences in the given series, is 
equal to the (n+l)*^ order in the assumed series. Hence, if we 
compare the quantities in the assumed series, with those of the 
formula for finding the n^ term of a series (Art. 326), we have 

for a, 

»+l for w> 
tfforD,, 
D, for Dj, &c. 

Substituting these values in the formula, we have 0-|-(n-f-l —1 )a 

^ (»4,l^l)(n+1^2) T^ _^^ (^l>^lXn+l-2)(7t+l-3) n^-|-^ 
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the fum of n ternw of the proposed series. , l. ,'^-zL''^''^ 
Ex. 1. Find the eom of » terms of the odd nnoibers 1, 3, 6, 

Here a=l, D|=:2y Dt=^; hence, 
Sum ^=^^^"^^1^ 

2. Find the sum of n terms of the series 1^, 2\ 3^ 4S 5', . . . . 
Here ovtl, Dis:3, Ds»2, 'D^zs^i hence, 

^T^ ^'+ 1-2.3 ^»=H— 5— 

^ n(f^^lX^2) ^ «(«+l)(2ii+l) 
^ 3 6 * 

, )i ^ ^ /EXAMPLES FOR PRACTICE. 

3. Find the sum of n terms of the series 1+3+6+104-15, 

4. Find the sum of 20 terms of the series 8+11+31-449 ' ^ 
+131, &c. ^, ^ ^, .5^ 5 ., , Aw. 44330. , ^. 

'' ^ " * 5. FinJ (he sum of 20 terms of the seKes ' / 't ^ ^^ ; . > 

1-2-3+2-3. 4+3-4'5+,&c. Aw. 53130. 
.6. Find the eom of n terms of the series of cube numbers 
li+2«+3»+,&c..- ,..i \\ . ; -. ' Am. [^n+l)]^ 

7. Find the sum of n terms of the series 1+4+10+20 
• ' 4^5' ' . ■ - ^ n(n+l)(n+2Xn+3) 

^^ * 1X2X3X4 ■ 

8. Find the sum of 25 terms of the series whose n'* term is 
nK3«^2). Aw. 305825. 

Abt. 82S« Piling op CUirKoif Balls and Shells. 

Balls and shells are usually piled by horizontal courses, either 
in the form of a pyramid or a wedge ; the base being either an 
equilateral triangle, or a square, or a rectangle. In the triangle 
and square, die pile terminates in a single ball, but in the rectan* 
gle it finishes in a ridge, or single row of balls. t \ ^ , • , 

. •' '^\ ; - /, 1 r-' ^ / ' ;v - ' }'' : ^'^ '^ ^ ' 

* ^ ' ''-«.* / f 

' . : ,,-:::., i . , - ' i^. h 1 c 
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V 

A triangular pile, aa V — ^ABC, is formed of 
auccesslTe horizontal courses of the form of an 
equilateral triang[le, such that the number 4)f 
balls in the aides of these courses, decreases con- 
tinually by unit^firom the bottom to the single 
ball at the top. 

If we commence at the top, the number of balls Ib tbn 
jespective courses will bre as follows : . 

K 2-. 8«^. 4* 6* 

•••• #•••# 

• • ••• ••• •••• 

• • •# •# ••• 

• • •• 

and so on. Hence, the number of balls in the respectiTe courses 
is 1, 1+2, 1+2+3, 1+2+3+4, 1+2+3+4+5, and so on ; 
orl, 3 « 10 Id 

Hence, to find the number of balk in a ^riaiigfilar pile, is to 
find the sum of the series 1, 3, 6, 10, 15, Stc., to as many terms 
(a) as there are balls in one side of the lowest course. 

By applying the formula (Art. 327) to finding the sum of n 
terms of the series 1,3, 6, 10, &c., ^e have a=l, P,=2, 
Dg=l, and D,=0. 

Hence, the formula f»a+2^?I^D,+?^^^ Posies 

»+<!!=±)xiJ+!!<!!=:l^^ 

^ 2 ^ 2X8 ^ 6 

^n»+8n»+2n _ n(n^+3n+2) _ n(n+l)(;i+a) ^^.v 
6 g ^ .6 ' ^ ' 

Art. 830. 7b find &ie numher of hdOs in a square pHe. 

A square pile, as V— EFH, is formed of V 

successive square horizontal courses, such 
^at the number of balls in ^the sides of 
these courses, decreases continually by unity^ 
from the bottom to the single bajl i^t tho 
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If we commeiice at the top, the number of l>aU0 ia. the 
respectiTe courses will be as follows : 

1- 2-*. 3«». 4» 

^^ ••# •••• 

^ 22 ••• •••• 

• •^ ••• •••• 

•••• 

and so on. Hence, the number of balls in the respective courses 
is 1», 2', 3», 4», 5^ &c., or 1, 4, 9, 16, 25, and so on. There- 
fore, to find the number of balls in a square pile, is to find the 
sum of the squsres of the natural numbers 1,2,3, &c., to as 
many terms (n) as there are balls in one side of the lowest 
course. 

But the sum of the series 1,4,9, 16,^. (see »zampl9 2, 
page 288), is 

n(ft+l)(2n+l) ^ (Bj 

Art. S31» To find the number of haHs in a redanffviar pile. 

A rectangular pile, as EFDBCA, is 
formed of successive rectangu<* 
lar courses, such that the number 
of balls in each of the sides of 
these courses, decreases contin- 
uously by unity, from the bottom 
to the single row of balls at the top. 

If we commence at the top, the number of balls in the hreatUk * 
of the first row is 1, of the second 2, of the third 3, and so on. 
Also, if m-\'\ denotes the number of balls in the top row, the 
number in the 2en.^/A of the second row will be m4-2, in the third 
row m-f-3, and so on. Hence, the number of balls in the 
respective courses, commencing with the top, will be l(jn+l), 
2(m4-2), 3(i»4-3), and in the n** course n(«i+«). Therefore, 
the number of balls (S) in a complete rectangular pile of n 
courses will be 

S=l(m+l)+2(m4-2)+3(m4-3)+ +7i(wH-»; 

=r»»(l +2+344 . . . +n)+(l«+2a+32+42+ . . . +n2); 
but the sum of n terms of the series in the first parenthesis, 

(Art 827,) is ^^^bD, and the sum of n terms of the series in 
2 
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the second parenthesis has just been found (Art* 830) to be 

»(»+lX2»+l) . j^ej^cQ^ by substitution, we have 
6 

2 6 6 

Here m-^-n represents the number of baUs in the length of the 
lowest course. If we put «i+n=Z, we have 3m4-2n=3Z — n; 
substituting this for ^m-^2n, in the preceding formula, it becomes 

6 

It is evident that the number of courses in a triangular or 
square pile, is equal to the number of balls in one side of the 
base course, and in the rectangular pile to the number of balls in 
the breadih of the base course. 

Abt. 839« Collecting together the results of the three pre- 
ceding articles, we have for the number of balls 

in a Triangular pile In(n+l)(»+2) (A); 

6 

in a Square pile zn{n+l)(2n+l) ....... (B); 

6 

in a Rectangular pile ln(n+l)(2Jr^nr\-l) (C)- 

6 

In formulae (A) and (B), n denotes the number of courses, or 
the number of balls in the base course. In formula (C) n denotes 
the number of balls in the breadth of the base course, and I the 
number in the length. 

The number of balls in an incomplete pile is evidently found 
by subtracting the number in the pile which is wanting at the 
top, from the whole pile considered as complete. 

EXAMPLES FOR PRACTICE. 

1. Find the number of balls in a triangular pile of 15 courses. 
Here n=15, and substituting this value instead of n in formula 

A, (Art. 332), we have the number 

_ 16(15+1)(15+2 )_ 15X16X17^ Q^ ^^ 
2X3 6 

2. Find the number of balls in an incomplete triangular pOe 
of 15 conries, having 21 balla in the upper course. 
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Here we most first find the number of shot in one side of lite 
upper course. From the illustrations in Art. 329, it is evident 
that the number of balls in any triangular course, is equal to the 
sum of the natursl numbers 1, 2, 3, &c., to &e number (ft) in one 
side. Now the sum of the numbers 1|2, 3, &«., to fi, is (Art. 

827) 2<^i) ; hence, **^^^>rr8I, or fiM-««42i fi»» which 
2 2 

(Art. 231) we find ««>§, and therefore ^ courses have been 
removed from the pile ; hence, by formula A, (Art 932), the 
number of balls in the pile eoneidered as complete, is 

^^V^ =sl540y and the number in the pUe removed is 
2X» 

^><J^-^cb85 .\ the number im the inoon^te pik is 1540-^5 
2x3 

=1506. \ ,^^^ , tj ,. V - 

3. Find the number of balls in a square pile of 15 courses. 

Afu. 1240. 

4. Find the number of balls in a rectangular pile, the length 
and breadth of the base containing 52 and 34 balls respectively. 

J .. . . Aw. 24395. 

5. Find the number of balls in an incomplete trianguTai^ pile^ '^ 
a side of the base course having 25 balls, and a side of the top 
13. Ans. 2561. 

6. Find t^e number of balls in an incomplete triangular pile 
of 15 courses, having 38 balls in a side of the btt|e. 

y^ '■' ' ■ -- ' ••' "' "' '■' ' ' 'A7tf.7580. 

7. Find the number of balls in an incomplete square pile, a 
aide ^f the base course having 44 balls, and a side of the top 22. 

. , . An«. 26059. 

8. The number of balls'in the base and tbp courses of a square 
pile are 1521 and 169 respectively ; how many are in the incom- 
plete pile. Ans. 19890. 

9. The number of balls in a complete rectangular pile of 20 
coursea is 6440; how many balls are in its bsae 1 Am. 740. 

" 10. The number of balls in a triangular pile is to the number 
in a square pile having the same number of balls in the side of 
the base, as 6 to 11 ; required the number in each pile. 

Ans. 816, and 1496. 

11. How many balls are in an incomplete rectangular |>tle «f 



8 cooMieSf kaviaif 8d balk in. the loagfer Bi4e» aad 17 in the 
i^ri^ side of tiie upper course. Ans. 6530. 

*>^ Aax. 3S3. Ijcitebpolation of Seeies. 

Each of the various tables employed in tiie different departM^ 
ments of science, may be regarded as the terms of a mathemati- 
cal series. These tables are generally calculated from particular 
formulas, but in many cases the computations are so very laborious, 
t])at only certain temi» at segular intervals, are calculated, and 
the intermediate ones are derived frcHn these by a process t^pied y ' 
Interpciation* Also, in many investigatloiifl values of the quanti-^'' 
ties in the tables are required, intermediate between those given, 
or extending beyond them. These, likewise, are determined by 
Interpolation. 

The principle on which Interpolation is ibviaded k that ex- 
plained in Art. 326 ; that is, having certain terms of a series 
given, to find the n^ term. To do this with entire accuracy, re- 
quires that we should have such a number of terms of the series 
given, that we can obtain an order of dififerencea equal to zero. 
In most cases, however, the differences, Dj, D,, D,, &c.> do not 
vanish, but become so small that their omission after D^i or D,, 
causes no sensible errgr in the result^ and we obtain what is 
termed, approximate values of the required quantities. 

Aht. 334* When the 3rd order of differences of any given 
series of quantities vanishes, or becomes very small» then (Art 
326) we have the equation — a4-3fr--3c+d==0, and any of the 
quantities a, b, c, or d, may be found, when the other three are 
given. Similarly, if the fourth differences vanish, then 

a^-46-|-6(j— 4i-fe=0. 

Ex. Given V3^3-^3401, V36=»3.9e349, V^=:3, 

»/29=3.07231, to find the cube root of 281 

Here four quantities are given to find a fifth, therefore, sup- 
posing Ihe fourth order of differences to vanish, we have 

a — 46+6o — 4(^f-e=0, where rf is the term to be 
interpolated; hence, 

4(i=:i»+6c+c-4fc=2.924014-184-3.07231— 11 .84996 
=12.14636, 
where d, or V^=3*03659, which is true to .00001. 
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Aet. S8II* When the terms are equidistant, and it is required 
to interpolate a term intermediate to any two of them, we may 
put/» to represent the distance of the required term (Q from a, 
the first term of the series, in which case ff=n — ^1 in the formula 
Art 326, and the required term is 

The interval between the given numbers is always to be con- 
sidered as unity, and |> is to be reckoned in parts of this int^val ; 
hence, p will be fractional. 

Interpolation is of extensive application in Astronomy ; and In 
most instances sufficient accuracy is obtained by making use of 
first and second difibrences only. The correction to be applied to 
the first term then is 

In practice, however, the method generally adopted is, to take 
the two terms of the series which precede, and the two terms 
which follow the term required, and find from them the three first 
difierences, and the two second differences. Then, taking the see- 
end of the three first difierences and calling it d, and the mean of 
the two second difierences and calling it d*, and denoting the 
firactional part of the interval by /, the correction to be applied to 
this second term is 

Kd+*:^d'). 

Ex. Having given the logarimths of 102, 103, 104, and 105, 
let it be required to find the logarithm of 103.55. 



VOB. 


LogsiiihniB. 


IrtDW. 


andDiff. 


Mean of 
2ndDifl: 


102 
103 
104 
105 


2.0086002 
2.0128372 
2.0170333 
2.0211893 


42370 
41961 
41560 


—409 
—401 


—405 



Here fc=.55,(i=41961, <f'=— 405, and 

<(<H-tll<i')=-65(41961+-:^X405), = 23129 
2 2 

log. 103 =2.0128372 
log. 103.55=:2.0151501* 



%.^\ ^ ^ ;( r c^XAMrLES FOR i^R^CTljCS. ^ / ^ ' > ' 

1. Find the 2*** tenn of the series of which the 4* differences 
vanish, the l**, 3'*, 4*, and 5** terms being 3,15,30,55; and 
find the 6*, 7* and 8** terms. Ans. 7 ; and 93, 147, and 220. 

2. Find the 5^ term of the series of which the 6^ differences 
vanish, and the l^ 2«', S"*, 4^ 6» and 7«* terms are 11, 18, 30, 
50,132,209. /; / ^/ .^^^// ,.//.. .>;i7j».g2.j 

3. Given%eMogaritiims of 101,102, 104, and 105; vlz^ 
2.0043214, 2.0086002, 2.0170333, and 2.0211893, to find the 
logarithm of 103. Ans. 2.0128372. 

4. Given the cube roots of 60, 62, 64, and 66; viz. : 3.91487» 
3.05789, 4, and 4.04124, to find the cube root of 63. 

Ans. 3.97905* 

5. Having gxV^en the squares of any two eoasecative whole 
number?, show how the squares of the succeeding whole numbers 
may be obtained by ^ddition^ -^ >4 *- o 

^INFIKITBSBRIES* 

Aht. 336. An infiniU series is a series consisting of an uh- 
limited number of terms, each of which is derived firom the pre- 
ceding term or terms, according to some law. For examples se<^ ,, 
Art. 134, and page 253. . . ., • .^ 

The sum of an infinite series, is the linitt to which we approach 
more nearly by adding together more terms, but which cannot be 
exceeded by adding together any number of terms whatever. ^ \ ] 

A convergent series is one which has a sum or UmU, Thus, ^ - 

is a convergent series* whose limit is 2, since the sum of ai^ : 
number of terms whatever cannot exceed 2, but will approach it 
more nearly as the number of terms taken is greater. 
A divergent series is one which has no sum «r UmUf as 

1-I-2+4+8+16+32+, &c. 

An ascending series is one in which the powers of the leading 
quantity continually increase ; and a descending series is one in 
which the powers of the leading quantity continually diminish* 

Thus, a+bx+cx^+d3^+, is an ascending series, tod 
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or H'-+A+ri+> '^ ^ descendixig series. 

Abt. SSV* There are four general methods of convertiDg an 
algebraic expression into an infinite series of equivalent yalne, 
each of which has been already exemplified ; viz. : 

1st By Division. See Art 134. 

2nd. By Extraction of Roots. See examples 17, 18, page 
136. 

drd. By Indeterminate Coefficients. See Art 314, and exam- 
ples, page 275. 

4th. By the Binomial Theorem. See ^rt 319, and examples, 
pages 281, 282. 

Abt. 8S8* The sonunatioB of a series is the finding a finite 
expr«Mion e<|iiiTalent to the series. 

The gmant krm of a series is aa ezpressie» from which the 
eereral terms of the Miies may be derived aceeidiag to some de» 

terminate law. Thus, in the series ?+5+^+t+ t^© 

general term is ?, heeanie by making 99:1, 2, 3, dtc., each term 

X 

of the series is found. 

Again, in the series 2 • 24-2 • ^-fd ^ 4+2 • 5+ .... the 
general term is 2(0+1). 

As different series are in general governed by different laws» 
the methods of finding the sum, which are applicable to one class, 
will not apply universally. 

We shaU now .explain two of the methods of most general 
application. 

FiBST Method.-* If the series k a regifiar decreasing geomet- 

tieal series, whose first term is tf, and ratio r, its sam is _^ 

1— f 

(Art. 299.) 

Secokd ]CBTaoB."-By subtmetion. To find the sum of a 

series whose general term ii^ — 1 — . 
n(ii+p) 

Since i~JL=_a- ... y =1 J?-- ^i . 
n »+j» H(»t+p) n(»+p) p }n w-J-^J » 

or, any firaction of the form ---J! — is equal to -<*, the differ 
n^n+py p 
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ttiee between the two fractions 1 and — SL ; that is, any term 

of the series whose general term is — 1 — is equal to the dif- 
ference between the corresponding terms of the two series whose 

general terms are £ and — 1~ ; hence, the ram of the former 
n n+p 

series is equal to the difference between the sums of the two 

latter. Therefore, if the sums of the two latter were known, by 

taking their difference the sum of the former series would be 

Hound. The sums of these two series, however, are not known, 

but their difference can be found, when, after a certain number 

of terms of the series i, the succeeding terms are identical yriib. 
n 

those of ^ In general, this certain number is after p terms 
of the 9^-|-p former series. 

Ex. 1. Required the sum of the series j_ -+._-+__+, 
&c., ad infinitum, that is, to infinity. _ " / 
Here ^=1, pas2t uid n»l,X ^* ^^ > '^^ ^® ^^ series are 

The sum of n terms of the same series is foond in a manner 
nearly similar. Thus, 

as ^ , and i of this sum is ^-5--= sum. 
2n+l p 2n+l 

2. Pind the sum of the series -i^4-__+_-4.&c., ad inf. 

Here 9=sl, p=lt and n=l, 2, 3, &c. Ans. 1. 

8. Find the sum of the above series to n terms. 
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4. Find the eum of the series -i4--l_ +-l_+jl_+,&c. 

ad infinitum. ^ "-•^ " / * c -* ' - t: / 
Here y=l, and j?=3. ' * ^ An». \^, 

6, Find the sum of the series JL+j-L--|--i-+, dtc., «d 
infinitum. '', .. ^ - ;, 

Here ^=1 , je»=s2, and nsl , 2, d, d^. Ai». | . 

6. Find the series whose general term is ._!: — ; ahK) find iW 
sum continued to infinity. 

An,. Seriee =jl_+_l_+5l^+_l_+. ^.. .u« =g. 

The sums of series may often be found by reducing them, by 
multiplication or division, to the forms of otii«r series whose sums 
are known. 

7. Find the sum of the series l-|-|-j-J4-y'5+, &c., ad infini- 
tum. Ans, i^, 

SooGEflTiON.— By ditridlDg by 2 this aeries becomes the same as that 
ia example 2nd. 

8. Find the sum of the series --L-+--J_+--l--.-4-, &c,, 

3 -8^6 -12^9 '16^ 
ad infinitum. (Multiply by 3 * 4). Am, ^^» 

Remark.— The preceding examples afford an illastration of the man- 
ner in which the sums of certain claases of infinite aeries may be found. 
The auma of a great variety of aeries may be foond by other and more 
complicated methoda. Bat the subject \a more curioua than usefal, and 
is too complex and extensive for an elementary work. 



RECUREINO SERIES. 

Art. 339. A Becurring Series is a series so constituted that 
every term is connected with one or more of the terms which 
precede it by an invariable law, usually dependent on the operas 
tions of addition, subtraction, &c. Thus, in the series 

14.2a:+3a:'+5«»+8a:^-f 13x*+21a?«+, &c., 

the sum of the coefficients of any two consecutive terms is equal 
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to the coefficient of tiie next following term. If the leries be 
expressed by 

A+B+C+D+E+P+G+H+, &c., then 



the I'' term 


A= 1; 


the2~« « 


B= 2x; 


theS"* « 


C= 3a:»=:Bx+A«»; 


the4« « 


D= 5a:»=Cx+Bx' ; 


the 5* " 


E= 8a7^=Dx+Ca?3; 


the 6* « 


P=13aj«=:Ex+Da?2,&c, 



That is, each term after the second is equal to the one next 
preceding, multiplied by x, plus the second next preceding, multi- 
plied by x^ ; hence, all the terms after the first two recur accord- 
ing to a definite law. 

Abt. 340. The particular expression by means of which any 
term of the series may be found when the preceding terms are 
known, is called the scale of the series, and that by means of which 
the coefficients may be found, the scale cf the coefficients. Recur- 
ring series are said to be of the first order, second order, &c., 
according to the nurnber of terms contained in the scale. Thus 

in the expansion of — ^, (Art. 315), we find 

o+te a a' a* a^ a* 

where each term after the first is equal to the preceding, multi- 
plied by — ^x. In this case -*-.x is termed the scale of the 
a a 

■eries, — - the scale of the coefficients, and the series is said to 
a 

be of the first order. This is the most simple form of a recurring 
series. 

Abt. 341. To find the scale of a series. 

When the series is of the first order, the scale is easily deter- 
mined, being the ratio of any two consecutive terms. 

When the series is of the second order, the law of the serieb 
depends on two terms, and the scale consists of two parts. Let 
p-\-q represent the scale of the recurring series 

A+B+C+D+E+F+, &c. 
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Tina the d^ tarm CsB|»+A^ ; • 

the 4* term D=C/w+Bj!»' ; 

the 5« term B^Bpx+Cqx^ ; &c. 

The values of p and q may be found from any two of theae 
equation!. Taking the laat two, and making x=sl, eince the 
Bcale of the aeriea is the aame, whatever be the velne of x, we 
have 

D=Cp+Bq, 

E=I)p+Cq; whence, (Art. 168), 
CD— BE CE— D 
^^ C»-.B1) ' ^"c^— BD • 

Since these formula were obtained by supposing ocsl, there- 
fore, in substituting the values of B, C, D, &c.» x must be con- 
sidered 1. 

Ex. Find the scale of the series l-f-2«+3x3-H«*+6ar«4-, 

dec 

Here A=l, B=2a?, C=3x', D=:4«», E=5«*, kjc. 
Making x=l, and substituting the values of B, C, D, &c., 
3X4—2X5^2 3x5--4x4__i 
^^3X3—2X4 '^^3x3— 2X4 

Thus, the 4» term, 4ar»=2x«X3x2+2a:X— 1 X*^. 
Other exercises will be had m finding the sums of recurring 
series. 

Art. a49» In a recurring series of the third order the law of 
the series depends on three terms. If we let f \ q\ r represent 
the scale of the series 

A+B+C+D+E+F+, &c., 
then the 4* term D=C;3a?+B gr^^Arx* ; 
the 6« term E=D|«+C jx'+Brx* ; 
the e* term F =iEpx+D qx^+Cra^ ; &c. 

Making x=l, the values of ^, 9 and r, are readily found, (Art. 
158) ; and in a similar manner the scale may be determined in 
the higher orders of recurring series. 

In finding the scale of a series we may first make trial of two 
terms. If the results thus obtained do not reproduce the series 
we may try three terms, four terms, and so on, till a correct result 
is obtained. If in any case we assume too many terms, the 
redundant terms will be found equal to zero. 



RECURRING SERIES. Ml 



AftT. S€3« Tb find the num sf an infinite r^cunringi sana to&ose 
Koie of rtUUion is knouBn. 

Let A+B4-C-^D-^E4-»^&«-) be a recuniDg Mriee^iisofte scale 
of relation is f-^ ; then 

the !*< term A=A; 

the2~« « B=B; 

the3'* " C=Bfa:+A5i«>; 

the 4* ** D=C;w?4-B^x'; 

the 5* «« E=Djpaj-J-(V>; &c. 

If the series be continued to infinity, tiie last term may be con* 
sidered sero. T^n if 6 represent the required sum, by adding 
together the corresponding members of the preceding equalities, 
and observing that B+C+D+, &c., =S — A, we hav^ 

S=A+B+KS-A)+^»XS ; 
or, S-^S— 9X=S=A+B— Apa?; 
w, B(l— jw— yx2)=A+B— A;m?; 

1^-px — gar 
If we make 9=sO, the formula becomes 

8=^+^""^^, which is the formula for 

1— <iJU7 

finding the sum of an infinite recurring series of the first order. 

In a manner similar to the preceding, the sum may be found 
when the scale of the series consists of three, four, d&c, terms. 

Rkhakk. — Every summable infinite series, of which reourrinjr series 
are only a particular class, may be supposed to arise from the develop- 
ment of a rational fraction ; hence, to find tlie amn of an infinite re* 
earring series, is to find the generating fraction of the series. 

EXAMPLES FOH PRACTICE. 

1. Find the sum of the infinite recmrring series l-t-8fl^f-6«* 
+7«»+9ar^+lla?»+, &c. 

Here A=s:l, B=3a:, Csr=5ara, D=b7«», E=B0ar<, &C. 
Making x=l,and substituting in the formula (Art. 841), we 
hare ,=^><!=?><9=2, ^6x9-7x7^^. 
^ 5X5-3X7 '^5X5-3X7 

wa^ A+B— AjW _ lrf8iP— 2tc _, l-M 
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In eaoli of the foUowii^ series find the scale of relation^ uid 
the sum (S) of an infinite number of terms. 

2. l+6»-|-12«»+48«»+120x*+, &c. 

Ani.p^h 9=6; S»= ^+^* 



AiM.|>=2, j=«— 1; S - „ 

CI— «) 

4. -^ — -—.+—-- — _-Jlj+,a6c. 
c c» c« c* 

' ^ c c+bx 



1-d 

X 



6. ap-nx»+«»— «*+, &c. An5.;)=— 1, jsssO; S=-__. 

7. l+2*+8x»+28«>+100a*+356«»+, &c. 



1— 3j>— 2aJ- 

9, lH-2'a?+3 V44»a:»+52ar*+8V+, &c. 

(I'-xy 

U REVERSION OF SERIES* 

Art. 344* To rerert a series is to express the valne of the 
unknown quantity in it by means of another series involving the 
powers of some other quantity. 

Let X and y represent two indeterminate quantities, and let the 
value of y be expressed by a series involving the powers of x ; 
thus, 

y=fl»4-5r»-fcr'+£Z»<+, &c., (1). 

in which a, h, e, d, d&c, are known quantities ; then to revert this 
series is to express the value of a? in a series containing the 
known quantities a« h, c, J, ^lc, and the powers of y. 
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To revert thie series, i 

«=Ay-fBy2^.Cy»4.Dy*, &c, (2), in which the 
coefficients A, B> C- . . . .are undetermined. 
Find the values of y', y», y* . . . . from (1), thu8« 

y2— aV+2a&»»+(624.2ac>»H- • • • • 
y»=s a*x»+Za^bx*+ ... 

y*=s a* JB*+ . . . dus. 

Suhstituting these values in (2), and arranging, we have 



OssAa\x+Ab\x^+ Ac 

—I Bfl» +2Ba6 

+ Ca» 



Ad 
-- Bb^ 
-'2Bac 
—ZCa^b 



«*-{-» ^« 



aind since this is universally true, whatever be the value of x, the 
co^cients of x, «^, x*, &c., will each =0. (Art. 314, Cor.) 
Hence, we have 



Ao— 1 =0, , 

Afc+Ba» =0, . 

Ac+2Bab+C(^ =0, 

A^^fB(P+2Bflc+3Ca26+Da<==0, . 



a 



B=- 
C= 



b 
2if«— <ic 



of 



Hence, .=ly^ ^y»+?^y3^^^-^^+^^ >+, &c. (3) 

Art. 345. If the given series has a constant term prefixed, 

thus, y=a'+ax+6a;2-J-ca:»+(ir^4- 

assume y — a'=z, and we have 

z=ax-\'ha^-\-^:x»+dx*+, &c. 

But this is the same as (1) in the preceding article, except that 
z stands in the place of y ; hence, if z be substituted for y in 
[(3), Art 344], the result will be the required development of «; 
and then y — a' being substituted for », the result is 
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Art. 846* When the given seriw contUM the oM fommm of 
Xf atMime for « another series cont»iniQg the odd powers of y. 
Thus, If 

Vs=:ar+te»+caB»-Hlr'+ 

to develope x in terns of y, ftssmne 

x^Ay+Bf+Ci/^+Jh/'+ .... 

Then hy substituting the values of y, y', 4ic., derived from the 
lormer equation, in the latter, and equating the coefficients to 
zero, we find 



If both sides of the equation be expressed in a series, as 

and it be required to £nd y in terms of «^ we must assamej es 
before, ■ 

y=s:Aa?+Ba?'+Cjc»+Dx<+, dtc., 
and substitute the values of y, y\ y*, d^., derived from this last 
equation, in the proposed equation ; we shall then, by equating 
the coefficients of the like powers of x, determine the values of 
A, B, C, dtc, as before. 

BZAMPLE8 FOR PRACTICE. 

The following exercises may be solved either by substituting 
the values of «, b, c, d&c., in the equations obtained in the preced- 
ing articles, or by proceeding according to the methods by which 
those equations were obtained. ^ 

1. Given the series y=* — ir'-|-«*""^+ .... to find the 
value of X in terms of y. Ans, x=y+y'+y'+y*+, dtc. 

Find the value of x, in an infinite series in terms of y : 

. 2. When y=«+*'+*'+» ^* 

Ans. *=y— y'+y* — y*-\^^ — 9 &c« 

8. When y=2aj+3ar«-|-4«»+5a:^4., &c, 

Ans. a:»=iy— Ay^+TVffy*^' **• 
4. When y=l— 2«+3a?2. ' " 

Ans. as«~4(y-l )+j(y-l)?^g(y-JL)»+, &e. 

6. When y=l+a:— 2»»+«». 

Afw. a=y-l+2(y-l)«+7(y-l)«-f30(y-iy. 



/ 7 /: .' ' 



/ ' 
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^ c > t / * /^ •• /'• 



Q. When y=a?+^a7^+J«'+3\a:*+, &c. 
7. When y-Hy'"Hy*-Hy* • • • =y«+A*'+*3s'+^ • • • 
9 9^. 9* ». '- ' 



CHAPTER XI. 

CoNTiNuxD Fbaotxokb: LoaARXTHHs: Expo* 
KSKTiAL Equations: Intbbsst, and An- 

NUITISB. 

CONTINUED FRACTIONS. 

Art. 84Y. A corUimied fraction is one whose denominator is 
continued by being itself a mined number, and the denominator 
of the fractional part again continued as before, and so on ; thus, 

1 1 1 ■■•'''.■'; 



* H-i h+l— 

in which a, b, c, <2, &c., are positive whole numbers, are called 
continued fractions. 

Continued fractions are useful in approximating to the values 
of ratios expressed by large nuiaAers, in resolving exponential 
equations, in resolving indeterminate equations of the first degree, 
^. 

Art. 349. To express a rational fraction in the fitrm of a con- 
tinued fraction. 

30 
Let it be required to reduce — -- to a continued fraction. 
157 

If we divide both terms of the fraction by the numerator, we 
find 30-1 



IS'' 6+1 

36 
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Since the valae of a fraction is the quotient arising from dividing 

the numerator by the denominator ( Arith., Part 3rd, Art. 1 36), if we 

7 1 

omit -., the denominator will be too «ma2Z, and consequently i' 

the value of the fraction, will be too large. 

Again, if we divide both terms of the fraction -- by the nu- 

30 

merator, we find ^ . ?g f: — ^ 

If we omit,, the Tsiue will be expressed by . .jJL 

2 

By omitting -, the denominator 4 will be lew than the true 

denominator, and - will be Zar^ than the nnmber which ought 
4 

1 4 
to be added to 5; hence, 1 divided by 54--» or >- will be 2sw 

than the true value of the fraction. 

We see from this, that by stopping at the Jirst redaction, and 
omitting the fractional part, the result is too prtat; but by stop* 
ping at the iecond reduction and omitting the fractional part, the 
result is too smaU. Hence, generally. 

By stopping al an odd reducticn and neglecting the fracHandl 
partj the muU is too great; htt hgMtoppmg at an ewn reduetion,and 
neglecting the fractional part, the resuU is too emalL 

2 1 

Since ~= — =., we find 

80 1 
^-~ss — 7 • • • 1" reduction, too great ; 

^^^ 5+— I 2^ " too small; 

4+1 S"* « too great ; 

8+1 4* « true value. 

It is evident that the process of reducing a fraction to a con- 
tinued fraction, is the same as that of finding the greatest common 
divisor of the two terms of the fraction. (See Arith., Part drd. 
Art. 128.) 
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By thii process we find 

13^ 1 49 _1 

30 2^1 204 4^1_ ^ 

Abt. M9. The different qouititiea 
1 1 1 

c 

tre Mlled eofuwrffing^fraeiims, because each one in succession, 
Ifives a nearer value of the given expression. 

The fractions ., ^, ~, dtc., are called integral fractions. 
a h c 

Art. SMm To aq)lain ike manner in which tU converging frao- 
tione are/aundfrom the integral fracHane. 

1. - . • as- If conv. fraction. 

a a 

2, 771 • =5s--A>. 2"^ c<»iv. fraction. 

«+y ab+1 

1 

8. gi ^ , s* — z^H Z^ conv. fraction, 

^^ €[flb+l)+a 

By examining the third converging fraction, we find it is formed 
from the 1", and 2"^, and from the 3^ integral fraction as follows: 

(nam. =3*^uotXnum.of 2"<'conv.fract.+nam.of l-'conv.fract. 
(denom.=:3"<quot.xden. of 2~'conv.fract.-i-den. of l'<conv.&act 

To prove the general law of formation, let ?., Sl, ?L be the 

P' Q' R' 
three converging fractions corresponding to the three integral 

fractions _, -, and -, and, as has already been shown, 
a b c * 

R^ftg+P 
R' Q'c+P" 
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1 Ft 

Let OB now take the next integral fraction -, and let 2.^ ez- 

press the 4<* converging fraction, llien it is obvioos that ~. 

S 1 

will become — by substituting c-f i, instead of c ; hence, 
S a 

g ^ Q. ( e+2 ) +P ^^^ ^^p ^^Q ^^ ^^ 

^' Q'(e+1)+F CCl'c+F>H-(l' R'rf+Q'- 

From this we see that the fourth conrerging fraction is deduced 
from the two immediately preceding it, according to the same law 
by which the third was deduced from the 1^ and 2**', and it is evi- 
dent the fifth converging fraction may be deduced in the same 
manner. Hence, to find the n^ converging fraction, 

MvUijiUf iht denominator of the n^ integral fraction by Me numer' 
ator of the (n — 1)* converging fradian,^ and add to ike product the 
numerator of the (n — 2/* converging fraction. This wiU give the 
numerator of thenf^ converging fraction. 

MuUiply the denominator of the n^ integral fraction hy the denom' 
inator of the (n — 1)" converging fraction, and add to the product the 
denominator of 0ie (n — ^2)^ converging fraction. This will give the 
denominator of the n^ converging fraction. 

Ex. To find a series of converging fractions for i^^V- 

The integral fractions are \i j» ^y 3' t' i' 3- 

The converging fractions are 2» i» i> t^> 3?> -^ji^ jW 

Art. S51« 7b show that the difference betioeen any two consecutive 
converging fractions is always a fraction having -{-1, or — l,ybr 
its numerator 9 according as Me fraction subtracted is in an even or 
oddjdaoe. 

1_ h _gft-fl-^ ^ +1 

a ab+l aiab+l) a(aft+l)' 

b _ hc+1 ^5c(aH-l)+gft--<gH-l)(^+l ) 
ot+l c{ab+l)+a ^ab+l)[c{ab+l}+a] 

^ -^l 
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To prove the property in a general manner, let 

p q R 
p' q' R' 

be three coneecutive converging fractions, corresponding to the 

three integral fractions -, >, -. Then 
a b e 

P_Q^PQ/--FQ 
P' Q' P'Q' ' 

and ft^R^ R-a-Rft\ 

q; R' R'd' ' 

butR«Qc+P, and R'=Q'c+F, (Art. 850.) 

Substituting these values in the last equation, we find 

ft _R _ (a c+pQft— (cie+p)a^ ^ p^ft-- pa^ 

ft' R' R'ft' Rft' ' 

But the numerator of this result Fft-— Pft' is the same with a 

P Q 

contrary sign as the numerator of — — ~, which we have before 

shown is -|-1. Hence, the difference between the numerators of 
any two consecutive approximating fractions, when reduced to a 
common denominator, is the same with a contrary sign, as that 
which exists between the last numerator and the numerator of 
the fraction immediately following. 

But it has been already shown that the difibrence of the nu- 
merators of the I'' and 2"' fractions is -|-1 ; the difference of the 
numerators of the 2"^ and 3*^ fractions is — 1 ; therefore, the dif- 
ference of the numerators of the d'' and 4^ is -|-1, and so on. 
And since (Art. 348) any converging fraction of an even order is 
less than the true value, and of an odd order greater than the true 
value 5 therefore, if a converging fraction of an even order be 
subtracted from the consecutive converging fraction of an odd 
order, the numerator of the difference will be +1 ; and, con- 
versely, if a converging fraction of an odd order be subtracted 
from the consecutive converging fraction of an even order, the 
numerator of the difference will be — ^1 . 

Art. 351SK. To sKov) that every converging fraction is in its lowest 
terms ; and to find the limit cf error in tMng any convergent far 

the true fraction ?, 
b 
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A C 

If Q and ^ be any two eonBeeatiye converging fractione, by 

Art 861 4--5=+g5»«' --Jf. J ^"^ »» AD— BC=H-1. o» 

—1. Now if A and B hare a common ^viaor grtakr ikon 1, it 
will divider AD and BC» and consequantly their difiienee 
:tX ; that ia, a quantity greater than 1 ia a divieor of 1, 

which ia impowible ; hence, ~ ia ia to loweat tenna. 

B 

A * C 
Again, if ~ and ~ be any two eonaecntive oomrergenta, aa 

A C 

haajvatbeenehownyAD— BC^^ziJL; and of ^ and ^ we know 

that ?^ one and ^ the other (Art. 848) ; therefore, the diifer- 



ence between f , and either of them, ia leea than the difference 
Wtwaeal «.d g; that W. <^. rince ^^g. or ^^^ 

*=BD- 

But, aince D in greater than B, i- ia greater ^ ; hence, 

BD 1)2 

since the result is true to within — , it is certainly tine to within 

BD 

_; that ia» tie tfgrrnimak muU whith is obUdned, i$ kw io 

wiihin unity, divided bjf the ^iiotv q^ the deo/ominator cf th§ lu$ 
€oniiftrging fracdon. 

Thus, in the example, (Art 348,) 1 differs from ,^-L by a 

quantity less than ^; -. differs from ^— by less than ^ 

ea I and so on. 
441 

Abt. 853* To eaqtress ^N, when N=sa'4-1, in the form qf a 
continued fraction* 

1 



^«.+i«a+v«»+i-^H--=:f; (♦), 
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(•) Ja'+l- 



V«'+l+a 



ttecauae (Va*+1— <»)(^/<»'^-l-H^)=l• 



8+L_ 

1 Q AC 

the converging fractions to be added to 4, are ., _, , dtc 

8 65 528 

Art. 854. To convert ^Tf , where N=a»+d, Jnto a continued 
fraction. • , i a -• "^ '. ,xf 



let Tj be the nearest integer to -(^/N+a) ; 



6. 



^ 1 

by making a,=r fr— a ; J^ss (N — a}). 

6 



Similarly, ^(VN+ai)=f«- 



and we must proceed till we get a quotient 2iV| after which th« 
quotients will recur in the same order 
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Thus, JTq=^+L-^ 
2+J 



^+8+«^- 



The quotients are 4, 2, 1, 8, 1, 2, 8; 

.-. fractioM are f f. V» V. H» W» V* • 

Art. Sftfl. 7b /ful <fte vahie <f a continued fraction, when (he 
denominators q, r, a, 4^., of Me tnft^oJ fracHona recur ad ir^nitum 
in a certain order. 



Ex. 1. Let I 



^ 
-+-, 



^^4-, &c., ad infinitum, 
then —2=*, or -J!!^--=?af ; 



^i_ ^+^+1 



hence, r-4-ae=s^a:+fc'+a?, and a:'-|-rj>— -=0, 

From the solution of this equation, the value of x is easily 
found. 

Art. 356* 7b Jlnd in (he form of a continued fraction, the 
vaUue of x, which satisfies the equation a'=b. 

Substitute for x the numbers 0, 1, 2,3, &c., until two consecu- 
tire numbers are found n, and n-^-l, such that 

a"<6, and tf"+>>&; 
then it is evident that x<^n^l, and >n. 

Let «=»-}—, where y>l. 

then a"+»=&, or tf".tfy=6; 



hence, <i^=_, or |_)y=fl. 



Again, since —^1, and <^a, by substituting the numbers be- 

tween 1 and a for y in the last equation, two consecutive num- 
bers, j?, and P+I9 will be found, such that y^ and <jf+l, so 



J ' ^ '•- ••'/:' > f ' ^- > . : V - _ 
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that y=^3»+* 5 *ad .-. «=»-{- — T ; and by continuinff the IH»- 

cess in the same manner, the fraction expressing the value of « 
may be continued. 

Ex. Required the value of a; in the equation 10"s=2. 

By substituting and 1 for a?, it appears that «>0 and ^1 ; 

let »=sl,then 10y88s2, or 2y«BlO. 

y 

Since 2'ai8» and 2<3al6, one of which is less and the other 
greater than 10» thereforOi 3f>3, and ^4; let ^bsS-f*^ ; 

then 2»+?=sl0, 

or 2».2.^«10, or 2.^=y>«1.25; 
••. (1.25)'=2. 

Again, it appears that 2r>3, and <^4; let a;=:8-{-i, then 
(1.26)»+5=(1.25)»(1.25)S»2 .-. (1 .25)1 =s:_?_«l .024 1 
.-. (1.024)«=1.25, and by trial tt>9 and <10. 

Hence, xs: 

3+l_ 

This gives «=asi^> i^+« ||-^es.30107 nearly, ^^ 

BXAMPLES FOR PRACTICE. 

Reduce each of the following fractions to a continued fractiotti 
and find the successive integral and converging fractions. 

1. 1^ '^^* ^^^g''^ fractions •}, ^> }> }. 
421' Converging fractions |» -i^, §|f ||J. 

2. 1^ '^^* IQ^S'^ fractions |f ^, |» }.. 
291* Converging fractions \» \% \\% W\. 

8 1^ ^'^' ^^^S'^ fractions |» |, ^, j» |. 
' 575' 2^ Converging fractions i» -fti ^ft^j* :^, ff {• 






/ •' 
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4. The hight of Mt. Etna is 10063 feet, and of Vesayius 3000 
feet ; required the approximate ratio of the hight of the formet 
to that of the latter. 

An». h \. A. \h A\. ^. \ih mA' 

5. The hight of Mt Perda, the highest of the Pyreneesi is 11283 
feet ; that of Mt Hecla is 4000 feet ; required the approximate 

^ ratio of the hight of the former to that of the latter. 

6. When the diameter of a circle is l,the circumference is 
found to be greater than 3.1415026, and less than 3.1415027; 
required the series of fractions eonyerging to the ratia of the*-^ 
eireumference to the diameter. An$. i> ^V ill» ^^^ iii* 

Show that this last ratio, Hi, is true to within less than three 
ten millionths of the circumference. 

Sooannoit.— In ezsmpk* of this kind the integral frsetions, eorras- 
ponding to both fractions, should be found, and then the converging 
fractions calculated from Uiose integral fractions that are the same in 
bothieries. 

7. Express approximately the ratio of 24 hours to 5 hours, 48 
minutes, 40 seconds, the excess of the solar year above 365 days. 

Am. h j^. A. tVs' wv> Mi' sist mh uni 

Hence, after every 4 years, we must have had 1 intercalaiy day, 
as in leap yesr ; after every 20 years, we ought to have had 7 in- 
tercalary days ; after every 33 years we ought to have had 6 inter- 
calary days. This last was the correction used by the Persian 
astronomers, who had seven regular leap years, and then deferred 
the eighth until the fifth year, instead of having it on the fourth. 

8. Find the least fraction with only two figures in each term, 
approximating to j J 13. *' .Atw. j^. 

0. The lunar month, calculated on an average df 100 years, is 
27.821661 days. Find a series of common fractions approxi- 
mating nearer and nearer to this quantity. 

10. Find a series of fractions converging to tJ2. 

> * ■ Ans. j, j, J, {If 4ii &c. 

11. Show that fjb is greater than |§f, and less than f|||. 

12. If 8'm32, find x. Ans. |. 
IZ. If 8-b:15, find X. Aw. 2.465. 
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1 * ' 

Art. 85Y. In a system of logarithms, all namben are con- • 
sidered as the powers of some one number, arbitrarily assumed, 
whieh is called the base of the system ; and the exponerU of that 
patoer of ike base, which is equal to any giwn number, is ealkd (he 
Logarithm of th(U Tiwnber. 

Thus, if a is the base of a system of logarithms, N any num- 
ber, and X such that 

tiien » is called the logarithm of N, in the system whose base 
is0. 

For particular examples suppose we have the equations a^ssN, 
and a'=:N', then 2 is the logarithm of N, and 8 is the logarithm 
of N'. 

The base of the common system of logarithms (called from 
their inventor " Brigg's Logarithms") is the number 10. If we 
deugnate the logarithm of any number in this system by /. or 



log., we shall have 


' , ^ 


(10)0=1 


; hence, is the log. of 1 ; 


(10)>=10 


; " 1 « « log. of 10; -^ - - ^ 


(10)2=100 


; « 2 " " log. of 100; / /; 


(10)»=1000 


, « 3« « log. of 1000; ■*" ''; 


(10)^=10000; 


« 4«i « log. of 10000; - 


&c., 


&c. ■< 



From this it appears that, in the common system, the logarithm , 
of every number between 1 and 10 is some number between 
and 1 ; that is, a proper fraction. The logarithm of every num- . 
ber between 10 and 100 is some number between 1 and 2; that 
is, 1 plus a fraction. The logarithm of every number between 
100 and 1000 is some number between 2 and 3; that is, 2 pins 
a fraction ; and so on. 

Art. 35§« The integral part of a logarithm is called the index 
or characteristic of the logarithm. 

Since the logarithm of 1 is 0, of 10 is 1, of 100 is 2, of 1000 
is 3, and so on ; therefore, . 

The characteristic of the Jogarithm of any number greater (han 
wnty, is me less than the mtmber of integral figvres in the givm 



tie 
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Thiu, the logirithm of 128 it 2 plus a fraction ; the logarithm 
of 1234 if 8 plua a fraction, and so on. 

AxT. S59, The computation of the logarlthma of numbem in 
the common Bjstem, consults in finding the valttes of » in tha 
equation 

10*==N, when N ia ettCceenTelj 1, 2, 8, Ams. 

One method of finding an approximate value of » has been ex- 
plained in Art. 356, but other methods more expeditious will be 
given hereafter. 

The following table contains the logerithms of Bamben from 
1 to 100 in the common system : 



V. 


Lot. 


M. 


Los. 


H. 


IM. 


H. 


Lm. 


1 


0.000000 


96 


1.414978 


51 


1.707570 


76 


1.880814 


3 


0.8U1080 


97 


1.481864 


59 


1.716008 


77 


1.886491 


8 


0.477191 


98 


1.447168 


53 


1.794976 


78 


1.899005 


4 


0.609060 


99 


1.469398 


64 


1.789394 


79 


1.897697 


6 


0.666070 


80 


1.477191 


55 


1.740368 


80 


1.90BQ90 


6 


0.778161 


81 


1.491869 


56 


1.748188 


81 


1.906486 


7 


0.846098 


89 


1.606150 


57 


1.756876 


89 


1.913814 


8 


0.903090 


83 


1.618614 


68 


1.763498 


83 


1.919078 


9 


0.954948 


84 


1.681479 


69 


1.770869 


84 


1.994979 


10 

IT 


1.000000 


86 


1.644068 


60 


1.778151 


85 


1.999419 


1.041898 


86 


1.566808 


61 


1.786330 


86 


1.984498 


19 


1.079181 


87 


1.668909 


69 


1.799399 


87 


1.989619 


18 


1.118948 


88 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146198 


89 


1.691066 


64 


1.806180 


89 


1.949390 


16 
16 


1.176091 


40 


1.609060 


65 


1.819918 


90 


1.954948 


1.904190 


41 


1.619784 


66 


1.819544 


91 


1.959041 


17 


1.980449 


49 


1.693949 


67 


1.896075 


99 


1.963788 


18 


1.966973 


43 


1.633468 


68 


1.839609 


93 


1.968483 


19 


1.978764 


44 


1.648468 


69 


1.838849 


94 


1.978198 


90 


1.801080 


46 


1.658918 


70 


1.846008 


95 


1.977794 


1.899919 


46 


1.669758 


71 


1.861968 


96 


1.969971 


99 


1.349498 


47 


1.6790B6 


79 


1.867888 


97 


1.986779 


93 


1.861798 


48 


1.681941 


73 


1.863398 


98 


1.991996 


94 


1.880911 


49 


1.690196 


74 


1.869989 


99 


1.996636 


95 


1.397940 


60 


1.696970 


75 


1.876061 


100 


9.000000 



In the common tables, only the fractional part of the logarithm 
is given. Thus, in searching for the logarithm of such a number 
as 3530 we find in the table opposite to 8530 the number 
547775; but since 3530 is expressed by four figures the charac- 
teristic of the logarithm is 3; hence, 

log. 3580==8.547775. 
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GENERAL PB0PEKTIB8 OF LOGARITHMS. 

Art. 360. Let N and N' be any two numbers, x and x' their 
respective logarithms, and a the base of the system. Then, by 
the definition of logarithms (Art. 357), 

fl*=N. . . . CI), 

0f^^K. . . . (3). 

Multiplying equations (1) and (3) together, we find 

But, by the definition of logarithms, x-\-x\ the exponent of a^ 
is the logarithm of NN' ; hence, we have 

Property I. — The sum of the logariihms of two numbers is 
equal to the logarithm of their product. 

It may be shown similarly that the sum of the logarithms of 
three or more factors, is equal to the logarithm of their product. 
Hence, to multiply two or more numbers together, add their logarithms 
together, and the product toiU he the number corresponding to this 
sum. 

Art. 361. Taking the same equations, (Art. 360), we have 

a^=N. . . . (1), 

O-'rrrN'. . . . (2). 

Dividing equation (1) by equation (2), we fiind 

But, by the definition of logarithms, x—af, the exponent of a, 

N 
is the logarithm of ;- ; hence, 

N 

Property II. — The logarithm of the dividend, minus the logO" 
rithm of the divisor, is equal to the hgarUhm of (he quotient. 

The same principle may be expressed otherwise thus, the log^ 
arithm of a fraction is equal to the logarithm of the numerator ^ 
minus the logarithm of (he denomtnaior. 

From this article, and the preceding, we see that by means oC 
logarithms, the operation of Multiplication is performed by Addi* 
turn, and of Division by Bubtraotim. 

Ex. 1 . Find the product of 9 and 6 by means of logarithms. 
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By the Uble (page 316} the log. of 9 is ... . (T.954243 
«« " the log. of 6 18 ... . 0.778151 

The Bum of these logarithmB is 1 .732394 

and the number corresponding in the table is 54. 

2. Find the quotient of 63, divided by 9, by means of log- 
arithms. 

The log. of 63 is . . . 1.799341 

« log. of 9 is 0.954243 

The difference is •*.... 0.845098 

and the number corresponding to this log. is 7. 

By means of logarithms 

3. Find the product of 7 and 8. 

4. Find the continued product of 2, 3, and 7. 

5. Find the quotient of 85 divided by 17. 

6. Find the quotient of 91 divided by 14. 

Art. S69. Resuming equation (1), (Art. 360), we have 
Raising both sides to the m^ power, we find 

But, by the definition (Art. 357), tnx is the logarithm of N"* ; 
that is, m times log. N= log. N"*. Hence, 

Pbofebtt III. — If we mvUiply the hgariihm of a number by 
any exponent, the product wiU be the hgariihm of (hoi power of Cft« 
given nuwJjer, 

Art. S63« Taking the same equation 
and extracting the n^ root of both sides, we have 

X ^ 

But, by the definition, (Art. 357), . is the logarithm of N" ; 

II -f 

that is, - of log. N= log. N" . Hence, 

Peopertt IV.— If we divide (he logarithm of a number by any 
index, (he quotient wiU be the logarithm of that root of the given 
number. 

From this article and the preceding, we see that by means of 
logarithms, the operation of raising a number to any given power 
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is perforaied by a simpU muUijiicatian, and tiie extraction of any 

root, by a simjiie division. 
Ex. 1. Find the third power of 4 by means of logarithms. 

The logarithm of 4 is 0.602060 

Multiply by the exponent 3. ....... ^ 8 

The product is « . . . . 1.806180 

which is the logarithm of 64, *" 

2. Extract the fifth root of 32 by means of logarithms. 

The logarithm of 32 is 1.50S160 

Dividing by the index 5, the quotient is ... . 0.301080 

which is the logarithm of 2, the required root. 

Solve the following examples by means of logarithms : 

3 . Find the square of 7. 

4. Find the fourth power of 3. 

5. Extract the cube root of 27. 

6. Extract the sixth root of 64. 

The preceding properties and examples will suffice to show the 
great utility of logarithms in mathematical calculations. It is, 
however, rather the province of algebra, to explain the principles 
of logarithms, than their use in actual calculations, as the latter 
requires a set of logarithmic tables, which are usually inserted 
in works on Trigonometry, Surveying, dtc. 

Art. 364* By means of negoHve exponents, we can also ex* 
press the logarithm of fractions less than 1. Thus, in the com- 
mon system, since 

(10)-»=J5 =.1 , therefore — ^lisliie log. of .1 ; 
(10)-»=yJ^ =.01 , « — 2 « log. •* .01 ; 
(10r»=TiyVv =-001 , « -3 « log. •* .001 5 
(10r^=T^4iJiy=0001 « —4 « log. •• .0001 ; 
&c., &c. 

The logarithm of any fraction between one and one-tenth, for 
example, seven-tenths, may be expressed thu8» 

log. (/a)= log. (tVx7)= log. tV+ log. 7«-l+ log. 7. 
In like manner the logarithm of any fraction between one-ten^ 
and one-hundredth) may be expressed thus, 

log. (180)=* log. (tJuX3)» log. tiiH- log. 3»--«4- lor 8- 
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Simihrlj, for fractions betwoon ^^^ tnd jjhlf* ^v>t 
log- (tAv)= tog. jThjf+ log- 4=-3+ log. 4. 

It is customsfy not to perform the snbtraction thus indicated, 
bat to unite the logarithm of the numerator of the decimal con- 
sidered as a whole nnmber, to the negadTO charaeteristie. Than, 

log. O.t >e-~l-h log. 7»— 1.845098 

log. 0.08 »— 2+ log. 3a— 2.477121, 

log. 0.004»--3+ log. 4:^-^.602060. 

Since the logarithm of .1 is —1, of .01 is —2, of .001 is —3, 
and so on ; therefore, 

7^ eWrecferiilie ^ ih$ logmriikm qf e iteimd frmOwtk w • 
iiispiB<n» ftvmier, eml u ant mart ikon Ihe number <ff,zerot immM- 
Mijf fiOommg iU decimal fmni. 

Abt. S6(I. Tb esfHain ih$ fHmcijk gmerdOi^i ly memu of iMck 
Ae loffmiihms <ff decmdb an ftpr9$mied. 

Let e represent a decimal fraction containing m seros immedi- 
ately following the decimal point, and u other places of figures ; 
then the namber of zeros in the denominator will be m-\^ and 
by the nature of decimals the fraction will be represented by 



(10)-»-^»" 

lof • lp^S+4 '^ ^* •-<»+«) log. 10» log. a^m+n), 
since log. lOssl. 

But, by suppoeitioB, e cantains n figures ; hence, the character- 
istic of its logaritlmi (Art 858,) is n^— 1; and if d represent the 
decimal part of the log., the entire log. of a will be n — l-j-d. 
Substituting this instead of log. s, we have 

Hence, to find ike lo^arUhm qf any decimal fraction, find ihe 
decimal part of the JogarHhm from the tobies, as if the fraction were 
a vMe number^ and uniU toil a neffative characteristic, greater by 
vnify than the mmiAer of xeroe immediatdy foQawing the decimal 
foin ii , 

Aet. S66. It is of the highest importance to the student te 
nuke liims^lf ftimiliar with the application of the properties of 
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logarithms (Arta. 860 to 364) to algebraic calculations. The 
following examples will afford a useiul exercise : 

1. log. (a.b.e,d> . }=s log. a-\- log. H~ ^^S' ^'H ^^S' ^ * • 

2. kg. [ --. j =s log. a-{* log. h^ log. c — log. d — log. s. 

3. log. (a"» ,1^ .tf. )=m log. «»-|-n log. t-fy log. c. 

— : — j s=fii log. ii+n log. 6— j». log. c. 

5. log. (a*— «')= log. [(«+«)(«— a?)]a« 1. («+«)+ 1. (d— «). 

6. log. ^a^— «*=J log. (a-j-a?)+i log. (a— «). 

7. log. (a» X V«')==3| log. a. 

8. log. f^^^=J{log. (a-^)-3 log. (o+x)}. 
Abt. 36T« Let us resume the equation 

in which a? is the logarithm of N. 
Ist. If we make x=df we have 

a}z=sS=ai hence log. aaml ; 
that is, whatever le Ihebase of the system, its logarithm in thai system 
is I. 
2nd. If we make x=0, in the equation tf*=N, we have 
a<>=Ns=l, hence log. 1=0 j 
that is, in any system (he logarithm of I is 0. 

Abt. 368. In the equation a*=N, consider a^l,a8 in the 
common system, and suppose x negative, we then have 

As X increases the value of the fraction _ will diminish ; and 
when X is infinite, the value of the fraction becomes 0; that is, 
_=flr«>=0; or, log. 0=— oo . 

Hence, the logarithm of in a system tohose base is greater than 
1 is an if^nite number and negative. 

In the Naperian, as well as the common system of logarithms, 
the base is greater than 1 ; but it may be shown that in a system 
whose base is less than 1 , the logarithm of is ir^ite enAposUvve. 
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Abt. 869. In the eqnation aft=N, every poriUm Talue of « 

gives a corresponding positive value of N. 

If X is negativey we have a-*^l=N. Hence, for every iMf^a- 

iive value of » the corresponding value of N is also posiHye. 
Therefore, whether x is positive or negative, the corresponding 
value of N is positive; hence, Negative numbers have no reai loga^ 
rithms, 

COMFVTATIOR OF L0GABITHM8. 

Art. STO. Before proceeding to explain the methods of com- 
puting logarithms, we may observe that it is only necessary to 
eompuU the logarithms of (he prime numbers. 

This is ohvious when we consider that every composite number 
is the product of two or more prime numbers, and that the logi^ 
rithm of any product is equal to the sum of the logarithms of its 
factors. (Art. 360.) 

For example, if we have the logarithms of 1, 2, 3, 5, 7, we can 
find the logarithms of all composite numbers produced by the muK 
tiplication of two or more of these numbers together. Thus, 
hence, log. 4=2 log. 2, (Art. 362) ; 
« log. 6= log. 2+ log. 3; 
«« log. 8=3 log. 2 ; 
« log. 9=2 log. 3 ; 
«* log. 10= log. 2+ log. 5 ; 
« log. 12= log. 8+ log. 4 ; 

We can proceed in a similar manner to find the logarithms of 
14, 15, 16, 18, 20, 21, 24, 25, 27, 28, 30, and so on. 

Exercise 1. Suppose the logarithms of the numbers 2,3,5 
and 7 to be known ; show how liie logarithms of the numbers 
just named may be found. 

2. Of what numbers between 30 and 100, may the logarithms 
be found from those of 2, 3, 5, and 7; and why ? 

Ans, Of 23 different numbers, from 32 to 98. 

Aet. 8T1. In the common system the equation a*=N (Art. 
357) becomes 10'=N. 

If we multiply both sides by 10, we have 
10«X10=10*+«=10N; 
also, 10*X100=10*X103=10«+«=100N. 



4=2' 

6=2X3 

8=2» 

9=3" 
10=2 >^5 
12=3X4 
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Hence, in the common system, the logarithm of any namber 
will become the logarithm of 10 times that number, by increasing 
the characteristic by 1 ; of 100 times by increasing the charac- 
teristic by 2, and so on. 

Thus, the log. of 3 is 0.477121, 

" « 30 «. . 1.477121, 

, *• " 300 « 2.477121. 

Also, the log; of .2583 is —1.412124, 

« 2.583 « 0.412124, 

25.83 '« 1.412124. 

Abt. 372. If we compare the di^erent powers of 10 with 
their logarithms in the common system, we have 

numbers 1 , 10 , 100, 1000, 10000, 
logarithms , 1 , 2,3, 4 , and so on. 

Hence, in the common system, while the numbers are in geo» 
metrical progression, their logarithms are in arithmetical progress 
sion. Therefore, if we take a geometrical mean between two 
numbers, and an arithmetical mean between their logarithms, the 
latter number will be the logarithm of the former. Thus, the 
geometrical mean between 10 and 1000 is ^10x1000=100, 
and the arithmetical mean between their logarithms, 1 and 3, is 
(l+3)-i.2=2. 

In general, if N and N' are two numbers, and x and se^ their 
logarithms in the common system, then the 

log. of VNNT is ?+l. 

By means of this principle, the common, or Briggean, system 
of logarithms was originally calculated. To exemplify the 
method of operation, let it be required to calculate the logarithm 
of 5. 

First, — The proposed number lies between 1 and 10; hence, 
its logarithm will lie between and 1. 

The geometrical mean between 1 and 10 is ^(1X10) 
=3.162277; the arithmetical mean between and 1 is (04-1) 
-i-2=0.5. 

Hence, the log. of 3.162277 is 0.5. 

&cojMi/y.— Take' the numbers 3.162277 and 10, and their 
logarithms .5 and 1, we find 
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the gwmetricd mean k V(?18^'71^Xl0>»5.62d413; 
tbe arithmedeal meui k (.5+l).f.3s=0.75. 

HeDce» the log. of 5.68d418 k 0.75. 

TAtnDy.— Take the nomben 8.162277 end 5.623413, and 
their logarithmB 0.5 end 0.75» we find 

the geometrical mean if V(3-10^^'7X5.623413>»4.216064 ; 
the arithmetical mean is (.5+.75}-£-33=0.625. , 

Hence, the logarithm of 4.216964 is 0.625. 

Fauiihly.^ Take the numbers 4.216964 and 5.623413, and 
their logarithms 0.625 and 0.75, we find 
the geometrical mean is ^(4.216964 X5.623413)=4.869674; 
the arithmetical mean is (.625+.75)4-2=0.6875. 

Hence, the logarithm of 4.869674 is 0.6875. 

By continuing this process, observing alwajrs to take the two 
numbers nearest to 5, one of which is kss and the other greater f 
and finding their geometr ie ei meant and the corresponding ariih" 
metkal mean of (heir hgarUhme, at each step we shall obtain a 
number nearer to 5 than either of the preceding, with its corres- 
ponding logarithm. And after twenty-two operations we ob- 
tain the number 5.000000-}-, and its corresponding logarithm 
0.698970-f. 

Haying the logarithm of 5 we readily find that of 2, 

since 2=^, and log. 2= log. 10— log. 5 r=l— 0.696970 
»0.301080. 

We might now proceed to find the logarithm of 9 by taking 
the numbers 2 and 3.162277, and their logarithms 0.301030, 
and 0.5, and pursuing a process similar to that used in finding 
the logarithm of 5. But the method of series is much shorter, 
and is the one now generally used. 

Abt. B7Z. LooABiTRMic Sebibs. — The most convenient 
method of computing logarithms is by means of Series, which we 
shall now proceed to explain. 

Let a? be a number whose logarithm is to be expressed in a series, 
and let us apply the method of Indeterminate Coefficients (Art 
814). If we assume 

log. «=A+B«+Ca»4.D«»-f , dtc., 
and make «=0, we have 

log.O=sA. But log. 0=00 (Art 368); hence, 
QO=A, which is absurd. 
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If we assume log. oraAx-f Ba^-|-Cx*-('> ^^^ '^^ make xasO, 
we have log. 0=0 ; that is, (Art. 866), 
00=0, which is also absurd. 
Hence, it is impossible to develop the logarithm of a number in 
powers of that number. 

But if we assume 

log. (l-far)=Aa?+B«»+Ca»+Dar4-, &c. • . (1) 
and make x=iO, we have 

log. 1=0, which is correct, (Art. 367). 
In like manner, also assume 

log. (l+2f)=A»+B«'+C»»+D«*+, &c. . . (2) 
Subtracting equation (2) from (1) we get 

log. (1+*)— log. (l+«)=A(a?-«)+B(««-«») • 
+C(a:»— «»)+, &c. . . (8). 

The second member of this equation is divisible by »^z (Art 
83) ; let us reduce the first member to a form in which it shall 
also be divisible by the same factor. 

Since the logarithm of a fraction is equal to the logarithm of 
the numerator, minus the logarithm of the denominator (Art. 
361), therefore, 

log. (1+x)- log. (1+*)= log. ( 5±f ) . 

But, by division, we find Ll^ssl+^Zf ; therefore, 
1+s l+« 

,.,.('^)=w.(.+^.). 

Now regarding ^ZlL as a single quantity, we may assume 

Substituting this development in the place of log. (14-^) 
*- log. (l+«)i in equation (3), and dividing both sides by »— «, 
we obtain 

A. JL+B.-?:::l-+c.^^i?^+, &c., 

aaA+B(x+zy+C(ac»+XZ+X^, &C., - ^ ^v/-^.v A 
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&ine% this equttion, like the preceding, is tine for all v&laet of 
X and X, it must be true when xscs. Making this supposition, we 
have 

A.— =«A+2B*+3C«>-f4D«»+6B»«-h 4lc ; 

or, performing the division of 1 by l'\-x, we have 

A(l— «+*»—«»-(-«<— . . . )=A+2B»-f3C«»-HD«»+ . . . 

Equating the coefficients of the like powers of x (Art. 314), 
we obtain 

A=A, — A=:2B, A=3C, — A=4D. . . • 
whence, 

The law of this series is obvious, the coefficient of the n^ term 

being d=~ > according as fi is oiU or even, 
n 

Hence, log. (l-f«)=rAjp-^»+:|x»— ^«*+. . . . 

=^K+H+H+' • • • > ^*^ 

There still remains one quantity, A, undetermined. This is as 
it should be, for the question to find the logarithm of a given 
number is indeterminate, unless the base of the system be given. 
The value of the quantity A may be considered as dependent on 
the base of the system, so that when A is given the base may be 
determined ; or, when the base is known, A may be determined. 

If we denote the series in the parenthesis in equation (4) by 
s^, we may write 

log. (l+a7)=Ay. 

Hence, the logarithm of a number consists of two factors, one 
of which depends on the number itself, and the other on the base 
of the system in which the logarithm is taken. That factor 
which depends on the base is caUed the HonuLUS of the system of 
logarithms. 

Lord Napier, the inventor of logarithms, assumed the modulus 
equal to unity, and the system resulting from such a modulus, is 
called the Naperian system. 

Designating the logarithms in this system by log^., we have 

log'.(l+«)=*-J+5-J+.&c. (6) 



LOGARITHMS. 827 



By making 0^=0, 1> 2, 3, &c., we may obtain from this equa<^ 
tion the Naperian logarithms of all numbers. 

Thus, if xssO, we find log'. 1=0, as in Art. 367. 

If we make ap=l, we have 

log'.2=l-^+i^+J-,&c. 

Art. 374* The preceding series converges so slowly that it 
would be necessary to take a great number of terms to obtain a 
near approximation. But we may obtain a more converging 
series in the following manner : 

Resuming equation (5), 

log'.(l+»)=j-|+^-^+^-.&c. . . (5). 
Substituting — x for x, in this equation, we obtain 

Subtracting equation (6) from (5), and observing that 

log', (l+xy- log'. (l-ar)= log'. ( 1+? ) , we have 

^ 1— «^ V 1^3^ 5^ 7^ 9^ J- 



Since 1±?=1+-^. let 1±?=1+1. .-, 



1— « « 2»+l 

= log*. («+l)— log', z. 
By substitution, the preceding series becomes 

log', iz+iy- log'. z^rQ^JL- + I +_L_-I- . . I ; 

or, log.' 
(«+!)= log', z+2 \ ^ + L_+_JL_4- . . I (7\ 

Aet. 375, By means of this series the Naperian logarithm 
of any number may be computed, when the logarithm of the 
prtceding number is known. But the log', of 1 is 0, (Art. 367) ; 
"therefore, making «=!, 2, 4, 6, &c., we obtain the following 
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NaPSBIAM, OB HT7SBB0JCIC LOOABITHMS. 

log-. 8=Jog'. 2+2 g+yl_+,-V7^+- •{ ==^-**«"" 
log". 4^=2. log. 2 =1.386294 

log'. 5s=loff'. 4+2 Jl+«L-.4:_L.+-L-+..i =^1.609438 
* * ^ <9^a-9»^6-9«^7-8»^ > 

log". 6»log'J2+ log^. 8 el.791759 

W. T-rlog'. 6+8 ^i-+-i I — L^. . . \ »1.945910 

log". 8«3 log". 2, or log'. 2+ log". 4 =:3.079442 

log". 9=s2 log". 3 »2.197225 

log". 10= log". 2+ log". 6 =2.302585 

In UuB manner the Naperian logaritfama of all nnmbers may 
be eomputed. 

When the nnmbers are large their logarithm! are computed 
more easily than in the caae of email numbere. Thus, in calcu- 
lating the logarithm of 101, the first term of the seriee girea the 
reanlt true to seven places of decimals. 

AxT. 8Y6. To expUttn the mdhod of eomfidhg oom m o n log^ 
rUkms from Naperian logarUhmt. 

We have already found (Art 373, Equation 4), 

u».a+.>.A(?-|r^-t+f-'S+- • • ). 

Denoting the Naperian logarithm by an accent, we have 

Since the series in the second members are the same, we have 

log. (1+*) .log'. (1+ar) : : A : A'. 

Therefore, Ihe hgari&mg of the same nvflikr, tii two d^efoU 
tyetemSf are to each otker as the moduU of those sifstems. 

But in Napier's system the modulus A'=l. Therefoore, 
log. (1+»)=A log'. a+«). 



LOGARITHMS. S20 

Hence, to find (he common hgarUhm of any number, muUiply the 
JVaperian logarithm of (ke number hy the fnodvhu of the common 
system* 

It now remains to find the Modulus of the common system. 
Prom the equation, log. <l+a?)s=A. log'. (1+ar), 

wefindA=^.?S:Ji±l). 
log'. (1+*)- 

Hence, the modulus of the common system is equal to the common 
loyaritiim of any number divided by the Naperian logarithm of the 
same number. 

But the common logarithm of 10 is 1, and we have calculated 
the Naperian logarithm of 10, (Art. 875) ; therefore, 



Jog. 10^ 1 



:.4342944, 



log/ 10 2.302585 

which is the modulus of the common system. 

Hence, if N is any numher, we have 

com. log. Nsc .4342944 X Nap. log. N. 

On account of the importance of the number A, its value has 
been calculated with great exactness. It is 

A=.43429448190325182765. 

Art. sty* !lb calculate the common logarithms of numbers 
direcUy, 

Having found the modulus of the common system, if we multi- 
ply both members of equation (7), Art. 374, by A, and recollect 
that Ax Nap. log. N= com. log. N, the series becomes 

log. («+l)= log. H-2A \ ^ + 1 + ^ +..J 

Or, by changing z into P, for the sake of distinction, and put- 
ting B, C, D, Sic,, to represent the terms immediately preceding 
those in which they are used, we have 

log. (P+l)= log. P+ ^^ 4- ? + ^^ 

S V -r ; g ^2P+1^3(2P+l)>^6(2P+l)> 

, 5D , 7E , 9P 



-, &c. 



' 7(2P+1)3 • 9(2P+1)» ' 11(2P+1)» 
We shall now exemplify its use in finding the logarithm of 2, 

Here P=l, and 2P-f 1=3. 
28 
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log. P s log. 1 «:.00000000; 

2A .86856896 



8P+1 "" 3 

B .28952965 

3(2P+1)» ** 3X3* 



.28952965; (B.) 
.01072332; (C.) 



_3C_ 3X.010T2332 ^.00071489; (D.) 

6(2P+1)» 5X3» ' 

_6D_ 5X^00071489 «.00006674; (E.) 

7(2P+1)> 7X3» 

ra^^ 7X.00005674 =.00000490; (P.) 

9(2P+1)» 9X3' 

gg 9X.00000490 =..00000045; (G.) 

ii(2P+i)« rrx3» ' 

IIG 11X.00000045/ =.00000004; (H.) 

18(2P-{-l)> 18X3» 

.\ common logarithm of 2 =.30102999. 

Exercise. In a similir manner let the pupil calculate the com- 
mon logarithms of 3, 5, 7, and 11. 
For the results to 6 places of decimals, see the Table, page 316. 

AST. SYS. Tafind the hose cf Ae Naperitoi sjfstem qf lofftp- 
rithms. 

If we designate the base by e, we have, (Art. 376), 

log. e : log', e : : A : A'. 
But A=.4342944, A'^1, and log'. e=:l, (Art 367) ; 
hence, log. e : 1 : : .4342944 : 1, 
whence log. e=:.4342944, 
But since we have explained the method of calculating common 
logarithms, they are supposed to be known, and we may use them 
to obtain the number of which the logarithm is .4342944, which 
we shall find to be 

e=2.71828128. 
We thus see that in both the common and the Naperian sys- 
tems of logarithms, the base is greater than unity. 

Brigg's logarithms are used in the ordinaiy operations of multi- 
plication, division, &c., and hence are called common logarithms. 
Napier's logarithms are used in the applications of the Calculus. 
These are the only systems much used. 



Abt. 879. The student may prove the foUowing theorems : 

1. No system of logarithms can hare a negative base, or have 
unity for its base. 

2. The logarithms of the same numbers in tvro differeBt sys- 
tems have the same ratio to each other. 

8. The difference of the logarithms of two consecutive num- 
bers is less as the nuni^ers themselves .are greate^. , y ^ / / -^ ' « >' 

. J^. SINGLE '^ND DOUBLB POSITION./ ' '^ ' '^' ' », 

NoTS.— On account of the use made of Double Poiitioa in the solo- . ' 
tion of exponential and other equations, it becomes necessary to explain * , /.» ' 
the principles on which it is founded. We shall also explain Single^ ' /' 

Position. I J 

♦ ' y '.'/ '' • ..<^ 
Aet. S80. Single Position. — The Rule of Single Position /» / 
is applied to the solution of those questions in which there is a ' '^' ^ 
result which is Increased or diminished in the zamt rcUio with . ^/ . / 
some unknown quantity which it is required to find. Of this ;;,»... • 
class are all questions which give rise to an equation of the form 
ax=:m (1). 
If we assume x' to be the value of x, and denote by m' the 
result of the substitution of a;' for x, we have 
ax'=m' (2). 
Comparing equations (1) and (2), we have 
m' im; :ax^ :ax ;x' :x; 
that is, As the resuUofthe svjfposUion is to the result in the question^ 
so is the supposed nuviber to the number reared. 

Art. 381. Double Position. — The Rule of Double Position 
is applied to those questions in which the result, although it is 
dependent on the unknown quantity, does not increase or dimin* 
ish in the same ratio with it. The class of questions to which it 
is particularly applicable, gives rise to an equation of the form 
ax-\-b=m (1). 
If we suppose x' and x" to be near values of x, and e' and e" 
to be the errors, or the differences between the true result and 
the results obtained by substituting a^ and x'^ for x, we have 
fl*'+*=;m-K (2), 
flar'+6=m-H5" (3). 
If we subtract equation (1) from (2), and (3) from (2), we have 
<«'— or )=^ (4). 
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Ftom tlMM aqvations, we 9—Qj obtain 
=^ (6). 



By ittbtnetinf eqnatioii (1) from (3) wo alio find 
a(«"— «)s«"t and thence. 

Hence (Art 263), The difference cf the erran it lo ike iiffer- 
tnee of ihe iwo assumed numbers, as the error of either result is to 
fk d^erence between the true result and the corresponding assumed 



When the question givei riee to an equation of the form 
aX'\-bs:smt this rule gives a result sbsolutely correct ; but when 
the equation is of a less simple form, as in exponential equations 
(Art 363), the result obtained b only approximately true. 

Cor. The value of x, found either from equation (6) or O), is 

*=s — ^— -j7— . ThiB, expressed in ordinary 

e 'C 

language, fiimishet the common arithmetical role. 

EZPONBMTIAL XaUATIONS. 

Abt. 8S9. An exponeniiai equation is an equation in which the 
unknown quanti^ appears in the form of an exponent or index, as 
if=4f, afihssa, of^ssCf dtc. 

Such equations are most easily solved by means of logarithms. 
Thus, in the equation 

if we take the logarithms of both members, 
we have x log. a= log. b, 

or. :t=j2il». 
log. a 

Ex. 1. What is the value of x in the equation 2'=s641 
Here x log. 2s=: log. 64. 

whence. «=j2l:«f=lf«U=6. An,. 
log. 2 .301030 

AsT. 8S8* If the equation is of the form 4B*=ra, the value of 
X may be found by Double Position as follows : 

Find by trial two numbers nearly equal to the value of x ; sub- 
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•titute them for « in the given equation, and note the vee^ti. 
Then, 

As ihe difftBrenoe of the errors ; 

lstoihed^erenoeofihetwo0mmeinuimber$; 

So 18 the error of eUker nsidt ; 

lb the correction to be applied to (he correapofding anumed mm' 
ber. 

Ex. 1. Given of^lOO, to find ike valne of x. 

The value of x is evidently between 8 and 4, since 8»aa!&T, and 
4^=256; hence, taking the logarithms of both aidea of the equa- 
tion, we have 

X log. 2S= log. 100ss2. 

By trial, we readily find that x is greater than 3.5, and lesa 
than 3.6; then let us assume 3.5 and 3.6 for the two numbeni. 

nra SujBpotiiUm, 

x=s^ .5 ; log. x= .544068 
multiply by 3.5 we find 
X. log. X =1.904238 

true no. 3=2.000000 

error =—.095762 



a:=3.6; log. xss:.556303 
multiply by 3.6 we find 
X, log. X =2.002690 
true no. =2.000000 

error +.002690 



Diff. results : DifiT. assumed nos. : : Error 2nd result : Its cor. 
.096452 : 0.1 : : .002690 ' : .00273 

Hence, «=3. 6— .00273=3^9727 nearly. 

By trial we find that 3.5972 is less, and 3.5973 greater than 
the true value ; and by repeating the operation with these num- 
hers we would find a?=:8 .5 972849 nearly. 

EXAMPLES rOR PRAOTICB. 

2. Given 20«=100, to find x. Am. «=1 .53724. 

3. Given 100'=250, to find x. Ane. «»1 .19897. 

4. Given a*=5, to find x. An$. a:=2.129372. 

5. Given a»=42 .8454, to find «. Ans. x=sQ J21M. 

6. How many places of figures will there be in the number/ 
expressing the 64*^ power of 2? Am. 20. 

7. Given a»«+«t=c, to find x. Am. jc= ^^S-^- ^g. a 

h. log. a 
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8. Girai a-^Jf^smctota^m. 



0. Given ("Obsfli^^ to find «. 

m. log* &— «• log* ^ 

10. Given »4-y=sa, and m^'i'tssit, to find x and y. 

Ant. «=sKH- lo«- «H- log. «)» y=5{fl— log. IH- log. »). 

11. Given o'J^se, and lajpsfw, to find « and y. 

. «. log. c .,^ ». log. c 

Am. *« — ; --? — ; ;»y=* — i r^— 1 L* 

M. k^. o+ii. log. h m. log. o+fi. Mg. b 

12. Given 2'.8'ss3000, and 8sss5», to find the values of a; and ^ 

Alts ^ 8(8+ log. 2) 6(8+ log- 2) 

81og.2+Alog.8' 3 log. 2+6 log. 3- 

2 loff. 2 
18. Given •*«-8rf'bB8, to find m. Am. a«-^-^. 

Sveonfnwf ^^ Tbia If a qaadratic fonn, therefore let ^=if and com- 
plete the aqaare. 

14. Given 2»+2«i=12, to find «. Am. x=sl .58496. 

15. Given 2a<*+a*^«««, to find x. 



.c 



i-'' - A. 



16. Given 4^+l=sb, to find x. 



* 2 log. > • 






Am. x=l£lJ^V^!=l>. -^ 

log«v £. 

17. Given a»»=y", and »»=sy', to find a? and y. ^ •. ; > r V^ '; 

.'. V • ' : ' . '. , • -*»*• *==2l» y=33. V . :. 

18. Given (ai-*^'<*"'^=<a-*)**f to find ». -i-A > ' ? 

log. (a+fc) 

19. Given («*— 2«»i>'+ft*)"'=<»-*)''(«-H')"'» *<> ^^^^ *• 

Am. »=l?ii.(^±) 
log. (a+V 

20. Given a^^sy*, and af=:y«, to find x and y. 

• A«.«=(?),-f„y=(|)A. 

21. Given 8f*'^"***+^^«i200, to find x. 

Am. a;==4.33» or — 4).33. 
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INTEREST AND ANNUITIES. 

Art. 3S4« T%e solution of all questions oonnected with inter- 
est and annuities, may be simplified^ and also {[[eneralized, bj means 
of algebraical formula. 

We shall employ the following notation : 
Let P=: the principal, or sum at interest in dollars. 
r= the interest of 19 for one year. 
iss= the time in years that P draws interest. 
A= the amount of principal and interest, at the end of t 
years. 

Note. — It mast be recollected that r is not the rate per cent., but only 
the hundredth part of it. Thus, for 5 per cent., r=s.05$, for 6 per cent. 
rss.06$ ; and so on. 

Abt. 38cI« Simple Interest. — Since the interest of the same 
sum for 2 years, is twice the interest for 1 year ; for 3 years, thrett 
times the interest for 1 year, and so on ; therefore, if 

r= the interest of 1 J for one year, 
/r= the interest of 1# for t years, 
Ftr= the interest of P$ for t years, 
.-. A==:P+P<r==P(l+<r). ....... (1). 

From this equation, any three of the quantities P, r, /, A, being 
given, the fourth may be found. Thus. 

^-^T+fr' ^HpT' '^—pT- 

Examples may be taken from any treatise of arithmetic to 
illustrate these formulae. 

Art. 886. Compoukd Ikterest. — Let R=l+r, the amount 
of 1$ for one year ; then at the end of the first year, R may be 
considered as the principal or sum due, and since the amount is 
-proportional to the principal, that is, the amount of R$ for 1 
year is R times the amount of 1 $ for the same time ) therefore, 

1 : R : : R : R^, the amount of 1$ in 2 years. 

1 : R : : R' : R3, the amount of 1$ in 3 years. 
And in like manner R' is the amount of l$in t years. 
Then, since for the same time the amount is proportional to 



(3> 
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the principAl, the amoont of P$ will be P times the unomit of 
1$. Hence, 

AssP.R<sP(l-|-ry ; whence, 

log. A= log. P+t log. (1+r) a). 

log. P=: log. A— <. log. a-K) (2). 

log.A— log.P 

log. (1+r) 

log.(lH^)== ^g'^7^^'^ (4). 

Car. 1.— The interest =sA— P=PE<— P=P(R«— 1). 

Cfor. 2.— If the interest is psid haffyeaHy, then 2t will be the 
number of payments, and ^ the rate of interest ; hence, in this 
case we have 

'^-'^i^+ir (^)- 

If paidfiMflerJy, A=p(l+M*'. .... (6). 

Cor. 3. — From the equation As=P.R<, we can readily find the 
time in which any som at compound interest, will amount to 
hoidtf Arieef or m times itself. 



Thus, if A=r2P ; then 2P=sPR' .-. R«=i2, and t= 



log. 2 



kg. R' 

if A=3P; then R< ssd, and ^= log. 3 -^ log. R ; 
if A=mP ; then R« =ifi, and 1= log. iih- log. R. 

Ex. I^t it be required to find the time in which any sum will 
double itself at 10 per cent, compound interest 
Here r=.10, R=l+r=l+.10=1.10; 

hence, fa lag^^ .301030 ^^ ^^^ ^^ 
log. R .041393 ^ 

Abt. SM. The increase of the population of a country may 

M computed on the same principles as compound interest Thus 

the Tateor* Pop«laUon at two different periods, we may find i 

.^^^A «r*u^?t'^^""® ' °'» If W6 know the population at any given i 

ti^^i «^r^* "** "f ^««««. '^« may determine tbe poW 
tion »t uy fntnre period. 
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Ex. Tbe population of the United States in 1790 was 
S900000, and in 1840, 17000000. Required the average rate 
of increase for each 10 years. 

Here there are 5 periods of 10 years each. Hence, by com- 
paring the quantities given, with those in equation (4), Art 886, 
we have A=:17000000, P=3900000, and ^3=5. 

log. A, (see table, page 316),. .*.... 7.230449 

log. P 6.591065 

Divide by 5 5 )0.689384 

log. (1+r) 1.342. 0.127877 

Hence r=l .342—1 =.342=34^ per cent. Ans. 

Abt. 888. Compound Discouitt.— The present value of a 
sum P, due t years hence, reckoning compound interest, is easily 
obtained from Art. 386. 

Let F= the present worth, then in / years, P' at componnd 
interest, will amount to P, .*. 

P=P'(l+0'» ••• P'=-^— . (1). 

Let D= Comp. Discount, then D=ssP— P'=P— — ? — (2). 

Prom equation (1), log. P'= log, P— < log. (1+r) (3). 

Art. 389. Annuities Certain. — An Annuity is a sum of 
money which is payable at equal intervals of time. 

When the annuity has already commenced, it is said to be in 
possession ; but should it not begin until some particular event 
has happened, or a certain number of years has elapsed, it is 
then called a deferred annuity, or an annuity in retoersion. 

An annuity certain is one which is limited to a certain number 
of years ; a life annuity is one which terminates with the life of 
any person, and a perpetuity ^ or perpetual annuity, is one which is 
entirely unlimited in its duration. 

All the computations relating to annuities are made according 
to compound interest. 

Art. 390. To find the amount of an annuity in any number of 

years, at compound interest. 

Let a denote the annuity, p tbe pre^ent yalue, m the amooQi ; 
and r, R, t, the same as i^ tba preceding articles. 
29 
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The first annuity a, becomes doe at the end of the year, and 
thna, in <— 1 years, will amount to nR'-^ (Art. 386). The sec- 
ond annuity becomes due at the end of two years, and in t — 2 
years it will amount to aR'~^ In like manner, the third annuity 
will amount to oR'*'* and so on to the last annuity, which is aim- 
ply o. Hence, the entire amount is the sum of a ^reometrical 
seriesy whose first term t^s^R'-^ oonunon ratio =sR, and last term 
Bsa ; therefore, by reversing the order of the terms, we haye 
i»»H-aR-faR>+<iR«+. . . . -|-aR*-2+aR'-». 

... (Art. 287), «=.|±^=aQ±!2±l. 
If the annuity is to be received in htdf^yearly instalments, 
th«i we have ^|.(i±k)!±.W Cl±iO!=!. ' 



4* \r r 

Cor. If d dollars are placed out annually for n successive years, 
and the whole be allowed to accumulate at compound interest, 
then will the amount A=rfR+rfR'+«/R»+. . . . +rfR". 

R«— 1 



A==ini(l+E-fR»-l-. . . +R-»)=<^R- 



R— I- 



Abt. 891. 7b Jlnd the preteni value of an annuity to he paiit t 
yeart, at compound interest. 

Let p denote the present value of the annuity a ; then the 
amount of ff in / years =yR» (Art. 386), and the amount of the 

Pi t 

annuity a in the same time is (Art 390) a,^ — L ; but these two 
amounts must be equal to each other ; hence, we get 

^ R— 1 '^R'CR— 1) R— 1\ R^/- 

Cor. If the annuity is to continue forever, t is infinite, and 
theroforo W U infinitely great, and ^ vanishes ; 

a a 



hence, ^ 



R— 1 r 



Abt. 899. To Jlnd ihe present value of an annuity in reversion ; 
thai w, an annuiiy ujkich i$ to commence at (he end of u years, and to 
continue t years. 



*/*£• 
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By Art. 391 > the present ralue of the ansuity for n-^i years, is 

-— ?L I 1 — ^ — ) , and the present value 

of the annuity for n years is — fL. / 1 — ^ j ; and the difference 
of these two sums is obviously the value in reversion, 

* ' ^ R— 1 \ R» R»+< / rR» \ R^ / \ 

If the annuity is payable /orever after the expiration of » years, 
then the value of the reversion of the perpetuity is (since t is 

infinite), p=-J-. 

EXAMPLES IN INTEREST AND ANNXTITIES. 

1. What is the amount of 1$ for 100 years, at 6 per cent, per 
' annum, compound interest 1 Ans, (339.28. 

2y How many figures will it require to express the amount of 
1$ tor 1000 years, at 6 per cent, per annum, compound interest 1 
. Ans. 26. 

3. How many years will it require for any sum of money to 
double itself at compound interest, at the rates of 5, 6, 7, and 8 
per cent, per annum respectively ? 

Ans. 14.2066, 11.8956, 10.2447, and 9.0064 yrs. 

4. Find^in what 'time, at compo'uncrinteresf, reckoning 5 per/c. .'^^, ' ' 
cent, per annum, $10 will amount to $100. Ana, 47.14 yrs. / '.'f 

^b. If P$, at compound interest, amount to*M$ in t years, what 
sum must be paid down, to receive P$ at the end of / years ? 

*6. Three children. A, B, C, who come of age at the end of 
0, b, c, years, are to have a sum of money $P divided among them, 
so that their shares being placed at compound interest, each shall 
receive at coming of age the same sum. Find the share of A, 

p 

the youngest. Ans. — : — - — . 

4 .. l+R.-*4-R-.- 

7. To what sum AviU an annuity of $120 for 20 years amount 
at 6 per cent, per annum 1 Ans. $4414.27. 



0^ 

I 
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^^ ?;/ ■ — : 

8. What is the present w<H'th of an annuity of 9250, payable 
yearly for 30 years, at 5 per cent, per annum 1 

M: 3?^^ A«. $3843.1135. 

9. What is the present value of an annuity of $112.50, to 
commence at the end of 10 years, and to continue 20 years, at 4 
per cent. 1 A^ l^i i- 39o Atw. $10*2.877. 

10. A debt of a$, accumulating at compound interest, is dis- 
charged in n years, by equal annual payments of b$ ; find the 
value of ». Ans. ^^log. ^~ log, (^^a) 

^^--^•"^^li^APTER XII. 

.^ GENERAL THEORY OF EQUATIONS. 

Art. 393. An equation is the statement of equality between 
two algebraic expressions. Equations are of different degrees. 

Prom what has been already shown (Art. 113), it is obvious 
that 

ax-\-b=0, is an equation of the 1st degree. 
a:2+6r-|-c=0, is an equation of the 2nd degree. 
sfi'\-bx^-{-cX']-d=0, is an equation of the 3rd degree ; 
and in general, 
t«+AaJ»-»+Baf»-34.Car-i_j-. . . ; ^.^^^y^o^ 

is an equation of the n*^ degree. The coefficients, A, B, C, Slc., 
may be positive or negative, integral or Pactional ; and either of 
them may be equal to zero. The coefficient of the highest power 
of X is represented by unity, because if it is not unity, the equa- 
tion may be reduced to this form by dividing by such coefficient. 

Art. 394. The root of an equation is such a number, or 
quantity, that being substituted for the unknown quantity, the 
equation will be verified. Thus, in the cubic equation a^-^-^x^ 
— 14a; — 3=0, the root is 3, because when this number is substi- 
tuted for X, the first member becomes equal to the second. 

Every equation must have at least one root, for if there is no qaan-^ 
tity whatever that will satisfy the equation when substituted for 
the unknown quantity, then is the equation itself not true. 
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K function of a quantity is any expression dependent on that 
quantity. Thus, 2a;-l'3 is a function of x, 

bx^t is a function of x, 

Ix — 3y', is a function of x and y. 

In a series, when the signs of two succestfive terms are dlike^ 
they constitute a ^permanence, when they are unlike, a variation. 
Thus, in the polynomial, 

— r — s-\'i-\-u, 
the signs of the first and second terms constitute a permanence, 
of the second and third a variation ^ and of the third and fourth a 
permanence. 

Abt. 395* Pbof. I. — If a is a root of any equation, 

af»+Aaj*-i+Ba«-2+Ca»-»+. . . . +Tar+V==0, (»), 
then win the equation be divisible by x — a. 

For if a is one value of x, the equation will he verified when a 
is suhstitined for x. This gives 

d"+Aa»-»+Ba«-3+Ca"-'+. . . . +Ta+V=0; 
or, V=--a«— Atf"->— Ba"-2— Ca»-3— . , . . — Ta. 

Substituting this value of V in the given equation, and arrang- 
ing the terms according to the same powers of x and a, we have 
(a«-^«)-|_A(af»-'— o«-0+B(a:"-2— tf«"2)-}-. . . +T(a^— a)=0. 

Now, (Art. 83), each of the expressions (of — a"), (jc"~* — a*^*)* 
&c., is divisible by x — a, therefore the given equation is divisible 
by X — a. 

Cor. Conversely, if the equation 

af*+Ax^^+Bof*-^+. . . . +Ta?+V=0, (n) is divisible 
by X — a, then a is a root of the equation. 

For if the equation (n) is divisible by J^--a, if we call the quo- 
tient a, we have (a? — a)Q=0" (»), 
which may be satisfied by making x — a=0, whence xs=:a, 

D'Alembebt's fboof of Pbof. I. — If said division leave a re- 
mainder, let it be called R, and the quotient Q, ; then the equation 
(n) becomes 

(ar— fl)<l+R=0. 

But X — a=0, .'. R=0; that is, there is no remainder on divid- 
ing equation (n) by x — a. 

Illustbatiob 1. In the equation a:*— Ox^+^Bo?— 24=50, the 
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roQU are 2» 3, And 4 ; and the equation it diyiaible hj a»— 2, 
»— d, and JD-^. 

2. In the equation «*-(-«'— 14v — ^24ss0, the roots are — 2^ 
— 3, and 4; and the equation ia divisible by «+2, «4-3, and 



Abt. 81KI. Psor. II.-* Every equation containing btU one «ji- 
knawn quantityt has as many roots as there art units in the number 
denoting its degree; that is, an eguaUon of the 7^ degree has n roots. 

Let a be a root of the equation 

*"+Aj!— '+Bjf-'+Cjr-»+. . . . +Tar+V=0 (n) 
By Art. 395 this equation is divisible by x — a. If we perform 
the division, and denote by A,j Bj, &«., the coefficients of the 
powers of x in the quotient after the highest, equation (n) 
becomes 

(«— fl)(«^»+A,«^»+B,a^«+. . . . +T,a;+V,)=0." 
This equation will be satisfied by making 

a:^«+A,«^»+B,x^"+. . . . +T4a?+V,=0. 

Now this equation must also have a root, which may be denoted 
by 6; it is therefore (Art. 395) divisible by x — h, and may be 
placed under the form 

(a^-*X«^3^.A,af-«+B,a!^*+. . . . +T,x+V,)=0. 

This equation will be satisfied by placing the second member 
equal to zero, which gives another equation of a degree still 
lower by a unit, and as x must here also have some value, as c, 
this equation must be divisible by x — c ; and if the division be 
performed we shall have an equation of a degree still lower by a 
unit. 

It is evident that if this operation be continued, the exponent 
A will be exhausted, and the last quotient will be unity ; hence, 
calling the last root I, we shall have 

(a^— a)(«^ — b)(x — c)(x^-d),, . . . (x — 0=0, which is satisfied 

by making a;=s:a, 6, c, d,. . • . or 2; that is, there are n 

quantities, either of which, when substituted for x, will satisfy 

the conditions of the equation ; or, in other words, the equation 

has n roots, a, 6, c, d, &c. 

Cor, 1 . From this theorem it follows that if we know one root 
of an equation, we may, by dividing (Art. 395), find the equation 
containing the remaining roots. Hence, when all the roots of an 
equation but two arc known, it may be reduced to a quadratic by 
division, and the remaining roots found by methods already given. 
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Thus, one root of the equation a?»— 12jp2-|-^'^*"^^"=*^» *• ^> *n4 
by dividing it by * — 5, the quotient in »^-—lz^l2^ssO, of whlcb 
the roots are found to be +3 and -f4. 

Cor, 2. From the preceding, it is obvious that when any equa* 
tion, whose right hand member is zero, can be separated into fac- 
tors, the roots of the equation may be found by plaeing each of 
the factors equal to zero. Thus, in the equation jc'-.-l=sO, by 
factoring we have (a:+l)(ip — l)=sO, .•. «+l=0, and x — IssK), 
whence x= — 1, and a:=:-j-l. 

Again if x^'\Ax=0, we have a<*+4)==^> whence a?=0, and 
«=— 4. (See Art 254.) 

EXAMPLES FOR PRACTICE. 

1. One root of the equation a;^—llx^-2Bx+^6f^ is^lf 
find the equation containing the remaining roots. 

Ans. a?«--12jp+35=:0. 

2. One root of the equation a:»— 9«2+26a?— 24=0 is 3; find 
the remaining roots. Ans, 2 and 4. 

3. One root of the ^nation «*— 7a7-|-6=0 is 2; find the 
remaining roots. Ans, 1 and -^. 

4. Two roots of the equation a?<+2x*— 41a?2— 42x4-360=*0, 
are 3 and — 4; required the remaining roots. Ans* 5 and --6. 

5. Two roots of the equation **— S^'-^af'+O*— 2=0, are 
-f-l > ftnd — 2 ; find the remaining roots. 

Ans, 2+^3, and 2—^3^ 

Rkmarks. '1. When it is stated, for example, tiiat «=:4 and x=S, in 
the same equation, it is not to be understood that x is equal to 4 and 3 at 
the same time, but that x is equal either to 4 or 3* 

2. This proposition proves that an equation of the nth degree is earn* 
posed of n binomial factors, but these are not neeessarily unequal. Two ' 
or more of them may be equal to each ether. Thus, tha equation 
4;3_6x«-|-12ap— 8=0, is the same as (ar— 2)(j:— 2)<jr— 2)=0, or (a>-2)» 
=0, from which, by placiug each factor equal to xero, we find the three 
roots to be x=2, x=2, and x=2. 

Art. 397. Prof. III. — No equation can haw a greater mmher 
of roots than there are units in the number denoting its degresj that 
is, an equation of then*'' degree can have only n roots. 

If it be possible let the equation 

*»+Aa^'»+BjB«-'+C«-»+. . . . +TjH-V=»0. 
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BMides the n roots «, h, e» d, &c., IwTe another root, r, not iden* 
tieal with either of the roots a, h, c, d, die. ; then since r is a root 
of the equation it most be divisible by «— ^ (Art. 395) ; this 
I^Tes 

or («-«X*--»X»-«)- • (*-W)«(»-rX«^'+A'«*-'+,&c.) 
But since r is a value of x, we have, by substitution, 
(,^_^Xr-*)(^-<). . . (r— 0=(r-r)(ar-»+A'a:^>+, &cO 

Now the second member of this equation is =0, because 
(r^-r)=0; but the other side cannot be 0, since r is not equal to 
any of the quantities a, h, c, &c ; hence the supposition is absurd 
that X can have any value other than a, 6, c, d, . . L 

Art. SUS. Pbop. IV.^ To diaeover the rdalUm hdvxoi Uie 
eoiffidenU of an equation, and its roots. 



Utxzsa, ^ Then, r»-a=0, 

«=c, [ J a?— c==0, 

x=sdf die. J v*^— rf=0, &c. 



By multiplying together the corresponding terms of the last 
set of equations, we have (od^— «X*— *X«^-«)(*-^=OXOxO 
X0=0. 
« If we perform &e actual multiplication of the factors, we find 

--^abd 



^-«Se hB+at)cd' 
31 '=0. 



+tfC 

+ad 
+bc 
+W 
+crf 

Similarly, in the equation of the n^ degree, 
*»+A«^»+Bjr-H-»^<^-»=(*— «)(*— *)(*— <^)« • («^=0. 
If we perform the multiplication of the n factors, we shall have 
*— li 6 ' €• • • • « I A J 
db+ae-^. . . . +W=B ; 
dkfc=C; 



dboJol. ... «=V. 



The double sign is placed before the last term, because the 
product — aX— ^X— c. . . . X — h will be phts or minus, ac- 
cording as the degree of the equation is even or odd. Hence, 



GENERAL THEORY OP EQUATIONS. 846 

' }. The coefficient of the second term of any equation, is equal to 

' ihe sum of aU the roots, with their sigTts dianyed, 

2. The coefficient of the third term is equal to the sum of the pro* 
ducts of aUihe roots taken two and two, 

3. The coefficient of (he fourth term is equal to the sum of the prO' 
duds of all the roots taken three and three, with their signs changed. 

And so on, and 

4. The last, or absolute term, is equal to the product of all (he roots. 

Cor. 1 . If any term of an equation is wanting it is because its 
coefficient isQ, 

2. If the 2*^ term of any equation is wanting, the sum of the 
roots is equal to 0. 

3. If the ^"^ term of any equation is wanting, the sum of the prO' 
ducts of ihe roots, taken tioo and two in a product, is equal to 0. 

^, If the absolute term is wanting, the product of the roots must 
be 0, and hence one of the roots must be 0, 

5. Since the last term is ihe product of aU the roots, therefore it 
must be divisible by each qfrthem; that is, every rational root of an 
equation is a divisor of the last term, 

EXAMPLES ILLUSTRATING THE PRECEDING PRINCIPLES. 

1. Form the equation whose roots are 3,4, and —-5. 

The equations x =3, ic=:4, and a:=— 6, give x — 3=0, aj-*^=0, 
and a?+5=0; 
hence, (a?— 3)(a^— 4)(a?+5)=a:'— 2«'— 23a;4-60=0. 
Here 3+4— 5=+2, the coefficient of the 2'"' term with a 
contrary sign. 
3X4+3X— 5+4X— ^==— 23, the coefficient of the 3"* term. 
3X4X — 5= — 60, the last term, with the minus sign; because 
the degree of the equation is odd. 

2. What is the equation whose roots are 2, 3, and — 5 1 (See 
Cor. 2.) Ans, a?^— 19a5+30=0. 

3. Find the equation whose roots are 3, — 2, and 7. 

An*. a:»r- 8a?2+a;+42=r0. 

4. Form the equation with roots 0, — 1, 2, and —-5. 

Ans, a:4-|-4ar2— 7x2— 10a?=0. 

5. Form the equation whose roots are — 2, -}-4, and -f4 
(See Cor. 3.) Ans, a^— 6ar»+32=0. 
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6. Find the equation whose roots are 1-1-^^3, and 1 — ^S, 

Afu. ««— 2a?— 2as0. 

7. Find the equation whose roots are l=h^/2 and ^-^z^J^- 

Ans. «*— 6jj»+8jt»+2*^ls=0. 

B. What is the A^ term of the equation whose roots are — ^2, 
—1,1,3,4? . .j/ . ' Ans. 29x'. 

9. Find the middle term of the equation whose r^trlirea, 3, 
1,-1, —2, —4. Ans. 28jc«. 

10. Form an equation of the 4** degree, when two of the roots 
are — J2, and 4-V--3. * Ans. «*4-*^— ^==0- 

^ ^ Akt. 309. Prof. v. — No equation having unity fo^ the coifi* 
dent of the first term, and all the other coefficients integers, can have 
a root equal to a rational fraction. 

Take the general equation of the n'* degree, and suppose all 
its coefficients integers, 

«»+Ax»->+Ba;»-'+. . . . +Tx+V=0. 

If possible, let -, a fraction in its lowest terms, be a root of 
b 

this equation ; then by substituting it for x we have 

i+A?r!+B2r.+. . , . +i?+v=o. 

Reducing all the terms to a common denominator. 



i^ • ^ ' 6» 



Transposing all the terms to the second member, except the 
first, and omitting the common denominator, 

«"=— Afl— »6-.Bfl-'6'— . . . . ^Tflfc^»— V6». 
Dividing both members by 6, 

^==— Aa"-»— Bo^'fr-. . . . — Tat"-^V6»-i. 
b 

But, by hypothesis, a and b contain no common factor, therefore 

^ is an irreducible fraction, and the right member is a series of 

integral quantities ; therefore, an irreducible fraction is equal to 
a series of integers, which is absurd. Hence, the supposition 
which leads to this conclusion is absurd, namely that the equation 
has a fractional root 
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RxMAiiK. — TbiB proposition only proves that ia an equation of the 
form described, the real roots must be integers, otherwise they cannot 
be exactly expressed in numbers. It often happens that the roots of an 
equation can be expressed approximately by fractions. Thus, in the 
equation x^ — 3a:* — 5j?4-10=0, one of the roots is — % and the other 
two are expressed nearly by 1.382, and 3.618. 

When a real root cannot be expressed exacUy in numbers it is 
termed incommensurable. 

Art. 400. Prop. VI. — If the signs of (he alternate terms of an 
equation he changed, the sign* of all the roots will be changed. 

Let a foe a root of the equation 

x''+Ax^'+Bx^^+Caf'-*+. . . . +V=0, (1) 
then a«+Aa«-i+Ba»^2^Ca»-'+. • . . +V==0, (2) 

By changing the signs of the alternate terms of equation (1 ) 
it becomes 

a:"— Ax»-»+Ba:»-2_Cj?»-»+. . . . zhV=0. (3) 
By substituting — a for x in this equation, we have 

a"— Aa"-»+Ba«*2-_Ca"-« rbV=0. (4) 

Now if » be even, the 2"**, 4'*, &c., terms will contain odd 
powers of a, which will be negative (Art. 193), and the signs of the 
terms being negative, the results gf each term will be positive ; 
hence, the whole result will be the same as that produced by the 
substitution of a for x in equation (1). 

But if n be odd, the odd powers of a will be negative, and the 
even powers positive ; and the signs of the same terms being 
negative, these terms will be negative, which will render all the 
terms of (4) negative. 

But this result is the same as that which would be produced by 
multiplying all the terms of (2) by — 1. Hence, if a is a root 
of equation (1), — a is a root of (3), whether n be odd or even. 

Remark. — If the signs of aU the terms be changed, the signs of the 
roots will remain unchanged, because tliis is the same as multiplying 
both members by — 1. (Art. 148.) 

Ex. 1. The roots of the equation a?'-l-2a?— 24=0, are 4 and 
— ^ ; what are the roots of the equation x^ — 2a?— 24=0 1 

Ans. —4 and G. 

2. The roots of the equation a;>— .Sa:*— lOor-f 24=0, are 2, 
— 3, and 4; what are the roots of the equation «*4"3*' — 1^* 
—24=0. 
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Akt. 401. Paor. VII.— When the eoegicienU <f €» equation 
are real, if it amtatru imaginary roots, the number of thete roois 
must be even* 

If «+6^— 1 be a root of the equation 

then Of^tJ — ^1 is aim a root. 

In the equation subatitnte a-^-hJ — 1 for ar« and the result will 
consist of two parts : l'*, possible quantities which inyoke the 
odd and even powers of a, and the even powers of b,J — 1 ; and 
2"^, impossible quantities which involve the odd powers offt^ — 1; 
call the sum of the possible quantities P, and of the impossible 
QlJZZx^ then P+QV"^ ^ *^® whole result ; hence, 

P+QV^=0. 
But the first quantity being real, and the second imaginary, in 
order to satisfy the equation, each of the quantities must be 0; 
this gives P=0, and ClV--3=0. 

Again, let a~^J — 1 be substituted for x, and the 1" part of 
the result will be the same as before, and the 2"^ part, which 
arises from the odd powers of bj — 1, will differ from the former 
imaginary part only in its sign ; therefore, the result will be 
P — Q^^3 ; but since P=0, and Q^^^=0, we must have 
P— Q7^=0. 

Hence a — &</— 1 is a root of the equation, since its substitu- 
tion for X gives a result equal to 0. 

Car 1.— If for b»J~l we put Jb, it is evident that in the re- 
sult we must put JQ, instead of QV^» »o that P+VQ=^> 
and therefore P — ^Q=0; hence, surd roots of the form fl±V^> 
enter an equation by pairs. 

Cor. 2. — In the same manner it may be proved that roots of 
the form zt&^— 1 , or :h»Jh enter equations by pairs, for in both 
cases we have only to make a=0. 

Cor. 3 . — Since irrational and imaginary roots always occur in 
pairs where the coefficients are real, it follows that every equa- 
tion of an odd degree must have at least one real root. 

Cor. 4. — Corresponding to any pair of imaginary roots 
a-±3)J — 1, we ehall have in the equation, the quadratic factor 
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therefore every equation of an even order, with real coefficients, 
is composed of real factors of the second degree. 

Ex. 1. One root of the equation jr»— 26a:+60=0 is —6 ; 
required the other roots. Ans. 3ib V — 1 . 

Ex. 2. One root of the equation a* — 1505+4=0 is — 4 ; re- 
quired the other roots. Ans. 2iii^3. 

Ex. 3. Two of the roots of the equation x* — 4a:»— 7x'+26a: 
— ^14=0 are 8+^^, and 3 — »J2; required the remaining rooto. 

Ans. — l:fcV3^ 
Ex. 4. One root of «»— 7««+13a?— 3=0, is 2—^3; find the 
other rooto. Ans. 2+^3 and 3. 

Ex. 5. One root of a?<— 3af»— 42aj— 40=0 is —2(3+^—31); 
find the other roots. Ans. — 2(3 — ^ — 31), 4, and — 1. 

Ex. 6. Two roots of «»— 10a:<+29«»— 10a:'— 62a?+60=0 are 
3 and J2; find the other roots. Ans. —^2, 2, and 5. 

Aet. 402. Prop. VIII. — Descartes' Rule or the Signs. — 
No equation can have a greaier number of positive roots than there 
are variations of sign ; nor a greaier number of negative roots 
ihan there are permanences of sign. 

In the equation x — a=0, where the value of a; is 4-^, there is 
one variation, and one positive root. 

In the equation jp-4'-a=0, where the value of x is —a, there is 
one permanence, and one negative root. 

In the equation ip^— (a-|-&)j:-|-a&=0, where the values of x are 
-f-a and -\-b, there are ttoo variations and tioo positive roots. 

In the equation a;'+(a+J)a:-f-<i&=0, where the values of x are 
— a, and —-6, there are tv)o permanences, and tioo negative roots. 

In the equation x^ — x — 12=0, where ar=-|-4, and — 3, there 
is one variation, and one positive root, and one permanence, and one 
negative root. 

If we form an equation of the third degree, (Art. 397), whose 
roots are +2, +3, +4, we shall have x»— 9x'+26a?— 24=0, 
where there are three variations, and three postUve rooto. 

But if we form an equation whose rooto are — 2, — 3, -|-4, we 
shall have ix^-^x^ — 14a^— 24=0, where there is one variation, and 
one positive root, and tioo pamuxnencn, and two negative rooto. 



•60 IIAT»8 ALOBBRA, PART BECONV^^ 

To prove the propoBition geDerally, let the sigDe of the temw 
in their order, in any comfkU equation, be 

-| — h — H 1 — 1 — h» "^^ 1®* * ^^^ factor 

X — assO, corresponding to a new positive root be introduced, the 
signs in the partial and final products will be 

+ - 

+ - + - 



Now in this product, it is obvious, that taek permanence is 
changed into an ambiguity ; hence, the permanences, take the am- 
biguous sign as you will, are not increased in the final product of 
the introduction of the positive root '\-a ; but the number of signs 
is increased by one, and therefore the number of variations must 
be increased by one. Hence, the introduction of any positive 
root introduces, at least, one additional variation of sign. 

Now the equation a>— a^=0, contsins one positive root, and has 
one variation of sign. Therefore, since every additional positive 
root introduces, at least, one additional variation of sign, the nwn- 
ber of positive roots can never exceed the number of variations of 
sign. 

Again, if we change the signs of the alternate terms, the roots 
will be changed from positive to negative, and conversely (Art. 
400). Hence, the permanences in the proposed equation will be 
replaced by variations in the changed equation, and the variations 
in the former by permanences in the latter ; and since the 
changed equation cannot have a greater number of positive roots 
than there are variations of sign, the proposed equation cannot 
have a greater number of negative roots than there are permanences 
of sign. 

Cor. 1. Since the whole number of variations and permanences 
is evidently equal to the degree of the equation, (the equation if 
not complete being rendered so by the introduction of ciphers). 
Therefore, if the roots of an equation be all real, the number of 
positive roots must be equal to the nun]}>er of variations, and the 
number of negative roots to the number of permanences. (See 
examples, pages 343, 345.) 

2. By means of this theorem we can often determine whether 
there are imaginary roots in an equatiim. 
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For example, the equation 

a:3+16==0, 
may be written a:'db:()a?+l6=0. 

Now, if we take the upper sign there are no variations, hence 
there is no positive root ; and if we take the lower sign there are 
no permanences, hence there is no negative root. But since the 
equation has two roots (Art. 396), they must, therefore, both be 
imaginary. 

In like manner the cubic equation 

• a;»+Ba;+C=0, . 
may be written a^±!i)x^+Ba:+C=0. 

Now if we take the upper sign there are no variations, and 
consequently no positive root. But if we take the lower sign, 
there is one permanence, hence there can be but one negative 
root. Therefore, the other two roots must be imaginary. 

Akt. 40S. Prop.*J^X. — If iiDO mimftcr*, when suhstUuied for 
the unknown quantUy in an equationy give results effected wUh differ- 
ent signs, one root at least of this equation lies between these numbers. 

Let the equation, for example, be 

If we substitute 2 for x in this equation, the result is — 2\ and 
if we substitute 3 for x, the result is -j-13. These results have 
different signs, and it is required to show that there must be one 
real root, at least, between 2 and 3. 

The equation may evidently be written thus, 
(aj8_i_ar)— (a?2+8)=0. 

Now in substituting 2 for a?, 3^-^x^=10, and a?^-f-®=J2> 

also, in substituting 3 for x, a:*+x=30, and aj'4-8=l'7> 

Now both these quantities increase while x increases, but the 
first increases more rapidly than the second, since when x=2, it 
is Uss than the second, but when ar=3 it is greater. Consequently, 
for some value of a: between 2 and 3, we must have ic'+XTsx^-j-S, 
and this value of x is, therefore, a real root of the equation. 

In general, suppose we have an equation X=0, where X rep- 
resents a polynomial involving x, and that two numbers, p and 9, 
when substituted for x, give results with contrary signs. Let P 
be the sum of the positive, and N the sum of the negative terms ; 
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also suppose that when x=p, P — N is negative, or P<^N, and 
that when x=9, P — N is positive, or P>N. 

Suppose X to change hy imperceptible degrees from p to q^ 
then P and N must also change by imperceptible degrees, and 
bolh increase, but P must increase faster than N, otherwise from 
having been less it could never become greater; there must, 
therefore, be some value of x between p and q, which renders 
p=N, or satisfies the equation X=sO, and this value of x is, there- 
fore, a real root of the equation. 

Cor. If the difference of the two numbers, p and 9, which give 
results with contrary signs, is equal to «n%, it is evident that we 
have found the inUgral part of one of the roots. 

Ex. 1 . Find the integral part of one value of x in the equation 
ar4— 4x>+3x»+»-5=0. 

If X3a3, the value of the equation is — 2, but if x=s4, the 
value is 47. Hence, a root lies between 3 and 4; that is, 3 is 
the first figure of one of the roots. 

2. Required the first figure of one of the roots of the equation 
x«— 5x»— «+l=0. Arts. 6. 

TRAKSFOKMATIOK OF EQUATIONS. 

Abt. 404. The transformation of an equation is the changing 
it into another of the same degree, whose roots shall have a speci- 
fied relation to the roots of the given equation. 

Thus, in the general equation of the n'* degree 

x»+Ax»->+Bx"-». . . . +Tx+V=Oj (1) 

if — y be substituted for x, the equation will be transformed into 
another whose roots are the same as those in (1), but with con- 
trary signs, for y=s- 



If - be substituted for x, the roots of the new equation in y 
will be the reciprocals of those of equation (1), for y=-. 

X 

Akt. 405. Prop. I. — To transform an equation tnio one whose 
roots are the roots of the given equation mvUiplied or divided by any 
given quantity. 

Let a, h, c, &c., be the roots of the equation 

x»+Ax"-»+Bx^5. . . . +Tx-f-V=0; 
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assume y=kx, or x=^ i then substitute this value for x, and th 
proposed equation becomes 

then, multiplying by &", we have 

y»+A*3r-i+BiV*"'- • • • +Ti»-»j4-^V=0. 

Since y=kXi the roots of this equation are ka, hb, he, &o. 

It is evident this equation may be derived from the proposed 
equation, by multiplying the successive terms by 1, A;, k^, ^>, &c., 
and changing x into y. 

In the case of division, assume ^=~) or x=ky, and substitute. 

Ic 

Cor, By this transformation an equation may be cleared of 
fractions, or if the first term be affected with a coefficient, that 
coefficient may be removed. 

Ex. Let it be required to transform the equation 

into one which is clear of fractions, and which has unity for the 
coefficient of the highest term. 

By multiplying by 6, we have 

Let y=QXi or a^^^y, and the equation becomes 

and multiplying by 6^ we have 

an equation of the required form. 

Ex. I . Find the equation whose roots are those of the equation 
X^-^-ls^ — 4a:-|-3=0 multiplied by 3. 

Ans. y*+63y2—l08y-f 243=0. 

2. Find the equation whose roots are each 5 times those of 
the equation a!^+2x' — ^7a?— 1=0. 

Ans, y<+10y»-^75y-^25=0. 

3. What is the equation whose roots are each ^ of those of 
a:>-^dr3^a;+1080^ Ant. V-^Gj^^-Hy-^^aaO. 
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4. What li the equation wboae rooU are each ^ of those of 
«*+18«>+99ar+81=0 taken negatively 1 

Tranafbnn the equation x* — 2«'-|'iji^— 10=0, into one hav- 



ing integral coefficients. 



Afu. y«— «y»+3y-.270==0. 



Akt. 406. Pbop. II. — 7b fronfform on equation nOo one whom 
rooU are grtaier or feff iy oi^ ^toen qitanJtit^ than Ai oarretponding 
roott rf the frofotoi e^pialUm. 

Let the ptopoeed equation he 

whoae roota are a, 6, e, &c 

The relation between x and y will be expreaaed by the equation 
y=x±r. As the principle is the same, whether x is increased or 
diminiahed, we will consider the case where y— x r. This ^vea 
xay-l^y and by aobatitating this for x in the proposed equation, 
we have 

(y+rr+A(3H-r)"^'+B(y+r)->. . • . +T(y+r)+V=0. 

Developing the different powers of y-f^ by the Binomial the- 
orem, and arranging the terms according to the powers of y, we 
have 



+A 



y-i. 



1-2 

+(«— l)Ar 

+B 



+Af-^» 
+Br^' 



+Tr 



=0. 



Now since yssx 



r, the values of y in this equation are 



Art. 40T. Cor. — By means of the preceding transformation 
we may remove any intermediate term of an equation. Thus, 
to transform an equation into one which shall want the second 

term, r must be assumed, so that nr+ A=0, or r=— -. To take 

away the third term, ^n(n— l)r2+(fir— l)Ar+B must be put =0, 
and the value of r derived from the solution of this equation. 

The pupil muy solve the following examples by the preceding 
principles : 
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1. Transfbrm the equation «'^*7«4-'7=^ into another Whose 
roots shall be less by 1 than the corresponding roots of this 
equation. Am. y'+Sy ' — *y-|r 1 =9 . 

2. Find the equation whose roots are less by 3 than those of 
the equation «^— 3««— 15a:2_j_49j,_12=s=0. 

Af». y*+9y»+12y2— 14y=a. 

S. Transform the eqtlation ar»— 6a?2+8jc— 2=0 into another 
whose second term shall be absent. 
Here A=— 6, n=3, .*. r=2; hence, «=y+2. 

Ans. 3/8—4^—2=0. 

4. Transform the^quation x^'\-2px--q=0 into another want- 
ing the second term. Ans. y^ — p^ — ^=0. 

Abt. 408* There is a more easy and elegant method of per- 
forming the operation of trimsformation, so as to increase or 
diminish the roots of an equation, than by direct substitution, 
which we will now proceed to explain. 

Let the proposed equation be 

Aa;*+Bx»+Caj2+Da:+E=0, (1) 

and let it be required to transform it into another, whose roots 
shall be less by r ; then y^^x — r and a=y-f-f 
By substituting y-|-r, instead of a;, we have 

A(y+r)*+B(y+r)>+C(y+r)2+D(y+r)+E=0. 
By developing the powers of ^4"^, and arranging the terms ac- 
cording to the powers of y, as in Art. 406, the transformed equa- 
tion will take the form 

Ay^+B.y»+C.y»+D,y+E,=0. (2) 

where the coefficient A must evidently be the same as in equation 
(1), while the coefficients Bp Cj, Dj, and Ej, are unknown 
quantities to be determined from the calculation. For y substi- 
tute its value x — r, and equation (2) becomes 

A(a?— r)<+B,(a^-r)»+C,(a^-^)'+D,(a^-rH.E,=0 (3) 
Now since the values of x are the same in equations (1) and 
(3), it is evident these equations are identical. Hence, whatever 
operation is performed on equation (1), the result will be the 
same as if this process had been applied to equation (3). Now 
as the object is to obtain the values of the coefficients B,, C,, 
&c., let equation (3) or (1) be divided by x — r, and it is evident 
that the quotient will be 

A(«u-r)»+B,(a^)»+Cj(a^)+D„ 
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mud the remainder will be the laet ooCftcieiit £, ; henoe» S, ie 
determined. 

Again* divide this quotient bj »— r, and the next quotient wiH 
be 

A(«— r)»4-B,(*— rH-C, with a remainder D, ; 
hence, D, ia determined. Dividing again by x — r we get the re- 
mainder C, ; and laatly, by another diviaion, we obtain the 
remainder B, ; and thua we find all the coefficienta of equation 

(8). 

To illustrate this method we will now proceed to solve Ex. 1 , 
Art. 407; that is, to find the equation whose roots are less by 1, 
than those of the equation «• — 7x+7=0. 

Here y=x—A , and we proceed to divide the proposed equation 
and the successive quotients, by a^— 1. The successive remain- 
ders will be the coefficients of y in the transformed equation, ex- 
cept that of the highest power, which will have the same coeffi- 
cient as the highest power of x in the proposed equation. 

»— !>?»— 7*+7(«3+»-6 »-l)a?»-HP-6(ar-|-2 

""+?— 7« +2ay-S 

g^— OP 2a?— 2 

•^a;-f-7 ^'nA- >*■»• — j 
— 6x+6 

IstMB. —4-1. X— 1)«+2(1, MLqmot 



Sid. ran. ss-|-3 

Here the last quotient is 1, and the successive remainders are 
-|-8,— 4,and -|-1. Comparing these with the general equation, 
we have A=l, B]S5-|-3, C,ss— 4, and DiS-f"^. Placing these 
as coefficienta to the respective powers of y, the transformed equa^ 
tion isy'+Sy'— 4y+ls=0. 

This method of transforming an equation, would not, in gen- 
eral, be shorter than direct substitution, vere it not that the suc- 
cessive divisions may be greatly shortened by a process, called 
from its discoverer, Hobheb's Sykthetic Method of Division, 
which we shall now proceed to explain. 

Art. 409* Stkthetic Divisioh. — This may be considered as 
an abridgment of the method of division by Detached Coefficients 
(Art. 77). To explain the process, we shall first divide 5a:* — 12x' 
-{-^x'-|-4a^— 5 by a>— 2, by detached coefficients. 
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VMm i_3)5— 12+8+4— 6(5— 2— 1+2 (|u»ilw*. 
5—10 or 5«»— a«^-«+2. 

—2+3 

—2+4 
"-1^+4 

4^—5. 
2—4 
^1 B«m. 

By changing the signs of the terms of the divisor, except that 
of the first term, which must not he changed, as hy means of 
that we determine the signs of the respective terms of the quo- 
tient, and adding each partial produa instead of subtracting it» 
except the first term, which being always the same as the first 
term of each dividend, may be omUUd, the operation may be 
represented thus : 

1+2)5—12+3+4—5(5-2—1+9 
♦+10 

"^=5+3 




Let it be observed that the figures over the stars an the co«fl& 
cients of tiie several terms of the quotient. It will also be seen 
that it is unnecessary to bring down the several terms of the 
dividend. Hence, the last operation may be represented as fol« 
lows: 

+2)5—12+3+4—5 
+10—4-2+4 
— 2—1+2—1 

In this operation 5 is the first term of the quotient, +10 is the 
product of +2, the divisor, by 5; the sum of +10 and — ^12 
gives — ^2, the second term of the quotient, —4 is the product of 
+2, the divisor, by — 2, the second term of the quotient, and the 
sum of — 4 and +d gives — 1, the third term of the quotient, 
and 80 on. The last term, — 1, is the remainder. 

Supplying the powers of «, the quotient is 5«*— 2«^— «+3| 
with a remainder —1. 
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A ■iodlar tt«llMd mmf be iim4 wImb Um iMaot eootaiM three 
Unnt ; uid if tiie MMeieal of the tint torm of the dmaor is 
not onitjr, It may bo modo luity by dividing both dividend and 
divisor by the coefficient of the first term of the divisor. Tha 
method, however, is rsrely used except when the divisor is a bino- 
mial, the coefficient of whose first term U 1. 

In the application of Synthetic division, when any term of an 
equation is absent, iU -place mnst be snppiied with a sero. ^ 

Abt. 410. We shall new illustrate the nse of Syatbetic 
division in the tnmsfonnation of e g nat io n s , by the method 
deeeribedinArt408. 

1. Let it be required to find the equation whose roots are less 
by 1 than those of the equation «*— >7x-|-7. 

To effect this transformation, it is required to find the suc- 
cessive remainders which arise from dividing a^ — ^x+^f and the 
successive quotients by jp— 1. 

Since the eecond term is wanting, its place must be supplied 
with 0. Also, in arranging the operation, it is customary to 
place the second term of the changed divisor on the ri^^t, as in 
division. 

OFBBATZOV BT eTXTRXTIC 9IVISI0V. 



+1 


-7 +7 (+1 
+1 -6 


+1 
+1 


S +1 .-. +1— 1- B. 


+8 
+1 


—4 .-. — 4=8-E. 


+8 


.-. -}-3=»S-E. 



Hence, the required coefficients are 1, +3, —4, and -f-l* 
•*. y'-l-d^'— 4y-4-l=^ i* the transformed equation required. 
S. Transform the equation 5ar«+28dE*+51«s+d2«^1ssO,i]i. 
to another having Its roots greater by 2 than those of the given 



Here, y=sx4-2,* hence, to find the coefficients of the trans- 
formed equation, we must find the successive remainders arising 
from divUIng the proposed equation and the successive quotients 
by »-|*2. Changing the sign of +2, the operation is as follows: 
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6 4-88 +61 +82 ^1 (—2 

^10 —36 -^0 -^ 

+18 +15 +2 -^ .-. — 5= 1*E. 

—10 —16 + 2 

+ 8 — 1 + 4 .-. +4= 2~' R. 

—10 + 4 

— 2 + 3 .-. +3= 8^ R. 
—10 



—12 .-. —13= 4» R. 

Comparingf this with the general equation (Art. 408,} we find 
A=5, B,=— 12, C,=+3, Dj=+4, and £,=:— 5. 

.•. 5y*— 12y*+3^+4y— 6=0 is the transformed equation 
required. 

3. Find the equation whose roots are less by 1.7 than those 
of the equation a:»— 2a?2+3a?— 4=0. 

If we transform this equation into another whose roots are 
less by 1, the resulting equation is j^+5f^+2y-*2=sO. We may 
then transform this into another whose roots are less by .7, and 
the result will be the equation required, or, the whole operation 
may be performed at once as follows : 

1—2 +3 —4 (+1.7 

+1.7 — .51 +4.233 

— .3 +2.49 + .233 * .-. +.233= I* R. 

+1.7 +2.38 

+4.87 .-. +4.87= 2-' R. 

+37l .-. 3.1= 3*^ R. 
Hence, the required equation is ^+3«ly'+4.87y+.288 

srO. 

It is generally preferable to perform the operation by successive 
transformations,, using only one figure at a time, as there is less 
liability to error. It is not necessary, however, after each trans- 
formation to arrange the coefficients in a horizontal line. 

Thus, the two transformations necessary in the preceding 
example may be combined as follows : 
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1 -8 


+8 


-4 (1.7 


+1 


—1 


+2 


—1 


+8 


— 2.« 


+1 





+2.288 





+2.* 


.888« 


+1 


+1.1» 




+!• 


8.19 




.7 


1.68 




+1.7 


4.87* 




.7 






4«.4 






.7 






3.1* 







The Stan Indicate the co£fficleiit0 alter each tianafonnatioii 
EXAMPLES FOR PRACTICE. 

4. Find the equation whose roots are each less by 8 than the 
looU of ««— 27*-36=0. Ans. sf'+Oy'— 90=0. 

6. Find the equation whose roots are each less by 3 than the 
rooU of a?<— 27«»— 14»+120=0. 

An*. y*+12y»+27y»— 68y-.84=:0. 

6. Required the equation whose roots are less by 5 than those 
of the equation a?^— 18jc»— ^2a:»+17a+9s=0. 

Ans. y<+2y*--.162y'—1153y— 2331=0. 

7. Required the equation whose roots are less by 1.2 than 
those of the equation x»— 6«<+7.4r»+7.92»' — 17.872« 
— .79232=;0. Ans. y»— 7y»+2y-8=0. 

Transform the following equations into others wanting the 
2ttd term. (See Art 407.) 

8. a?*— 6x3+7a>— 2=0. An».y»— 5y— 4=0. 

9. «»— 6x»+5=0. Ans. y»— 12y— 11=0. 

10. a?»— 6a:'4-12x-|-19=0. An*. y*+27=0. 

11. 3«»+15a?»4-25a>-3=0. Ans, 27y»— 152=0. 

Transform the following equations into others wanting the 3rd 
term. 

12. «»— 6x'+9a>— 20=0. 

An*. y»+3y2-.20=0, or y«— Sy'— 16=0. 

13. *«— 4«»+5«-2=0. Ans. y»— y^asO, or y»+y2— sV«0. 



TRAKSFORMilTION OF EQUATIOHS. Mt 

Art. 411. P&op. III. — 7b d^erminc the law, of Derived Pol}/-' 
nomials. 

Let X represent the general equation of the nf^ degree ; that is, 

If we substitute 0^4-^ for x, and put Xj to represent the new 
value of X, we have 

and if we expand the different powers of x-^-h by the Binomial 
theorem, we have X,= 



+Aar-»4-(»— l)Aa?»-» 
+Bar"-2+(»— 2)B«»-» 

4-» &c. 



h+ n(n— 1>»»-» 



1 • 2^ 



But the first, vertical column is the same as the original equa- 
tion, and if we put X', X", X'", &c., to represent the succeeding 
columns, we have 

X =af»+Aa*-»+B«»-2+, &c., 
'' X =na?"-»+(n^l)Aa:*-»-Kfi— 2)Ba^>+, &c., 
X"=n(»— l)a!^3_[.(„_l)(^,_2)Aar-»+, &c., 
&c., du;« 

By substituting these in the developmei^ 0f Xi» we haira 
X.=X+X'ft+ *^A'+ jJL_ A'+. &c.. 

The expressions X', X", X''^ &c., are called derived poh/nomi-- 
aU of X, or derived functions of X. X' is called the first derived 
polyrumidl of X, or first derived function of X j X" is called the 
second, X'" the third, and so on« 

It is easily seen that X' may be derived from X, by mvUiplying 
each term by the exponent of x in that term, and diminishing the esr- 
ponent by unity. And each succeeding polynomial may be derived 
from that which precedes it by the s^me law. 



Aet. 419. Cor, If we transpose X we have Xj— X=X'A 

No 



X" 
+f<-T)A^+> ^<^ Now it is evident that h may be taken to smell 
1 • « 
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thtt lAe iiffn of the sum X'A-f A^A'+, &c., $kaU be the senwie as 
Ik 4^ iifiktjtmtgnii Xh. For, tince 

if A be Uken m •inaU,that}X"H4X'''A'+>^»l>ecoiiie8 lew 
than X' (their mafpiiUideB alone beings considered), the sigrn of 
the eum of theee two ezpreasiona must be the same as the sign 
of the greater X^ 

AiT. 4 IS. By comparing the transformed equation in Art. 
400, with the derelopment of X, in Art 411, it is easily seen 
that X| may be conaidered the transformed equation, y corres- 
ponding to «, and r to h. Hence, the transformed equation may 
be obtained by enbetitoting the Talnes of X, X', &«., in the devel- 
opment of X,. As an example, let it be required to find the 
equation whoee roots are less by 1 than those of the equation 
;rt— 7«+7»0. 

Here X « a»— 7a?+7, 
X' =3ar«— 7, 
X"«0», 
X'"a=0, 
X«»=0. 
Obsenring that h=l^ and substituting these values in the 

equation X,aX4-X'JH-A;**+-^^^ V+,&c., we have 

' ^ 1-2 ^l-2-3 ^ 

X,=(*»— 7«+7)+(ar^7)l+(6ar)-^ • ^ 



'1-2 ' 1 -2 -a* 
=:«»-|"3*'^'4x+l, in which the value of a: is equal 
to that of » in the given equation diminished by 1. 

By this method the learner may solve the examples in Art 
410. 

EQUAL ROOTS. 
AxT. 414. 7b ietermiM Qie equal roots of on equation. 

We have ahready seen (Art. 396, Rem. 2,) that an equation 
may have two or more of its roots equal to each other. Thus, 
the equation «»— 6«*+12«— 8=0, or (x— 2)(a^2Xa>-2) 
^(*— 2)*"0» has thrpe roots, each of which i» 2. We now pro- 
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pose to determine when an equation has equal rootSi and how to 

find them. \ 

If we take the equation (a^— 2)»=0 (1) 

Its first derived polynomial is Z(x — ^2)'=0. 

Hence, we see that if any equation contains the same factor 
taken three times, its first derived polynomial will contain the 
same factor taken ttoice ; this last factor is, therefore, a common * 

divisor of the given equation, and its first derived polynomial. 

In general, if we have an equation X=0, containing the fac- 
tors (« — a)'"(a?— 6)*», its first derived polynomial will contain the 
factors m{x — tf)'^*«(a? — 6)*~* ; that is, the greatest common divisor 
of the given equation, and its first derived polynomial will be 
(« — a)'»-'(« — hy-\ and the given equation will have m roots, 
each equal to a, and n roots, each equal to b. 

Therefore, to determine whether tin equation has equal roots, 
find the greatest common divisor between ike equation and its first \ 

derived polynomiai. If there is no common divisor (he equation has \ 

no eqtud roots. 

If the greatest common divisor contains a factor of the form | 

X — a, then it has ttoo roots equal to a ; if it contains a factor of 
the form (x — ay it has three roots equal to a, and so on. j 

If it has a factor of the form (x — a^x-^) it has two roots | 

equal to a, and two equal to b ; and so on. 

Ex. 1 . Given the equation jp* — x^ — 8x+12=0, to determine 
whether it has equal roots, and if so, to find them. 

We have for the first derived polynomial (Art. 411), 

The greatest common divisor of this and the given equation 
(Art. 108) is a^— 2. 

Hence a;— -2=0, and ar=+2. 

Therefore, the equation has two roots equal to 2. 

Now since the equation has ttoo roots equal to 2, it must be 
divisible by (a?— 2)(x— 2), or (»— 2)'. (Art. 395.) 
Whence, x»-nr2-8x+12=(aj— 2)3(x+3)=0, 
and x+3=0, or x= — 3. 

It is evident that when an equation contains other roots be- 
sides the equal roots, that these may be found, and the degree of 
the equation depressed by division (Art. 395), after which the 
unequal roots may be found by other methods. 
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The following equations hare eqoal roots ; find til the roots. 

2. «»-.2««— 15d:+36=0. Ans. 3, 3, 1. 

8. ««— 0«»+ 4«+12=0. ♦ Ans. 2, 2, —1 , — 3 . 

4. «<— 6x»+12««— 10»-|-8=0. Am. 1, 1, 1, 3. 

6. jr<_7d:S+0x3+27»-54aO. Anf. «»3, 3, 3, — 2. 

6. ««+24P»— S*'— lx-H«0. Aiu. —2, —2, +1, -4-1. 

7. «<— 12aH+60«2.-^4x+49=0. Am. 3zfcV^, 3±V^. 

8. «»— 2«^+3*»— 7«»+8«— 3=0. 

Aw. 1. 1, 1, -4±Jv^^5T. 

9. ««+3«*— 6jc«-^«*+9x»+3»-4aO. 

Ans. 1, 1, 1, —1, —1, -^. 

SoaounoN.— When the greatest common divisor of the given equa- 
tion nnd ite fint ciariTed polynomlnl, contains a factor of the form 
(«•—«)*, or of any higher degree than the Bist, it is evident that the 
fint and second derived polynomials will also contain a common divisor, 
of which the first or some liigher power of x—a is also a factor. Thin 
principle may be sometimes used, as in the last example, to simplify the 
solution. 

LIMITB OP THE ROOTS OF EaUATIONS. 

Art. 415. Limits to a root of an equation are any two num- 
bers between which that root lies. A superior limit to the pos- 
itive roots is a numb>r numerically greater than the greatest posi- 
tive root ; and an inferior limit to the negative roots, is a number 
greater without regard to its sign, than the greatest negative root 

The characteristic of a superior limit is, that when it or any 
number greater than it, is substituted for x in the equation, the 
result is positive. 

The characteristic of an inferior limit is, that its substitution 
for X produces a negative result, as likewise do all negitive num- 
bers numerically greater, provided the equation is of an odd degree. 

The object of ascertuning the limits of the roots is to diminish 
the labor necessary in finding them. 

Abt. 41«. Pkop. I. — The greatest negative coefficient, increased 
Inf unity, is greater than the greatest root of the^uation. 

Take the general equation 

a"+Aa?»^»+B«»-^ . . . +Tx+V=0, 
and lat lis supposo A to bs thA giMtftat RflJiKa^ve wSffi f 4< pt 
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The reasoning will not be affected if we suppose all the coefS- 
cients to be negative, and each equal to A. 

It is required to find what number substituted for x, will make 

By Art. 297, the sum of the series in the parenthesis is ; 

X — 1 

hence, we must have 

«->Afi^).or«->i^-JL. 

\ «— 1 / X — 1 0^—1 

Aa;** 

But if ae*= , we find ar=A+l; therefore, A+1 substituted 

X — 1 

Ax" 

for X will render af = , and consequently 

jc— I 



-^ Ax" 

x»>-- 



X — 1 X — 1* 

I It is evident that by considering all the coefficients after the 

I first negative, we have taken the most unfavorable case ; if either 

of them, as B, were positive, the sum of the terms in the paren- 

j^ 1 

thesis would be less than 

X — 1 

Aet. 417. Pkop. II. — If we increase hy unity that root of (he 
greatest negative coefficient, whose index is equal to the number of 
terms preceding the first negative term, the result will he greater than 
the greatest positive root of the equation. 

Let Cx**~' be the first negative term, C being the greatest neg- 
ative coefficient, then any value of x which makes 

a:«>C(x»-'+x*-'-'. . . . +X+1) (1) 
will evidently render the first member of the equation >0, or 
positive ; because this supposes all the coeflicients after C nega-> 
tive, and each equal to the greatest, which is evidently the most 
unfavorable case. 

By Art. 297, the series in the parenthesis is equal to ZIr . 

x-^X ' 

hence, by substitution, the inequality (1) becomes 



'M^^)-^- 



x— 1 / X— 1 JO— Z 

But this inequality will be true if 

X— 1 X — 1 
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or, by muUt plying both membera by «— 1, and dividing by x^'+i, 
when (x— 1)«^-'^=C, or >C (2). . 

But x^l it <«, and .-. (a;^l)'^^<ar-» ; 

therefore, (2) wiU be true, if we have 

(x^iy(x^l)r-i, or (»— iy=C, or >C ; 

or »— 1=;/C, or >i/C; 
or «=1+ VC, or >1+^C. 
Find superior limits of the roots of the following equations : 

1. «^— 5*»+37«'— 8«+39=0. 

Here C=5, and r=l /. l+;/C'=l+6i=:6. Aiw. 

2. «»+7«*— 12«>-49«2-f52a>-13=K). 
Here 1+^^0=1+^49=1+7=8. Ans. 

3. a?*+ll«2.-^5*'-«7=0. 

By supposing the second term +0x', we have r=3; hence» 
the limit is l+l/Wf, or 6. 

4. 3a:»— 2x'— lla?+4=0. 
Dividing by 3, «>--|a;2— V*+l=0- 
Here the limit is 1+V> or 5- 

Art. 418* To determine the inferior limit to the negative 
roots, change the signs of the alternate terms ; this will change 
the signs of the roots (Art. 400) ; then the superior limit of the 
roots of this equation, by changing its sign, will be the inferior 
limit of the roots of the proposed equation. 

Art. 419. Prof. III. — If the real roots of an equation, taken 
in the order of their magnitudes he a, Z>, c, d, 4^., a being greater 
than h, h greater than c, and so on ; then if a series of numbers, a', 
h', c', d', 4^., in which a', is greater than a, b' a number between a 
and b, c* a number between b and c, and so on, be substituted for x 
in the proposed equation, the resuUs wUl be aUematdy positive and 
negative. 

The first member of the proposed equation is equivalent to 
(x — a)(x — 6)(x— c)(aj — d). . . . =0. 

Substituting for x the proposed series of numbers a', &', </, &c., 
we obtain the fol'owing results : 
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(a' — tf)(a'— 6)(a'— c)(a' — i), &c. . =s+ product, since aB the 
factors are +. 

(6' — a)(i'— 6)(6' — c)(6'— cJ), &c. . a=s— product, since only 
one factor is ^-. 

(c' — a)(c'— i)(c' — c)(c'^-i), &c. . =«+ prodaet, since two fac* 

tors are — , and the rest -j-- 
(cT— ix)y--i)(rf'— <j)((r--{Q, &c. . = — product, since an odd 

number of factors is — , and so on. 

Cor, 1. If tviro numbers be successively substituted for », in 
any equation, and give results with anUrary si^s, then between 
these numbers there must be one, three, Jive, or some odd number 
of roots. 

Cor. 2. If two numbers, when substituted successively for af, 
give results affected with the same sign, then between these num- 
bers there must be two, four, or some even number of real roots, 
or no roots at all. 

Cor, 3. If a quantity 9, and every quantity greater than q, ren- 
der the results continually positive, q is greater than the greatest 
root of the equation. 

Cor, 4. Hence, if the signs of the alternate terms be changed* 
and if /?, and every quantity greater than p, renders the result 
positive, then — p is less than the least root of the equation. 

Illustration, — If we form the equation whose roots are 5, 2, 
and — 3, the result is a:'— 4a?' — llar-f~30=^* Now if we substi- 
tute any number whatever for x, greater than 5, the result is 
positive. When we substitute 5 for x, the result is zero, as it 
should be. 

If we substitute for x, any number less than 5, and greater 
than 2, the result is negative. When we substitate 2 the resait 
is zero. 

When we substitute for x, any number less than 2, and greater 
than — 3, the result is poaiHve. When we snbetitnte — 3, the 

result is zero. 

If we substitute for x, any number less than — 3, the result is 

negative. 

By means of Corollaries 3 and 4, it is eaqr to find when we 
have passed dU the real roots, either in the ascending or descending 
scale. 
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STUKM'S TBE0B2W. 

AJtT. 490. 21»;(iii IJU number tf ruU and imaginary rooU of 
anequaUan. 

In 1684 M. Stam gained the mtthematicil prize of the French 
Academy of Sciencea, by the diacoTory of a beautifol theorem, 
by meana of which the number and sUuaHon of all the real roots 
of an equation can, with certain fy, be determined. This theorem 
we shall now proceed to explain. 

Let X-rfM-AJ?^»+B*^». . . . +Ta+V«D, 
be any equation of the nf^ degree, which we may eoppoee cm* 
tains no equal roots ; for if the given equation contains equal 
roota these may be found (^Art. 414), and the degree of the equa* 
tion diminished by division. 

I^t the first derived function of X (Art. 411) be denoted by X^. 

Divide X by X, ontil the remain- 
der is of a lower degree with respect ^ a 

to X than the divisor, and call this , >^' 

remunder — Xg ; that is, let the re- X — X|Q|=: — ^X, 

mainder with iU sign changed^ be y^ n^ /q 
denoted by X,. Divide X, by X, XQ * 

in the aame maaner, and so on, as V y Q* ic 

in the margin, denoting the aoccee- Aj— A.l*^— A, 
sive remainders with their tignM X,)Xs (Qt 
changed by X,, X^, &c., until we X^Q, 

arrive at a remainder which does ^ y^ q j«_ ^ 

not contain «, which must always s s s « 

happen, since the equation having no equal roots, there can be no 
factor containing*, common to the equation and its first derived func- 
tion. Let this remainder, having its sign changed, be called X, + 1 . 

In making these successive divisions, we may either multiply 
or divide the dividends and divisors by any poeiUve number, for 
the purpose of avoiding fractions, as this will not affect the signs 
of the functions X, X, • Xg, dtc. 

By this operation we obtain the series of quantities 

X, Xj, Ji.g, Xj. • • • Af+i (1), 

which, ibr the convenience of reference, we shall call series (1). 
Each member of this series is of a lower degree with respect to 
X than the preceding, and the last does not contain x. We shall 
also call X the primiliw function, and X^^Xg, &c., auxiliary 
functions. 
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The followijQgf, then, is Sturm's Theorem : 

If f and q be any two nufnbers, of which p i$ less than q^ a/nd if 
these numbers be svbstitiUed for x in the functions X, X,, X^, 4^., in 
the series (1), toe shall have two series of signs, the one resulting from 
the substitution of pfor x, giving k variations of signs, and the other 
resulting from the substitution of q for ic, giving k' variations of 
signs ; then the exact number of real roots of the given equation 
between the limits p and q wiU be k — k'. 

To simplify the demonstration of this theorem we shall employ 
the following Lemmas : 

Art. 421. Lemma I. — Two consecutive functions, X^, X,, for 
example, cannot both vanish for the same value of x. 

From the process by which Xj, X^, &c., are obtained, we have 
the following equations : 

X =x,a,-.x, (1) 

X, =X,Q,^X3 (2) 

X, =X3Q3^X, (3) 

X_,=:X,(1,~X,+ ,. . . . (r— 1). 

If possible let X,=0, and X2=0, then by eq. (2) we have 
X3=0; hence, since Xj=0, and X3=0, then by eq, (3) we have 
X4=0; and proceeding in the same way we shalJ find X^ =0, 
X^=0, and finally Xr+i=:0. But this is impossible, since X,+ 1 
does not contain x, and therefore cannot vanish for any value 
of x. 

Art. 439. Lemma IL — If one of the auxiliary functiom van- 
ishes for any particular value of x, the two adjacent functions must 
have contrary signs for the same value of x. 

Let us suppose that X3=0, when x=a ; then because 
Xj==X3Q3— X4, and X3=0, therefore Xj=— X^ ; that is, X, 
and X4 have contrary signs. 

Art. 493. Lemma IIL — If any of the auxiliary functions van- 
ishes when oc=^a, and h be taken so small that no root of any of the 
other functions in series (1 ) lies betvxen a^-h, and a-\-h, then wiU 
the number of variations and permanences when a — h and a^h are 
substituted for x in this series, be precisely the same. 

Suppose, for example, the substitution of a for x causes thd 
function X3 to vanish, then by Art. 421 neither of the functions 
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X, or X4 can vanish for the same value of x; and since when 
X, vanishes, X^ and X^ have contrary signs, (Art. 422), there- 
fore, the substitution of a for x in the Uiree functions X^i X,, X^y 
must give 

^i » ^3 > '^€ » ®' ^t> ^8» ^4» 

+ - , - + 

And since h is taken so small that no root either of X2=0, or 
X4=0, lies between a — h and a+^j ^^c signs of these functions 
will continue the same whether we substitute a — h, or a-^h for x 
(Art. 419). Hence, whether we suppose X5 to be -|- or — by 
the substitution of a — h and a-{-h for x, there will be one varia- 
tion and erne permanence. Thus we shall have either 

Ji.g , Ag , A^f or Ag , Aj, A. 

+ ± - - ± + 

So that no alteration in the number of variations and perma- 
nences can be made in passing from a — h to o-f-A* 

Art. 434. Lemma IV. — If a is a root of the equation X=0, 
then the series of functions X, X,, X,, 4^., toiU lose one variation 
of signs in passing from a — h to a-^h ; h being taken so small that 
no root of the function X|=0, lies between a — h and a-^h. 

For X substitute ff-f-A in the equation X=sO, and denote the re- 
sult by H. Also put A, A', A" for the values of X and its derived 
functions, when a^h is substituted for an ; we shall then have 
(Art. 411) 

H=A+A'A+^A"A2+, &c. 

But since a is a root of the equation X=0, we shall have 
A=0, while A' cannot be 0, since the equation X=0 has no 
equal roots. Therefore, 

H=A'A+^A"A3+, &c., =^(A'+^A"A4-, &c). 

Now h may be taken so small that the quantity within the 
parenthesis shall have the same sign as its first term A', (since 
A' expresses the first derived function of X, corresponding to X, 
in Art. 412), therefore, the sign of X, when x=ui-\-h, will be the 
same as the sign of Xj. 

If we substitute a — h for x in the equation X=:0, and denote 
the result by H', we then have, by changing h into — h, in the 
expression for H, 

H'«-A(A'— 4A"A^-, &c). 
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Now it is evident that for very small values of h, the sign of 
H' will depend upon the first term — ^A'A, and consequently will 
be contrary to that of A'. Hence, when xss^a — A, there is a varia- 
tion of signs in the first two terras of the series X, X^ ; and 
when x=^a-\-h, there is a continuation of the same sign. There- 
fore, one variation of signs is lost in passing from x=a — h to 
a+h. 

If any of the auxiliary functions should vanish at the same 
time by making x=a, the number of variations will not be 
affected on this account (Art. 423), and therefore, one variation 
of signs will still be lost in passing from a — h to a-{-h. 

Art. 425. Sturm's Theorem. — If any two numbers^ p and q, 
(p being less than q) he substituted for x in the series of functions 
X, X,, Xj, 4*c., the svibstitution of p for x giving k variations, and 
that of q for x, giving k' variations, then k — k' wiU be the exact num- 
ber of real roots of the equation X=0, whichliesbetioeen p and q. 

Let us suppose that — od is substituted for x, (by which sign is 
meant any quantity so great that the signs of the diflferent func- 
tions X, Xj, Xg, &c., depend on the sign of the first term only), 
and suppose that x continually increases and passes through all 
degrees of magnitude till it becomes 0, and after this let it con- 
tinually increase till it becomes -\-ao . 

Now it is evident, that so long as x, with its minus sign, is 
less than any of the roots of X=0, Xi=0, &c., no alteration 
will take place in the signs of any of these functions (Art. 
419); but when x becomes equal to the least root (with its 
sign) of any of the auxiliary functions, although a change may 
occur in the sign of this function, yet we have seen (Art. 423) 
that it is the order only, and not the number of variations which 
is afiected. But when x becomes equal to any of the roots of the 
primitive function, then one variation of signs is always lost. 
Since, then, a variation is always lost ■ whenever the value of x 
passes through a root of the primitive function X=t), and since 
a variation cannot be lost in any other way, nor can one be ever 
introduced, it follows that the excess of the number of variations 
given by x==p, above that given by x=iq, (p<C!9) is exactly equal to 
the number of real roots of X=0, which lie between p and q. 

Cor, If the equation is of the n'* degree, and m represents the 
number of real roots, then (Art. 396) the number of imaginary 
roots will be n — m. 
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Art. 496. To determine merely the number of 'real roots» 
we may eubatitate — od and -|* ^ for « in the several functions. 
In thie ease the sign of each function will be that of its first 
term. 

If we substitute for x, the number of variations lost froni 
-^QD to 0, will be the number of negative roots ; and from to 
+ <3D, the number of poiiHve roots. 

Art. 497* To idtrmim (he siiuaiian of each real root; that is, 
the figures between uikick il lies. 

Substitute the numbers 0, — ^1, — 2, — 3, &c., for *, in series 
(1), till we find a number which produces as many variations as 
x=s — OD produced. This number will be the limit of the greatest 
negative root. 

We then substitute the numbers 1,2,3, &c., till we find a 
positive number which gives the same number of variations that 
x=4- ® does. This will be the limit of the greatest positive 
root. By observing where one or more variations is lost, we find 
the situation of the roots. If two or more variations are lost be- 
tween two of the substitutions, we must substitute smaller num- 
bers, until only one variation is lost between two substitutions. 
This operation is termed the separation of the roots, 

Ex. 1 . Find the number and situation of the real roots of the 
equation 4**— 12j?'+l la^-3=sO. 

Here we have X 5= 4ar»— 12ar»+lla^-3, 
and (Art. 411) Xj=:12x'— 24ar +11. 

Multiplying X by 8, to render the first term divisible by the first 
term of X,,and proceeding as in the method of finding the 
greatest common divisor (Art. 108), we have for a remainder 
*— 2x-{-2. Canceling the factor -{-2, and changing the signs 
(Art. 420) we have Xj=j? — 1. Dividing X, by X, we have for 
a remainder — 1; hence, X^ss+l. Therefore, the series of 
functions are 

X = 4ar»— 12ar»+ll*— 3. 

X,=12*'— 24«+ll. 

Xt=: a— 1. 

X,=:.fl. 

Put — 00 and + ® ^^^ ^ ^^ ^^ leading terms of these func- 
tions, and the signs of Uie results are 
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For «= — OD, 1 1- three variations, .•. k a=3 

jc=-|- OD, -] — |- -| — |- no variation, .•. k'=0 
/. k — k'=3 — ^0=3, the number of real roots. 

Next, to find the situation of the roots, we must employ nar- 
rower limits than — oo and -|- Qo. But if we substitute in each 
of the functions, we find three variations, the same number as 
for — OD ; hence, there is no real root between and — qd. This 
we might also have learned fron^ Art. 402, Cor. 1, since there is 
no permanence in the proposed equation. 

In practice it is customary to substitute integral numbers first, 
and afterward fractional ; particularly where two or more roots 
lie between two whole numbers. In the present example, how- 
ever, for the sake of illustration, we shall at once substitute firac- 
tions. 

For «=— 00 the signs are — + — + giving 3 var. 

ar=:0 _ + — + **3« 

x=+l — 4- — + « 3 « 

^+h + - + 

a:=+| • + — — + " 2 « 

x==+l — + 

a;=+li — — + 4- « 1 « 

*=+l^ + + + 

x=+l}. .....+ + + + « « 

a:=+oo + + + 4- "O" 

Here we see that the roots are |, 1, and l^, but if these num- 
bers had not been substituted, we would have noticed that one 
variation was lost in passing from | to | ; on^ in passing from | 
to 1|, and lastly, OTie in passing from Ij to 1|, which would 
have given the situation of the roots. 

A careful study of this example will serve to illustrate the 
theorem. Thus we see that there are three changes of sign of 
the primitive function, two of the first auxiliary function, and one 
of the second. We observe, however, that no variation is lost 
by the change of sign of either of the auxiliary functions, while 
each change of sign of the primitive function occasions a loss of 
one variation* 
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2. How manjT real roots has the equation 

Here, X = «»— 3a!»+a?-^ 
X,=3x2.«6ar+1 
X,= «+2 
X,=-425. 

For «= — OD the signs are 1 ,2 variations, .*. k =2. 

«=+ OD the signs are + + H , 1 variation, .•. k'?=:l. 

.'. k — k'=2 — ^1=1, the number of real roots. • 

The root is +Z, and by substitution it will be found that one 
variation is lost in passing from 2 to 4. 

Find the number and situation of the real roots in each of the 
following equations : 

3. a»— 2x»— ar+2=0. Ans, Three, —1, +1, +2. 

4. 8«"— SOar'-Hejf— 15=0. An*. Three. One between and 
I, one between 1 and 2, and one between 2 and 3. 

6. 30* — 3a?' — 4a:+ll=0. Ans. Three, one between — 2 and 
— 1, one between 1 and 2, and one between 3 and 4. 

6. «*— 2x^-<5=s0. Ans. One between 2 and 3. 

7. «»— 15»— 22=0. Ans. Three. One root is —2, one be- 
tween — 2 1 and — 2^, and one between 4 and 5. 

8. ap*+»»— ia?'— 2jc+4=0. Ans. No real rooU. 

9. a?*— 4a:»— -3a;+23=0. Ans. Two. One between 2 and 3, 
and one between 3 and 4. 

10. a:*— 20?*— Ta?2+10jj4-10=0. Am. Four. The limits are 
(-.3,-2); (0,-1); (2,3); (2,8). 

11. ap»— 10a:»+6ar+l=0. Ans. Five. The limite are (—4, 
-3); (-1,0); (-1,0); (0,1); (3,4). 



CHAPTER XIII. 

RESOLUTION OF NUMERICAL EQUATIONS 

Abt. 498. In the preceding Articles we have demonstrated 
the most important propositions in the theory of equations, and 
in some cases have shown how to find their roots. The general 
solution of an equation higher than the fourtli degree has never 
yet been effected, but the class of equations which most frequently 
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occurs in philosophical investigations is numerical ; that is, those 
that have numerical coefficients. When the roots of these are 
real, we can find them either exactly, or approximately, as near 
as we please. The way for doing this has heen prepared in the 
preceding articles, hy finding the limits of the roots, and separat- 
ing them from each other. 

RATI ONA L ROOTS. 

Art. 439. Prof. L — Tb delermine (he inteffrai roots of an 
equation. 

If a he an integral root of the equation 

we shall have Afl<+Ba»+Ca2-fDa+E==0; 

.-. 5=-.Aa»— Ba^— Ca— D. 
a 

Now since the second memher of the last equation is evidently 

a whole number, E is divisible by a. Put ^=£' ; transpose D 

a 

to the first member, and divide by a ; this gives 

5^=-Aa2-Bfl-C; 
a 

therefore, a is also a divisor of E'+D* 
Put E'-f D=D', transpose C, and divide by a; this gives 

?!lh5=:_Aa^B ; .-. a is a divisor of jy+C. 
a 

Again put — Jl_=C', transpose B, and divide by a, we find 
a 

a 

Lastly, making C'+B=B', and transposing A, we have 
B'+A=0. 

If then, aU these conditions are satisfied, a is a root of the pro- 
posed equation ; but if any one of them fails, a is not a root. 
Hence, we have the following 

Rule for fikdino the integral roots of ah equation. — 
Divide the last term of the equation by any of its divisors a, and 
add to the quotient the coefficient of the term containing x. 

Divide this sum by a, and add to the quotient the coefficient of «'. 
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Proceed in lhi$ manner unto the first term, and if a be a root qf 
the equation, all these quotients wiU be whole numberSf and the reeuU 
wiUbeO. 

Cor, 1 . It will be more easy to substitute the dlTisors -{-l and 
— 1 , at once in the given equation, and therefore they may be 
omitted in the operation. Also, by ascertaining the limits to the 
positive and negative roots (Art. 417), we shall frequently find 
that several of the divisors fall beyond the limits ; and therefore, 
these may be omitted. 

Cor. 2. If the coefficient of the first term be not unity, the 
equation may have a fractional root. To determine if this be the 
case, transform the equation into one in which the coefficient of 
the first term shall be unity (Art. 405, Cor. 1), and then all the 
rational roots will be integers (Art. 399). 

Cor. 3. When all the roots except two are integral, the inte- 
gral roots may be found by the rule, and then the proposed equa- 
tion reduced to one of the second degree by division (Art 396, 
Cor. 1), and solved as a quadratic. 

Ex. 1. Find the rational roots of the equation 
;ri4_3x'— 4a?— 12=0. 

Here, by Art. 417, no positive root can exceed l-f- V^2> ^^ ^» 
and the limit of the negative roots is 1-|'3=4. 

It is also found, by trial, that -^, and — 1 are not roots. 

We then proceed to arrange the divisors of — 12, among which 
it is possible to find the roots, and proceed with the operation as 
fellows : 

Last term — ^12 

Divisors -[_ 2 , +3 , -f4 » — 2 , — 3 , — 4 

Quotients . . • . — 6 , — 4 , — 3 , -f6 , 44 , -f3 

Add — 4 . . . . — 10 ', — 8 , — 7 , -f 2 , — , — 1 

Quotients .... — 6 , * , ♦ , — ^1 , • 

Add +3 . . , . — 2 , 4-2 , -f 3 , 

Quotients .... — 1 —1 , — 1 , 

Add -1-1 ... . , 0,0. 

Since — 8 is not divisible by -f-3, we proceed no further with 
this divisor, as it is evident that it is not a root of the equation ; 
in like manner 44 and —4 cannot be roots. But we find that 
4-2> -^^t and -^ ve roots of tba propoied ^qoatioa. 
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Find the roots of the following equations : 

2. «»— 7aj»+36=30. Ans. 3, 6, and —2. 

SvQGESTioN. — When any term is wanting, as the third term In this 
example, its place must be supplied with 0. 

3. a:»-^«'4-ll»— e==0. Ans. 1, 2, 3. 

4. as+xa— 4ar— 4=0. Aw. 2, —1, —2. 

5. ar»— 3a:2—46a— 72=0. Ans. 9, —2, —4. 

6. a:>-^x'— 18a:+72=0. An*. 3, 6, —4. 

7. a?*— 10a:>+35a:»— 50x+24=0. Ans. 1, 2, 3, 4. 

8. «<+4a»-<c'— 16»-.12=0. Ans. 2, —1, --2, —3. 

9. ar<— 4aj»— 19a?»+46x+120=0. An*. 4, 6, —2, —3. 

10. «<— 27a:'+14«+120=0. An*. 3, 4, —2, -5 

1 1 . ar^+a:>— 29a?'— 9a?+l 80=0. Ans. 3, 4, -5, —5. 

12. «»— .2a:^— 4a^f8=0. An*. 2, 2, —2. 

13. a:>+3a:'--8a?+10=0. (See Cor. 3.) An*. — 5, ld=V^- 

14. ay<— 9«»+17x24.27a?— 60=0. An*. 4, 5, ±^3". 

15. 2a:»— 3a:24.2a>-3=0. (See Cor. 2.) Ans. |, ±V^- 

16. 3a;>— 2ar»-^a:+4=0. ' An*. |, dbV^. 

17. 8a»— 26«'+ll«+10=0. An*. |, J(8±>/4T). 

18. 6ar^— 25a»+26«2+4a>-^:i=0. An*. 2, 2, |, — ^. 

19. «<— 9«»+ V«'+Vj^-V=0. An*. |, 5, 8d=3^/2. 

IRRATIONAL ROOTS METHODS OP APPROXIMATION. 

After we have found all the integral roots of an equation, we 
must have recourse to the methods of approximation, the hest of 
which is Horner's, hy which we can always obtain the numerical 
values of the real roots, to any required degree of accuracy. 

Art. 430. Horker's Method of Apfroximation. 

The principle of this method depends on the successive trans- 
formation of the given equation, so as to diminish its roots at each 
step, and the operation is performed by Synthetic Division, as 
explained in Art. 410. 

Let the equation, one of whose roots is to be found, be 

Pa;»+Q;r»-». . . . +Ta:+V=0. 
32 
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Suppose a to be tiie integral part of the root required, and r, s, 
i, . the decimal digite taken in order, so that gm a | r+9+t. . . 
Let a be found by trial, or by Sturm's theorem (Art. 427), and 
transform the equation into one whose roots shall be diminished 
by a, by the method explained in Art. 410. 

Let Py^ + U'y'^*. . • . +Ty+V'=0 be the transformed 
equation, then the value of y is the decimal r-^^+t. . . ; and 
since this root is contained between and 1, we may easily find 
its first digit r. Again, Jet the roots of this equation be dimin- 
ished by r, and let the transformed equation be 

P«S-Q"*^*- • • • +T"«+V"=0. 

Now the yahie of « in this equation is t-t-<. . • » and the ralue 
of « lies between .00 and .1; that is, it is either .00, .01 ». 02, 
... or .09. But since the figure f is in the second place of 
decimals, the terms containing s', z*. . . will be small, and we 
may generally find #, the next figure of the root, ttom the equa- 
tion T'»+Y'*=sdO; that is, $ is nearly equal to the quotient of 
-V" divided by T'. 

Having found s, we next proceed to diminish the roots of the 
last equation by t , and then from the last two ternis, T"z''^^\^\ 
of the resulting equation, find i the next decimal figure, and 
BO on. 

Abt. Ml. ne absolute number, or last term of the equation, 
is sometimes called the dividend, ami the eo§fficient of the first 
power of the unknown quantity,(for example T") the incomfktt 
or trial divisor. 

The correctness of the values of the figures «, t, Ac,, obtained 
by means of the trial divisor, will always be verified in the next 
operation. For when we multiply by s, in the operation of 
transformation, to obtain the product to be subtracteid from V", 
the number multiplied by s (sometimes called the compldB divisor) 
ought to be contained in V" only s tiroes. But if it should be 
contained a greater or less number of times, then s must be 
increased or diminished. 

In some oases, where it is small, and when the equation does 
not exceed the third degree, r, the first decimal figure of the root, 
may be found by dividing V' by T'. The accuracy with which 
each succeeding decimal figure may be found, increases as the 
value of the figure decreases. In general, after three or four de- 
cimal figures have been found, the next three or four figures may 
be obtained accurately by division, as in the method of finding 
each previous figure. 
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Abt. 43d. To find the negative roots of the proposed equa- 
tion, change the signs of the alternate terms (Art. 400) and find 
the positive roots of the resulting equation ; these will be the 
negative roots of the proposed equation. 

Remabk.^ Instead of finding the first decimal figure of the root by 
trial, or by division, it may be found from the transformed equation by 
Sturm's theorem ; but in general, it can be obtained more easily by 
trial. 

Art. 433, To illustrate this method, let it be required to find 
the positive root of the equation «' — 4a? — 10.768649=0. 

We readily find that x must be greater tiian 5 and less than 6, 
therefore a=:5. We then proceed to transform this equation 
into another vtrhose roots shall be less by 5. (See Art. 410.) 

1^4 —10.768649 (6 

+5 +5 

-f 1 — 6.768649 

±L 

+6 



1st Trans, eq. y»4-6y — 6.7§8649=D. 

Here we may find the value of y nearly, by dividing 5.7 by 6, 
which gives .9 ; but this is too great because we neglected the 
square of y. If we assume ^=.8, and deduct ^^=.64 from 5.7, 
and then divide by 6, we see that y must be .8. Let us now 
transform the equation into another whose roots shall be less 
by .8. ^ • 

1 -1^ —5.768649 (.8 

.e +5.44 . 

+6.8 — /328640 
.8 



7.6 



2nd Trans, eq. «3.+7.6«— .328649=0. 

The approximate value of z in this equation is the second deci- 
mal figure of the root. This is readily found by dividing the 
absolute term by the coefficient of z, the first term, «', being now 
80 small that it may be neglected. Thus, .328-f-7.6=.04=*. 

We next proceed to diminish the roots of the last equation 
by .04. 
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1 4.7.6 ^^28640 (.04 

M .8066 

+7.64 .023049 
M 

+7.68 
8rd Trans, eq. »'»+7.68*' —.028049=0. 

Here t* h nearly .02d-s-7.68ss.008s/. 
Bf diminishing the roots of the last equation by .003 we have 

t 
1 +7.68 —.028049 (.008 

.008 .028049 

+7.683 .0 

The remainder being zero, shows that we have obtained the 
exact root, which is 6.843. 

By changing the sign of the second term of the proposed equa- 
tion, we have x>+4d^— 10.768649s=0. The root of this equa- 
tion may be found in a similar manner ; it is 1 .843. Hence, the 
two roots are +6.848 and -—1.843. - 

Ex. 2 . To illustrate this method further, let us fortn the equation 
whose roots are 3, +^2, — ^2, which gives a?»— 3a?'— 2a:+6 
=s0. Let it now be required to find, by Homer's method, the 
root which lies between 1 and 2; that is, ij2. 

By examination, we readily see that one root lies between 1 
ax^ 2; hence, a=l, and the first step is to transform the equa- 
tion so as to diminish its roots by 1. 

a 



1 -5 


—2 


+6 (1 


+1 

—2 


—2 

—4 


—4 

+2 


+1 
—1 


—1 
—5 


r^^i^^ 


+1 








Hence, y'diOy' — 5y+2=0, is the first transformed equation. 
By dividing the absolute term 2, by 5, the trial divisor or coeffi- 
cient of y, the second figure, r, of the root is readily found =.4, 
and we proceed to transform the equation so as to diminish iti 
roots by ,4. 
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1 rfcO 


—5 


+2 (.4 


.4 
.4 


.16 

—4.84 


—1.986 
+ .064 


.4 

.8 


+ .82 
—4.52 


-p^- 


.4 
1.2 







This giyea ap*4-1.2t9-- 4.52iP-t-.064ssO, for the 2nd triiw 
formed equation ; and for t the next figure of the root .01. The 
next step is to traneform this equation so as to dinriniah its roots 
by .01. 

« 
1 +1.2 -4.52 +.064 (.01 

.01 .0121 —.045079 

1^1 —4.5079 +.018921 

.01 .0122 



1.22 —4.4957 
.01 iJ^^'^l?1^.00A 



1.23 T ' 4.495 

Thifl gives 2;'<+1.23s'>— 4.49672'+.018921sr0,for the 8rd 
transformed equation ; and for the next figure of the root ^=.004. 
The next step is to transform this equation so as to diminish its 
roots by .004. 

t 
1 +1.23 —4.4957 +.018921 (.004* 

.004 + i004986 —.017968056 
1.234 —4.490764 .000957944 

.004 + .004952 



1.238 —4.485812 
.004 



1.242 



Haying obtained three decimal places in the root, we may ob- 
tain several of the succeeding figures accurately by division ; thus, 
.000957944^.485812:±3.0002135, which is true to the last 
decimal place, as will be found by extracting the square root of 2. 
Hence, a?=rl .4142135. 

To illustrate the process fully, the preceding operation has been 
presented in the most extended form. In practice it is customary 
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to nak0 tone abridgmenU. Thus, by markinf with a * the co- 
Mcienta of the unknowo quantity in each tranaformed equatioii« 
it ia not neceaaaty to rewrite it. Alao, when the root is required 
only to fire or aiz placea of dedmala we need not nae more than 
thia nomber in the operation. 

We ahal) now give the aolntion of an equation of the 4th / 
degree, preaenting the operation in a conciae form. 

8. Given jg*—8g»+14jg » | i » 8=0, to find a value of x. 





onftATio*. 




-8 


+14 


+4 


—8 (^.236068 


5 


—15 
— 1 


—6 
—1 


-5 
•—18 


6 
2 


10 
9 


45 
•44 


10.6576 
•— 2.8424 


6 

7 


86 
•44 


9.288 
58.288 


1.93880241 
*— .40359769 


5 


2.44 


9.784 


.89905490 


♦12 


46.44 


•63.072 


•— .00454269 


.2 


2.48 


1.554747 


.00400954 


lUM 


48.92 . 


64.626747 


^-s00058815 


.2 

12.4 


2.62 
•51.44 


1.566821 
♦66.193068 




.2 


.8849 


.31608 




12.6 


61.8249 


66.50915 




.2 

n2.8 


8858 
W.2107 


.81656 
•66.82571 




.08 
12.88 


8867 
♦52JJ974 






08 


08 






12.86 


52.68 






.08 


.08 






12.89 


58.76 






08 






• 



1 *12.92 

Aa the root ie (bond only to aiz decimal places, it ii not necea- 
iaty lo eiufry the tfue divisor ibr the tlurd figure (6) to more than 
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itve decimal places ^ this divisor is 66.50915, which multiplied 
by .006, ifives eight decimal places, and the dividend ought to be 
carried to seven or eight decimal places, in order that the figure 
in the sixth decimal place of the root may be correct. So the 
divisor, 66.825, for the fifth figure of the root, requires to be car- 
ried only to three decimal places, for the product of this number 
by .00006 gives eight decimal places as it ought to do. So the 
divisor for the last figure (8) of the root would require to be car- 
ried only to two decimal places. The numbers in the vertical 
columns preceding the divisors, require to be carried to still fewer 
places, as the pupil will readily perceive. 

After obtaining the third figure of the root, the next three may 
be obtained merely by division; thus, ^454369-^6.83571 
=5.000068 nearly. 

The pupil must observe that where decimals are omitted, we 
always take the figure next to the omitted places, io the nearest 
unit. Thus, .07752 is nearer .08 than .07; therefore, the former 
is taken. 

AsT. 484. The process illustrated in the preceding examples 
may be extended to equations of any degree, and is justly re- 
garded as the most elegant method of approximating to the roots 
of equations yet discovered. It may be briefly expressed by the 
following 

RtJLE. — 1 . Find hy trials or by 8lurm*s theorem, the inUgral part 
of the required root, 

2. Transform the equation (Art 410) into amiher uihose roots shdU 
he those of the proposed equation^ diminished hy the part of the 
root already found, 

8. With the absolute term in (he first transformed equation for a 
dividend, and the coefficient of x for a divisor, find the first deci- 
mal figure of the root, 

4. Transform the laH equation into another whose roots shaU he di- 
minished hy the part of (he root already found, and from the first 
ttoo terms of this equation, find the second figure ofi the root. 

5. Continue this process, tiU the root is found to the required degree 
of accuracy, 

6. To find the negative roots, change the signs of the aUemate terms, 
and proceed as for a positive root* 

Remarks. — 1. If any figure, found by trial, is either too great or too 
small, it will be made manifest in the next transformation. (See Art. 
431.) 



SS4 
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9. la genenl, after three fignree of the root have been fooad eeen- 
lately, the next three mey be obtained by dlridiaf the abaolvte term by 
atef «. 



XZA]iri.XI FOE PRACTICE. 



Let the papil find at leaat one value 
ing equations : 

1. a;>+6x— 12.24=0. 

2. «34-12jp-a5.4025s0. 

3. 4««— 28«-61.25=0. 

4. 6x^l20«+394.875s0. 
6. 6ar^7.4ar— 16.08=d0. 

6. «>+«— .1=30. 

7. «»— 6«+6=0. 

8. «»+4*'— 9ar--57.628625=:0. 
0. 2x*^50a4-32.994306=0. 

10. «»+«»+«— 1=0. 

11. «»+4««--5*-20=0. 

12. «»— 2x-5=0. 

13. «»+10ar5— 24*— 240=0. 

14. aJ+12*'— 18a:=216. 

15. «<— 8«»4-20«»— ISa^f .5=0. 

16. a?<+«»— 8»— 15=0. 

17. a?<— 69«»+840=0. 

18. 2«<-f6«»44«2+3«=8002. 

19. «»44ar<— 3j:»4-10a:'— 2«=962. 

20. «»+2ar<+3x»+4x'+5as==54321. 



of « in each of the foUow- 

Ans. x=^l.S. 

Aru. «=2.45. 

Ans. «=6.75 

An$. x=10.125 

Ans. jB=2.68. 

Ans. «=.618034. 

Ans. 07=4.73205. 

Ans, «=3.45. 

Ans. «=4.63. 

Ans. «=.543689. 

Ans. a=2.23608. 

Ans. JB=2.0945515. 

Ans. a?=4.8989795. 

Ans. «=4.2426407. 

Ans. a?=1.284724. 

Ans. «=2.302775. 

Ans. «=4.8989795. 

Ans. ir=7.335554. 

i4n«.a:=3. 385777. 

Ans. a?=8.414455. 



Akt. 485* To ^ract the roots of numbers by Homer*s Method. 

The extraction of any root of a number is only a particular 
case of the solution of an equation of the same degree ; for if we 
call the number N, the root x, and the index of the root n, we 
shall have x"=N, or ar" — N=0; an equation of the «** degree 
in which all the terms are wanting except the first and last. 

In performing the operation we may find the successive integral 
figures in the same manner as the successive decimal places were 
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^Mind in the preceding article. It is only noceMuy to bear in 
mind that any two figures in consecutive integer places, have the 
same relation to each other as if they were in consecutive dpH^ 
mal places. In extracting any root, the cube root for example, 
it is necessary to point off the given number into periods, as in 
the operation by the common rule. We shall now illustrate ^e 
method of operation by finding the cube root of 12977875; that 
is, by finding one root of the equation x*«-12977875ssb0. 




2 
2 
2 

4 
2 


O 
4 

'4 
8 
•12 
189 


12977875 (285 
8 

4977 
4167 

810875 
810875 


•6 

8 
W 

3 


1889 
198 
•1587 
8475 




66 
8 


162175 




•69 
5 






695 







Should the learner not readily undMratand th« reason for thf 
manner in which the figurei^ are placed in the successive columna> 
let him perform the operation, using the. numbers 200, and 30, 
instead of 2 and 3, and all the difficulties will vanish* 

By the same method find 

2. The cube root of 34012224. An$. 824. 

3. The cube root of 9. 4lti. 2.080084. 

4. The cube root of 80. An$. 8.107288. 

5. The fifth root of 68641485507. Am. 147. 

APPROXIMATION BT DOUBLB FOSRION. 

Akt. 486. Double Position furnishes one of the most useful 
methods' of approximating to the roots of equations. It has the 
advantage of being applicable, whether the equation is fraetiondl, 
radical^ or exponential, or to any other form of function. 

Let XsO, represent any equation ; and siq>pQss thtt s tnd ^» 
83 
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Whence, 


B— A 


or 


B— A 


or 


B— A 



when suUitlfdted for », gif« results, the one too small, and die 
other toA ^t^, so that one root of this equation lies between a 
an4 6.'''(Art408.) 

Let A* and B be the results arising from the substitution of a 
and b fSr x, in the equation X=0. Let x=a^h, and hssa-^k . 
tiien if 'Ve siibstitate a-^h, and a-^h for x, in the equation X=0, 
we shall have • " \ ' "• ' 

• "*^* * • X=A+A'A+JA"*'+' ^• 

B =A+A'*+i A"*»+. ^• 

Here A', A", &e., are the derived functions of A (Art. 411). 
Now if h and ik be so small that their second and higher powers 
maf be neglected without much error, we shall have 
X— AasA'A nearly ; 
B— A=sA'* « • 
: X— A ::A'k:Ah:k:h; 
ik ::X— A:A, (Art. 270); 
; b — a : : X — ^A : h, since k==b — a. 
Hence we have the following 
Rule. — Find bj trial, two numbers which substituted for x in the 
proposed equation, give one a result too small, ^d the other 
too great. Then saj, 
A$ ike differenot of the results; 
Is to the d^fkrmoe of the suppositions ; 
8ois^ difference hettoeeh the true result and either of the former 

results ; 
7b the eorreclion of the corresponding supposition. 

This correction is to be added to the corresponding supposition 
when it is too little, and subtracted when it is too great, and the 
result will be the first approximation. 

Substitute this root for the unknown quantity, and the result 
will show whether the supposition is 'too small or too great ; then 
take another number such that the true root may lie between it 
and the last supposftion, and. proceed, as before, to obtain a 
second approximate value of the required root ; and so on. 

It is generally best to begin with tv^o integers which differ 
from each other by unity, and to cai^, the first approK^'mation 
only to one place of decimals. In the next operation *^the difier- 
ence of the suppositions may be 0.1, and. the second quotient 
may be carried to two places, apd so on,' doubling the number of 
plsoes of decimals at* each approximation. 
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Ex. 1 . Givea a^+»^+x=s:lOO^ to find a?. 

It is easily found that a; lies ^ b»:e^e^. 4,aQd^5f Wc .t|ie|i^8iih* 
stitute these two numbers for x in the given equation, and the^re- 
sult is as follows : ' >. ' ^ 

4 x'.'.' .. . . ;-. : 5 

64 «»..•. M..., . 125 

16 . «2 _ , _ ;. 25 

4. a? _0 

84 results .155 

155 5 100 

84 4 ....... 84 

71 : 1 : : 16 : 0.22; 

therefore, a:=4.2, the first approximation. 

Again, substituting 4.2 and 4.3 for x in the given equation, 
and proceeding as befoi^, we get for a second approximation 
x=4.264. By assuming «=s4.264, and asB4.265, and repeating 
the operation, we obtain for a third approximation x=4. 2644299 
nearly. 
Find one root of each of the following equations : 

2. x»+30a=420. Ans. a:=:6.170103. 

3. 144««— 973a;^319. Ana. «=2.75. 

4. a^4-10a2+6aj=JJ600. Am. x=»l 1 .00679. 

5. 2a:»+3a;'— 4a?=10. - Ans. ir=:l .62482. 

6. «<— ^+2a;2-i-a»4. Ans. a:=l. 14699. 

7. aj*+x»+2a:^-«=4. Ans. a?=l .09059. 

8. 0:^—12x4-7=0. Ans. a?=2.04727. 

9. 2ar^— 13a;'-fl0a?— 19=0. Ans. a?=2.4573. 



10. V'7«'+4»'+^/10a<2»—l)=28. Ans. a:=4.51066. 

Art. 437. Newton's SIethod of apfboximatios. — This 
method of approximation is but little used, yet it is so often- re- 
ferred to, that it is desirable the learner should be acquainted with 
the principle on which it is founded. 

Find by trial, two numbers which, substituted for the unknown 
quantity, give results with different signs ; then (Art. 403) one 
real r#bt, at least, lies between these two numbers. Now by in- 
creasing one of the limits, and diminishing the other, an approxi- 
mation may be made to the root. When the quantity a thus 
found is within 0.1 . of the value of the root, we may substtitute 
a-\'y for x in the given equation, and it will he of this fprm 
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A+A'3f+iA"yM-jA"y+»&c..»0 (Art. 411), 
iriMr^ A» A't A", fte., are known qntatitiM dependent on a. 
FVom thii eqnttion, bj trtntpofing and dividing, we find 

A A" A'" 

'^ A' V^ 'a'^ ' • 
and ainca y ia <0.1,y^ will be <0.01,y*<0.001, and so on. 
Therefore, if the anm of the terma containing y\ y^, &c., be leaa 
than .01, we ahall, in neglecting them, obtain a TsJue of y witiiin 

.01 of th^mth. Let, then, ys— A_, which gives for x the value 

A 

«-^. TUawilldifferfrom thetme valneof xbyleaathan .01. 
A' ^ 

It is not neeeaaaiy, however, to carry on the division of A by A' 
beyond the aecond place of decimals, as the accuracy of the fig- 
ure in the third place, could not be relied on. 

Now, put h for tills approximate value of x, and let XBs(h{-g ; 
we have then aa before 

B+B'H-3B'V+lB"V+, &c., =0; 
and aa 2; ia supposed to be less than .01, s> will be <.0001. If 
then we neglect the terms containing z^, «', d&c, we shall obtain 
a probable value of z within .0001 ; and so on. 

Since A is what the proposed equation becomes when x=:ut, 
and A' what the first derived function becomes when xs=a, there- 

A B 

fore the corrections •— ^7* s*' ^'^* ^'^ easily found. 

A B 

Newton gave but a single example, viz. : to find the value of x 
in the equation «**-2dP— 5»0. Atu. xsv3. 09455 147. 

The pupil deairoua of additional exercises may solve the exam- 
ples in the preceding article by this method. 

cardan's rule for SOLVINO cubic EQUATIONS. 

Art. 488. In its most general form, a cubic equation may be 
represented by 

x'+po^+qx^r=0; 
but as we can always take away the second term by the method 
described in Art. 407, we Mdll suppose, in order to avoid fractions, 
that it is reduced to the form 

»»+3^4-2r=0. 

Assume xsay^z, and the equation becomes 
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Now tince we haye two unknown quantities -in this equfttion« 
y and Zy and have made only one supposition respecting thenif 
namely, that y'\'Z=ssx9 we are at liberty to make another. Let^ 
therefore, ^s= — q ; then, by substituting this in the equation, it 

becomes y*-f-**+2r=0; but since y2R==— ^, we have «»=r— f • 

hence y*— £4"^^''=0» 

or y«+2ry»=}». 

whence 3^=-^+VrH7=A», 

and similarlv «*=a— r— ^r5+5*=*®* I 

the radical quantity being taken positive in one of these express 
sions, and negative in the other, to render them different. And 
since x=syJ^z, we have 

This formula would appear to give but one of the roots. But 
since the values of y and z are found by extracting the cube roots 
of A' and B*, it will now be shown that each of them must have 
three values. 

Since y*=A*, we have y*— A*=0, or, by factoring (Art 88), 
(y-— A)(y'-|-Ay+A')^=^; putting each of these 
factors equal to 0, and solving the resulting equations, we have 

y=A, y=T±b/=:?A, and y«ziz^OA. 

Similarly, from the equation z'=B*, we find 

z=B, z=T±hJ:i±B, and z=z2b>/z?B. 
2 2 

By combining each value of y with the three values of z^ it 
might appear that x had 9 values ; that is» that an equation of the 
third degree has nine roots, which is impossible (Axt. 397). . 

That this is impossible from the solution is thus shown : 
We supposed that y z = q. 

But six of the products of the values of yz give Imaginary 
values, and since yz^^-^, a real negative quantity, therefore> 
the combinations giving imaginary products must be rejected, and 
the three values of x are 

1** A+B, 

2-- -i+^-:^A+-^-V-^B, 

33* -^ ^ 
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8- rt:^A+=LiVr?B. 

Amv. 48». If rH-^ be iieg«ti¥6, thtt it, if r^+^<0, tb« 
valots of « beeooM tpparenti/ imaginary when they are actuaJly 
rmlf and we shall now show that 

Cardan** Method qfSUuHmdaea noi 4Xiend to fkm coMa inwhck 
the equuHon hoi ikrte real and unequal roois. 

Since every cubic equation has at least one real root (Art 401, 
Cor. 8), we may aoppoie this to be a ; and the other two roots 
arieing from the aohitiMi of a qnadr atic, may be repraaented by 
^^8e, and fr— ^/8c, in which, if 8c be poaitive, the roota are 
ml, and if 8e be negative they are imaginary ; and beeanae the 
•eeond term of the equation is 0, we have (Art 805, Coiollariee) 

89a:aX2M-^^— 3c=— 8fr^-8c ; 
ar=— «(6»— 3c)=2M— 6ic. 
Hence we hare 

rH-/=^6«-3k)'-(*'+c)» 

Now thii expreaafon ia real when c is negative, and imagLjary 
when c ia poaitive, or when the equation has three real roots. 

If we suppose c to become zero, the value of V^M~^ ceases 
to be imaginary. But this supposition reduces the roots to a, 6, 
and h i hence, Cardan's Rule is applicable to equations of the 
tliiid degree containing two equal roots. 

Amr. 4Mi#. From the last article we see that when the roots 
of the euadratic equation in Art. 488 are imaginary, the roots of 
the cubie equation are all real. As this appears paradoxical, we 
will ahow by the direct solution of a particular example, that the 
tmloe of «, in this case, is a seal quantity. 

Ex. To find the three roots of the equation x*— 15»— 4sO. 

By substituting y+z for x, we have 

5^4-«»+3y*(y+s)— I5(y+«)— 4=0; 

and, therefore, aa in Art 438, 

3yt:=sl5, y»+z»-4=0. 
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From the solution of these equations we obtain 3^=524- 
11^ — ^1; and it may be proved, by actual multiplication, that 
y«84-^IZi; likewise, z^^^-^-^ilJ^, and «=2 — ^■^^. 

.!^' Hence, ar=y+«=(2+V^+(2-"V^=4. 

By dividing the given equation by d>^, and placing the result 

s equal to 0, we find the other two roots are ■«— ^ S +^ylT, and 

— 2— J3. 

Ii: As no means have yet been discovered for reducing the imag- 

XI inary forms to real values. Cardan's rule fails when all the roots 

I are real. 

I This is termed the irreducible case of cubic equations, and has 

, been a subject of great perplexity to mathematicians. 

Art. 441* We shall present some examples for solution in 
the case to whi^ Cardan's rule applies ; that is, when the pro- 
posed equation contains one real and two imaginary roots. 
When the proposed equation contains the second term it must 
first be removed (See Art. 407;, and the equation reduced to the 
form x»+89a;+2r=0. 

Thenar=V(— ^+V^^MY)+i/(— ^^V'^H^ will be the 
real root of the proposed equation. 

Having the real root, the imaginary roots may be found from 
th§ formula in Art. 438, or by reducing the proposed equation to 
a quadratic. 

Ex. 1. Solve the equation w'-j-Sv'+Or— 18=0. 

If we transform this equation into another which shall want its 
second term, by substituting x — 1 for t; (Art. 407), we have 
a:J+6a^-20=:0. 

Comparing this with' the equation x'+39W+2'*=0, we find 
^1=2, r= — 10; hence, 

«=V(10+Vr08)+V(10—Vl08)=2.782— .732=2. 
Whence t;=a>— 1=2— 1=1. 

^ The other two roots are easily found to be — 1±8 J^^. 
Solve the following equations by Cardan's Rule : 

2. «»— 9a?+28=0. An*. «=-4, 2d=V^- 

3. «^^-8a^— 2=0. Ans, a;=V4— V2=-32748. 

4. aj^-^»3+13a>-10=0. An*. «=2, 2±V^1- 
6. ar»4-6«^«— 82=0. Ans, a?=2, —4, —I. 
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6. «»-|-0a?»+27*— 26«0, An$. «»^01245. 

7. X*— 9ar9+6»— 2=0. Aru. j»6.806674. 

RuASK. — It it not deemed neceMnry to introdaoe the Rules of 
Ferrari, Euler, Deacartee, or Simpson, for the Solution of Equations 
of the fourth degree, since they ue applicable only to special cases, 
and, togetiier with Cardan's Rule for the solutiott of cubic isquations, are^ 
regarded, since the discovery of Homer's method, and Storm's theorem, 
as little more than analytical curiosities. 

RECIPROCAL OR RECURRING SaUATIOMS. 

Art. 449* A recurring or reciprocal equtOion is one sach that 

if a be one of its roots, the reciprocal of a, that is -, will be 
another. 

Prop. I. In a recurring eq^uition (he coeffictenta, token taken in a 
direct and in an inverse order, are (he same. 

Let a!"+Aaf-»+^^». . . .H-S«'+Ta?+V=0, 
be a recurring equation ; that is^ one that is satisfied by the sub- 
stitution of ~ for X ; this gives 

X 

and multiplying by of*. 

1+Aa?+Car». . . . +Saf-»+Ta"-4-Vy=0, 
which proves the proposition. 

NoTK. — Equations of this kind are called Recurring equations from -the 
forms of their eoificienU, and Reciprocal equatbns from the forms of their 
rooto. 

Prof. II. A recurring equation of an odd degree has one of its 
roots equal to -{-1, when the signs of the Hke coefficients are different, 
hui equal to — 1 , when their signs are alike. 

Since every power of +1 is positive ; when the signs of the 
like coefficients are different, if we substitute +1 for 9, the cor- 
responding terms will be equal, but of different signs ; hence, 
they will destroy each other. But when the signs of the like 
coefficients are the same, then since one of them will belong to an 
odd power, and the other to an even power, if we substitute — 1 
for X, the corresponding terms will be equal, but oi different signs ; 
and, therefore, they will destroy each other. Hence, in either 



RECURRING EQUATIONS. 898 

case the equation will be satisfied, and may be reduced one degree 
lower by dividing by x — 1, or x+1. 

Prop. III. A recurring equation of an even degree, in which the 
like coefficients have opposite signs, and whose middle term is wanting, 
is divisible by x^ — 1, and therefore, two of its roots are -f-l) t^^ 
-1. 

Let ar^n+Ax^'-'+Bar^-'. . . . — Ba?'— Aa>— 1=0, 

be an equation of the kind specified. It may evidently be 
arranged thus 

(a;2«_-l)^Aa<jr2»-?— l)+Bx'(ar2»-<— l)+,&c.. . • =0, 
which is divisible by afl — 1 (Art. 68). 

Cor, An equation of this form may therefore be reduced two 
degrees lower by division. 

The most convenient method of reduction, either in this case 
or the preceding, is by means of Synthetic Division (Art. 
409). 

Prop. IV. Every recurring equation of an even degree above the 
second, may he reduced to an equation of half (hcd degree. 

For, a:^— Aa?'»-»+Ba?2»-'— , &c. . . +Ba?5— Aa?+ 1 =0, by 
dividing by aT, and collecting the pairs of terms equi-dlstant from 
the extremes, becomes of the form 

(«-+L)_A(^.+l^)+B(^»+l^,)-.d«,..=0. 

Let a?+_=2f, then «2-4--.=2!a — 2, by squaring ; also, 
a? sir . 

and generally ( «-+^ ) = ( *"-'+5=:i ) *" (>-'+^, ) • 

Hence, each of the binomfals may be expressed in terms of x, 
and the resulting equation will be of the n^ degree. 

If the signs of the terms from the beginning and end be differ- 
ent, let «=ap — -, and a similar result will be obtained. 

X 

Ex. 1. Given a:^— 5ar>+6a?'— 5a^^-l=0, to find x. 
Here ««-5a:+6-.5+L=0, or ^ a?2+l^ ) -5 ( x+l ) +6==0 
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Let «-|--.=af, then *' — 52-f-4=0, and 2r=4 or 1; 
also x-\--=i, gives x=Q^j2; 

OS 

and a?+-=l, gives dP=,(ldbV— 3)- 
Hence, ar=2+V3", 2— ^g, 

2 ' 2 • 

The learner may not tee readily that the seeond of tiiese values 
is the reciprocal of the first, and the fourth of the third, wc will, 
therefore, explain. 

2+V3 2+V3 2— V3 ^~® 

2 1— V^^ 

In like manner ; — ~= s . 

SXAMPLXB IN BBOUBBINa X Q U A T I O B S . 

1. «*--io«H-26«'— io«+i=o 

iifw. ar==8dz2 V2", 2d:V3- 

2. a:*+6a*+2a:3+6*-|-l=0. 

Ans. *=^(-6d=-y21) ; =hV— 1. 

8. a?*— |«»+2a:»— ijH-l5=0. 

An*.«=2,^; =fcV— 1- 

4. a;*— 3x»+3a>— 1=0. iln*. a?=ztl, 2(3=bV5). 

5. «»— lla:^+17a?»+17«'—lla?+l==0^ 

Ans x=-l ?±V!2 Q-^/^ 3+^5 3~V5 

6. 4««— 24«»+57a:<— 73a?»+57«2--24a?+4s=0. 

BINOMIAL EaUATIONS. 

Art. 448. Binomial equations are those of the form 
jrifcA=0. 
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Let l/A^a ; that is, A=«». 
Then jrita"=0. 
Let y=sflx, then a"jc"d::tf"=0, 
or a»±l=0, 
which is a recurring equation. 

Abt. 444. L — The roots of the equation 

a^zfcl=0, are all unequal ; for the first 
derived polynomial naf^^, evidently has no divisor in common 
with «"rhl» and therefore there are no equal roots (Art. 414). 

II. — If n be even the equation af^ — 1=0, or a*=l , has two real 
roots, -f-l and — 1, and no more. That it has these two roots is 
evident from Art. 442, Prop. Ill ; and that it has no other real 
root is evident because no other number can by its involution pro- 
duce 1. 

By dividing af*— 1=0 by («+l)(a?— l)=a:'— 1 , we have 
af^2j^ar-i+, . . . +a^+ar2+l=:0, 
a recurring equation in which all the n — 2 roots must be imag- 
inary. 

For example, the equation x'=l, or x^ — 1=0 divided by a?' — 1, 
gives a?*4"*^+ 1 =^ > 

whence x=zhJ^ \ > . 

This gives for the six roots of 1 

+^/=5^-^/=^^• 

III. — If fi be odd, the equation x^ — 1=0 has only one real 
root, viz. : +1 ; for -{-I is the only real number of which the odd 
powers are -}-l. Dividing af*— 1=0 by x — 1, we have the recur- 
ring equation 

af'^i+ar'^a+jft-s^-. . , . -f-a-J-f x+l=0, 
of which the n — 1 roots are imaginary. 

For example, the equation a?*=l, or a?' — 1=0, divided by x — 1, 
gives a^4"*+l^^> 

whence a;= -^V _ 
2 
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Hence the three third roots of 1 are 

2 * 8 

IV. — If n be even, the equation a^+1s=0, or 0^*= — 1, has no 
real root, since ^ — 1 is then impossible. Hence, all the roots 
of this equation are imaginary. For example, the four roots of 
the equation x*-\'l^=0, as determined by the method explained in 
Art. 442, are 

^i-f^m ^i^jzn 1+y^, 1— v^ 

V. — If n be odd, the equation a:"+l=0, or x*= — 1, has one 
real root, viz. : — 1, and no more, because this is the only real 
number of which an odd power is — 1. For example, the 
equation 

a:>+l sa=0, divided by x+l gives 

whence jc= ^>^"Ii- .«. the three third roots 
2 

of-l,are-l, 1±^^, and t=>/=?. 
2 2 

Binomial equations have other properties, but some of them can 
, not be discussed without a knowledge of Analytical Trigonometry 
For exercises the pupil may find 

1. The four fourth roots of unity. 

Afu. +1, —1, +V— 1» — V— 1- 

2. The five fifth roots of unity. 

Ans. 1, ^ 

-J J V5+1+ V(-10+2 V5) !> 
-.i{V5+l-V(-10+2V6)}. 
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